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Preface

In preparing the first edition of this text, I tried to write down every-
thing that I might talk about in an upcoming course on ultraproducts.
I had no clear plan for a coherent whole. From my records, here is a
summary of the six days of the course (August 13-19, 2012, Monday
to Sunday, with Thursday off, 810 o’clock in the morning):

1. RY/M.

The ordering of R®/M; bad statement of Lo§’s Theorem.
Better statement of Y.0o§’s Theorem; proof.

Compactness.

Voting (Arrow’s Theorem).

. The ultraproduct scheme.

Later I edited the text for my own use in a two-week course, in
July, 2014. For the sake of completeness, at least, I incorporated more
background. In the fall of 2013, I had taught a graduate course on
groups and rings, and I thoroughly edited my notes for that course;
then I took sections from those notes to add to the present ones.

I added and rearranged a lot. I worked out quite generally the no-
tion of a Galois correspondence and its relation to topology. I also
investigated the Axiom of Choice and distinguished the results that
need it from those that need only the Prime Ideal Theorem. Some
of this work would be relevant to a talk on the Compactness Theo-
rem of logic given at the Caucasian Mathematics Conference, Thilisi,
September 5-6, 2014, and then again at a tutorial on the Compactness
Theorem given June 201, 2015, at the 5th World Congress and School
on Universal Logic, Istanbul.

I have not properly revisited the text since 2014. It is still quite
rough. It uses more field theory than it actually develops. It grew so
long that to read it straight through, checking for coherence, would be
difficult. I have not done this. I did try to add many cross-references.
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Preface to the first edition

These notes are for a course called Ultraproducts and Their Con-
sequences, to be given at the Nesin Mathematics Village in Sirince,
Selcuk, Izmir, Turkey, in August, 2012. The notes are mainly for my
use; they do not constitute a textbook, although parts of them may
have been written in textbook style. The notes have not been thor-
oughly checked for correctness; writing the notes has been my own
way of learning some topics.

The notes have grown like a balloon, at all points: I have added
things here and there as I have seen that they are needed or useful.
I have also rearranged sections. There is too much material here for
a week-long course. Some of the material is background necessary
for thorough consideration of some topics; this background may be
covered in a simultaneous course in Sirince.

The catalogue listing for the course*(with abstract as submitted by
me on January 27, 2012) is as follows.

Title of course: Ultraproducts and their consequences

Instructor: Assoc. Prof. David Pierce

Institution: Mimar Sinan GSU

Dates: 13-19 Agustos 2012

Prerequisites: Some knowledge of algebra, including the theorem that
a quotient of a ring by an ideal is a field if and only if the ideal
is maximal.

Level: Advanced undergraduate and graduate

Abstract: An ultraproduct is a kind of average of infinitely many
structures. The construction is usually traced to a 1955 paper

*From http://matematikkoyu.org/etkinlikler/
2012-tmd-1lisans-1lisansustu/ultra_pierce.pdf, to which there is a link on
http://matematikkoyu.org/etkinlikler/2012-tmd-1lisans-1lisansustu/ as
of August 6, 2012.



of Jerzy Los; however, the idea of an ultraproduct can be found
in Kurt Goedel’s 1930 proof (from his doctoral dissertation) of
the Completeness Theorem for first-order logic. Non-standard
analysis, developed in the 196os by Abraham Robinson, can be
seen as taking place in an ultraproduct of the ordered field of
real numbers: more precisely, in an ultrapower. Indeed, for each
integer, the ‘average’ real number is greater than that integer;
therefore an ultrapower of the ordered field of real numbers is
an ordered field with infinite elements and therefore infinitesi-
mal elements. Perhaps the first textbook of model theory is Bell
and Slomson’s Models and Ultraproducts of 1969: the title sug-
gests the usefulness of ultraproducts in the development various
model-theoretic ideas. Our course will investigate ultraproducts,
starting from one of the simplest interesting examples: the quo-
tient of the cartesian product of an infinite collection of fields by
a maximal ideal that has nontrivial projection onto each coordi-
nate. No particular knowledge of logic is assumed.

Such was the abstract that I submitted in January. I have written
the following notes since then, by way of working out for myself some
of the ideas that might be presented in the course. I have tried to
emphasize examples. In some cases, I may have sacrificed generality
for concreteness. A theorem that I might have covered, but have not,
is the theorem of Keisler and Shelah that elementary equivalence is
the same thing as isomorphism of ultrapowers.
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1. Introduction

In this text, the natural numbers begin with 0 and compose the set
w. Thus,*
w={0,1,2,...}.

We shall use this set in two ways:

1) as an index-set for countably infinite sequences (ax: k € w);

2) as the cardinal number of each countably infinite set.
We shall also make use of the following feature of the elements of w:
each of them is a set whose cardinal number is itself. That is, each n
in w is an n-element set. More precisely,

n=40,...,n—1},
so that
0=2, 1 =40}, 2=1{0,1}, 3=1{0,1,2},
and so on. If £ and n are in w, then
ken < kCn;
in this case we may write simply

k <n.

*The letter w is not the minuscule English letter called double u, but the minuscule
Greek omega, which is probably in origin a double o. Obtained with the control
sequence \upomega from the upgreek package for KTEX, the w used here is
upright, unlike the standard slanted w (obtained with \omega). The latter w
might be used as a variable. We shall similarly distinguish between the constant
7t (used for the ratio of the circumference to the diameter of a circle, as well as
for the coordinate projections defined on page 70) and the variable .

12



If A and B are sets, then a function from B to A is just a subset f
of B x A such that, for every x in B, there is exactly one y in A such
that (z,y) € f. In this case we write

y = [(x).
Then the function f is the set
{(z, f(2)): = € B},
We may abbreviate this as
z = f(z);

this notation is useful when we do not actually have a single letter for
f itself, but have an expression for f(xz). When we do have a letter
like f, then, in place of f(x), we may use one of the notations

Jfz, f?
(see below). The set of all functions from B to A will be denoted by
AP,

If f € AP, then B is the domain of f, while the range of f is the
subset

{f(z): x € B}
of A. One may say that A is a codomain of f, but in this case, if
A C C, then C is also a codomain of f. In the expression for the range

of f, if we replace the braces with round brackets (parentheses), we
obtain

(f(z): = € B),

which we shall understand as yet another notation for the function f
itself (strictly, we may understand it as an indezed set: see page 69).
As a special case of the foregoing notation, if n € w, we have

A" = {functions from n to A}.

13



Instead of (by: k < n) or (b¥: k < n), an element of A™ may be written
as one of

(boy- -y bn_1), (°,..., 0" 1.

In a slight departure from the foregoing notation, we may abbreviate
this element of A™ by
b,

in boldface: it is an n-tuple of elements of A. We shall occasionally
use both upper and lower indices at the same time, as for example in
consideration of sequences (by: k € w), where by € A", so that

b = (bp,...,. 00 1).
Note that
A = {0} =1.
According to what seems to be all but universal usage today, the

ring of (rational) integers is

Z;
this is a sub-ring of the field

Q

of rational numbers, which is in turn is a subfield of the field
R

of real numbers.
We shall use N to denote the set of positive integers, so that

N={1,2,3,...}.

Literally then w is the set {0} UN of non-negative integers. However,
when we consider an element n of w as an integer and hence as a
rational number, we are not interested in the internal structure of n as
a set. This is a reason why it may be useful to introduce the notation
N. It is useful not to put 0 in N, because then we can describe the set
QT of positive rational numbers as {z/y: (z,y) € N x N} (see page

49)-

14 1. Introduction



2. Mathematical foundations

2.1. Sets as collections

Most objects of mathematical study can be understood as sets. A set
is a special kind of collection. A collection is many things, considered
as one thing. Those many things are the members or elements of the
collection. The members compose the collection, and the collection
comprises them.' Each member belongs to the collection and is in
the collection, and the collection contains the member.

We shall designate certain collections as sets. We shall not define
the collection of all sets; rather, we shall identify some rules for ob-
taining sets that will allow us to do the mathematics that we want.
These rules will be expressed by azioms. We shall use versions of the
so-called Zermelo—Fraenkel Axioms with the Axiom of Choice. The
collection of these axioms is denoted by ZFC. Most of these axioms
were described by Zermelo in 1908 [63].

We study study sets axiomatically, because a naive approach can
lead to contradictions. For example, one might think naively that
there was a collection of all collections. But there can be no such
collection, because if there were, then there would be a collection of all
collections that did not contain themselves, and this collection would
contain itself if and only if it did not. This result is the Russell
Paradox, described in a letter [51] from Russell to Frege in 19o2.

The elements of every set will be sets themselves. This is a concep-
tual and notational convenience that will turn out to be adequate for
our purposes, even though, in ordinary life, the members of a collection
are not usually collections themselves.

By the definition to be given officially on page 18, two sets will be

*Thus the relations named by the verbs “compose” and “comprise” are converses
of one another; but native English speakers often confuse these two verbs.

15



equal if they have the same elements.® There will be an empty set,
denoted by

;
this will have no elements. If a is a set, then there will be a set denoted
by
{a},

with the unique element a. If b is also a set, then there will be a set
denoted by

aUb,

whose members are precisely the members of a and the members of
b. Thus there will be sets a U {b} and {a} U {b}; the latter is usually
written as

{a,b}.
If ¢ is another set, we can form the set {a, b} U {c}, which we write as

{a7 b7 C}a

and so forth. This will allow us to build up the following infinite
sequence:

o, {o}, {ede}}, {o{e}{e.{2}}}.

By definition, these sets will be the natural numbers 0, 1, 2, 3, ... To
be more precise, they are the von Neumann natural numbers [60].

*This definition of equality is usually an axiom, rather than a definition. That
is because equality is confused with identity, and the identity of two objects is
considered to be an inherent property of the objects themselves, rather than a
property that we assign to them. By this way of thinking, we say 1/2 = 2/4
because the expressions 1/2 and 2/4 are names of the same equivalence-class
{(z,y) € Nx N: 2z = y}. But we can just as well say that, if a, b, ¢, and d are
positive integers, then, by definition, the expression a/b = ¢/d means that the
products ad and bc are the same.

16 2. Mathematical foundations



2.2. Set theory

2.2.1. Notation

Our formal axioms for set theory will be written in a certain logic,
whose symbols are:
1) variables, as z, y, and z;
) constants, as a, b, and ¢, or A, B, and C;
) the symbol € denoting the membership relation;
) the Boolean connectives of propositional logic:
a) the singulary connective = (“not”), and
b) the binary connectives
i) vV (“or”),
i) A (“and”),
iii) = (“implies”), and
iv) < (“if and only if”);
5) parentheses;
6) the quantification symbols
a) 3 (“there exists”) and
b) V (“for all”).
We could do without constants as distinct from variables; but they
seem to be useful. The distinction between constants and variables
can be traced back at least as far as Descartes’s Geometry [14] of
1637, where letters like a, b, and ¢ are used for known lengths, and z,
y, and z, for unknown lengths.
A variable or a constant is called a term. If ¢t and u are terms, then
the expression

N

=~ W

teu

is called an atomic formula. It means t is a member of u. From
atomic formulas, other formulas are built up recursively by use of the
symbols above, according to certain rules, as follows:
1. If p is a formula, then so is its negation —.
2. If ¢ and ¢ are formulas, then so are
a) the disjunction (¢ V v),
b) the conjunction (¢ A ),

2.2. Set theory 17



¢) the implication (¢ = ), and
d) the equivalence (¢ < ).
3. If v is a formula and z is variable, then
a) the instantiation 3z ¢ and
b) the generalization Vz ¢
are both formulas.
The expressions Jz and Vx are called quantifiers. The negation of
the formula ¢ € w is usually written as

t¢u
rather than — ¢t € u; it says t is not a member of u. The expression
Vz(z€ex=z€y)

is the formula saying that every element of x is an element of y. An-
other way to say this is that x is a subset of y, or z is included in
y, or y includes x. We abbreviate the formula by3

z Cy.
Then the expression
(zCyAyCa)

stands for the formula saying that z and y have the same members,
so that they are equal by the definition foretold above (page 16); in
this case we use the abbreviation

T =Y.
The negation of this is usually written as

Another abbreviation that we use is to eliminate the outer parenthe-
ses from a formula (when they are present) and to eliminate internal
parentheses when they can be resupplied according to the following
rules:

3The relation C of being included in is completely different from the relation € of
being contained in. However, many mathematicians confuse these relations in
words, using “contained” to describe both.

18 2. Mathematical foundations



1. The binary connectives A and V have priority over = and <, so
that, for example, ¢ A ¥ = x means (p A1) = x.

2. When two connectives = appear without an intervening paren-
thesis, the arrow on the right has priority, so ¢ = ¥ = x means

o= (Y= x).

2.2.2. Truth and falsity

The same variable may have several occurrences in a particular for-
mula. All occurrences of the variable x in the formulas 3x ¢ and Vz ¢
are said to be bound,? and they remain bound when other formulas
are built up from these formulas. Occurrences of a variable that are
not bound are free. The same variable can have both bound and free
occurrences in the same formula, although this can always be avoided.
For example, in the formula z € y = Vy x € y, the first occurrence
of y is free, but the other two occurrences are bound; nonetheless, the
formula will have the same meaning as © € y = Vz = € z, in which
the only occurrence of y is free.

If a variable has free occurrences in a formula, then the variable is
said to be a free variable of the formula, even though the variable
might also have bound occurrences in the formula. A sentence is
a formula like Vx Jy x € y or Vo = ¢ a, with no free variables. A
singulary’ formula is a formula with only one free variable. If ¢ is a
singulary formula, and its free variable is z, then we may write ¢ as

o().

4The word “bound” here is the past participle of the verb “to bind,” meaning tie
up or restrain. There is another verb, “to bound,” meaning put a bound or
ltmit on: this is also used in mathematics, but its past participle is “bounded.”
Although they have similar meanings, the two verbs “to bind” and “to bound”
have different origins. The verb “to bind” has been part of English for as long
as that language is recognized to have existed: since the eighth century. That
is, the precursor of “to bind” is found in Old English. The verb “to bound” is
based on the noun “bound,” which entered Middle English in the 12th century
from the Old French noun that became the modern French borne.

5In place of “singulary,” the word unary is more common, but less etymologically
correct.

2.2. Set theory 19



By replacing every free occurrence of x in ¢ with a constant a, we
obtain the formula

pla),
which is a sentence.

An arbitrary sentence has a truth-value, which is either true or
false, but not both. However, the truth-value of a sentence in which
constants occur may depend on which sets are named by those con-
stants. Like the definition of formulas in the first place, the definition
of the truth-value of sentences is recursive, as follows.

1. The atomic sentence a € b is true if and only if the set a is an

element of the set b.

2. If o and 7 are sentences, and * is a binary Boolean connective,
then the truth-value of the sentence (0% 7) depends on the truth-
value of o and 7 according to the usual rules of propositional
logic:

a) (o Vv 7)is true in 2 if and only if at least one of ¢ and 7 is
true in 2.

b) (o A7) is true in A if and only if both ¢ and 7 are true in .

¢) (o0 = 7) is true in A if and only if (-0 V 7) is true in 2.

d) (o & 7)is true in A if and only if both (0 = 7) and (7 = o)
are true in 2.

3. Suppose p(x) is a singulary formula.

a) The instantiation 3z ¢(z) is true if and only if p(a) is true
for some set a.
b) The generalization Vz ¢(z) is true if and only if ¢(a) is true
for all sets a.
The validity of this definition relies on:

Theorem 1 (Unique Readability). A given formula can be built up
from atomic formulas in only one way.

This means two things:

1. Each formula is of exactly one of the eight kinds named in the
previous subsection: (i) an atomic formula, (ii) a negation, (iii) a
disjunction, (iv) a conjunction, (v) an implication, (vi) an equiv-
alence, (vii) an instantiation, or (viii) a generalization.

20 2. Mathematical foundations



2. Each formula is of one of these kinds in only one way.
These two conclusions are obvious for atomic formulas, negations, gen-
eralizations, and instantiations. For disjunctions, conjunctions, impli-
cations, and equivalences, the theorem is a consequence of the follow-
ing.

Lemma 1. No proper initial segment of a formula is a formula.

Proof. We prove by induction that every formula neither is a proper
initial segment of another formula, nor has a proper initial segment
that is a formula. This is obviously true for atomic formulas. Suppose
this is true for the formulas ¢ and . Then it is obviously true for the
the three formulas that can be obtained in one step from ¢, as well as
for the four formulas that can be obtained in one step from ¢ and .
Therefore the claim is true for all formulas. O

Another difficulty with the definition of truth and falsity is as fol-
lows. The definition assigns truth-values, not to arbitrary formulas,
but to sentences only. However, sentences as such are not defined re-
cursively. Strictly, the recursive definition of truth-value determines,
for each formula ¢, an assignment of a truth-value to each sentence
that results from ¢ by replacing each free occurrence of a variable with
a constant.

Note that Vz ¢(x) and “For all a, ¢(a)” are two ways of saying the
same thing. The former expression is a sentence of our logic; the latter
expression is a sentence of English that incorporates the constant a and
the sentence ¢(a) of our logic. In particular, in English, the constant
a plays the role of a variable. In place of “For all a, ¢(a),” we may say
simply p(a), if it is clear that a is an arbitrary set.

2.2.3. Logical truth

The truth-value of a sentence is determined by the truth-values of all
atomic sentences. However, some sentences are true, regardless of the
truth-values of atomic sentences. Such sentences are logically true.
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For example, the sentences
(c=71)e 0oV, Vo o(z) & -3z —~p(x)

are logically true. A formula is logically true if every generation of
it that is a sentence is logically true. Then two formulas ¢ and
are logically equivalent to one another if the equivalence ¢ < v is
logically true. For example, ¢ = 1 and —p V4 are logically equivalent
to one another. So are the formulas

Y =V o(x), vz (4 = p(2));

and so are the formulas

Vo o(x) = 1, Jz ((p(:r) = 1/1).

We shall use these logical equivalences in examining equality below.

2.2.4. Classes and equality

If o is a singulary formula (), and the sentence ¢(a) is true, then a
can be said to satisfy . There is a collection of all sets that satisfy
o, and we denote this collection by

{z: p(2)}.

Such a collection is called a class. In particular, it is the class defined
by the formula ¢. We may give this class a name like C, written in
boldface: in this case the expression

zeC
means just ¢(z).

A formula in which only two variables occur freely is binary. If ¢
is such a formula, with free variables = and y, then we may write v as

Y(z,y).
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We shall want this notation for proving Theorem 2 below. If needed,
we can talk about ternary formulas x(x,y, z), and so on.
By definition of equality, the sentences

Vo Yy Vz (mzyi(zém@zey)),
VeVy 3z (zex e z€y)=a=y). (2.1)

are logically true. We can write the former as

Ve Vy (z=y= (a €z & acy)). (2.2)
Axiom 1 (Equality). Fqual sets belong to the same sets:

Ve Vy (z =y = (z €a &y E€a)). (2.3)

Theorem 2. Equal sets satisfy the same formulas:

va iy (v =y = (¢(2) & 9())). (2.4)

Proof. Suppose a = b. By symmetry, it is enough to show

p(a) = »(b) (25)

for all singulary formulas ¢(z). We use induction; this is possible
because formulas are defined recursively. See §2.4 below (page 35).

By (2.2) and (2.3), (2.5) holds when () is an atomic formula = € ¢
or ¢ € x. There is another form of singulary atomic formula, namely
x € x. If a € a, then a satisfies z € a, and therefore so does b; thus
b € a, so a satisfies b € x, and therefore so does b. Thus a € a = b € b.
So we have (2.5) when ¢ is any singulary atomic formula.

If we have (2.5) when ¢ is v, then we have it when ¢ is —1). If we
have (2.5) when ¢ is 9 or x, then we have it when ¢ is (¢ * x), where
* is one of the binary connectives. If, for some binary formula ¥ (z,y),
we have (2.5) whenever ¢(z) is 1(z, c) for some set ¢, then we have
(2.5) when ¢(z) is Yy ¢(x,y) or Jy ¥(x,y). Therefore we do have
(2.5) in all cases. O
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For many writers, equality is a logical concept, and the sentence
(2.4) is taken as logically true. Then (2.2) and (2.3) are special cases
of this, but (2.1) is not logically true. In this case, (2.1) must also be
taken as an axiom, which is called the Extension Axiom. No matter
which approach one takes, all of the sentences (2.1), (2.2), (2.3), and
(2.4) end up being true. They tell us that equal sets are precisely those
sets that are logically indistinguishable.

As with sets, so with classes, one of them includes another if every
element of the latter belongs to the former. Hence if formulas ¢(x)
and 1 (y) define classes C' and D respectively, and if

Va (o(e) = ().
this means D includes C, and we write
C CD.
If also C includes D, then the two classes are equal, and we write
C =D;
this means Vz (¢(z) < ¢(z)). Likewise set and a class can be con-
sidered as equal if they have the same members. Thus if again C' is
defined by ¢(x), then the expression
a=C
means Vz (z € a < ¢(z)).
Theorem 3. Fvery set is equal to a class.
Proof. a ={x: z € a}. O
However, there is no reason to expect the converse to be true.

Theorem 4. Not every class is equal to a set.
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Proof. There are formulas ¢(z) such that
Yy Vz (z € y < ¢(2)); (2.6)

for example, (z) could be z ¢ z, so that Vy = (y € y < ¢(y)). In any
case, if (2.6) holds, then no set can be equal to the class {z: ¢(x)}. O

More informally, the argument is that the class {z: x ¢ x} is not
a set, because if it were a set a, then @ € a < a ¢ a, which is a
contradiction. This is what was given above as the Russell Paradox
(page 15). Another example of a class that is not a set is given by the
Burali-Forti Parador on page 59 below.

2.2.5. Construction of sets

We have established what it means for sets to be equal. We have
established that sets are examples, but not the only examples, of the
collections called classes. However, we have not officially exhibited any
sets. We do this now.

Axiom 2 (Empty Set). The empty class is a set:
JxVyy ¢ x.

As noted above (page 16), the set whose existence is asserted by this
axiom is denoted by @. This set is the class {x: z # x}.

We now obtain the sequence 0, 1, 2, ..., described above (page 16).
We use the Empty Set Axiom to start the sequence. We continue by
means of:

Axiom 3 (Adjunction). If a and b are sets, then there is a set denoted
by a U {b}:
Ve Vy dzVw (w € z & w e xVw=y).
In writing the axiom formally, we have followed the abbreviative
conventions on page 18. We can understand the Adjunction Axiom as
saying that, for all sets a and b, the class {z: = € aVx = b} is actually

a set. Adjunction is not one of Zermelo’s original axioms of 1908; but
the following is Zermelo’s Pairing Axiom:
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Theorem 5. For any two sets a and b, the set {a,b} exists:
VeVy JzVw (w ez w=xVw=y).

Proof. By Empty Set and Adjunction, @ U {a} exists, but this is just
{a}. Then {a} U {b} exists by Adjunction again. O

The theorem is that the class {z: x = a V& = b} is always a set.
Actually Zermelo does not have a Pairing Axiom as such, but he has
an Elementary Sets Axiom, which consists of what we have called
the Empty Set Axiom and the Pairing Axiom."

Every class C has a union, which is the class

{z:Jy(xeynyeC)}.

This class is denoted by

Uc.

This notation is related as follows with the notation for the classes
involved in the Adjunction Axiom:

Theorem 6. For all sets a and b, a U {b} = J{a, {b}}.

We can now use the more general notation

aUb= U{a,b}.

Axiom 4 (Union). The union of a set is always a set:

Vwﬂyy:Ux.

The Adjunction Axiom is a consequence of the Empty-Set, Pairing,
and Union Axioms. This why Zermelo did not need Adjunction as an
axiom. We state it as an axiom, because we can do a lot of mathematics
with it that does not require the full force of the Union Axiom.

5Zermelo also requires that for every set a there be a set {a}; but this can be
understood as a special case of pairing.
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Suppose A is a set and C'is the class {x: p(z)}. Then we can form
the class

ANC,

which is defined by the formula z € A A p(z). Standard notation for
this class is?

{z e A:p(x)}. (2.7)
Axiom 5 (Separation). Every class {x € A: p(z)} is a set.

The Separation Axiom is really a scheme of axioms, one for each
singulary formula ¢:

Ve yVz (z €y z€xnp(z)).

In most of mathematics, and in particular in the other sections of
this text, one need not worry too much about the distinction between
sets and classes. But it is logically important. It turns out that the
objects of interest in mathematics can be understood as sets. Indeed,
we have already defined natural numbers as sets. We can talk about
sets by means of formulas. Formulas define classes of sets, as we have
said. Some of these classes turn out to be sets themselves; but again,
there is no reason to expect all of them to be sets, and indeed by
Theorem 4 (page 24) some of them are not sets. Sub-classes of sets
are sets, by the Separation Axiom; but some classes are too big to be
sets. The class {z: x = z} of all sets is not a set, since if it were, then
the sub-class {z: = ¢ x} would be a set, and it is not.

7This notation is unfortunate. Normally the formula x € A is read as a sentence
of ordinary language, namely “x belongs to A” or “z is in A.” However, the
expression in (2.7) is read as “the set of  in A such that ¢ holds of z”; in
particular, € A here is read as the noun phrase “z in A” (or “x belonging
to A, or “x that are in A, or something like that). Thus a more precise
way to write the expression in (2.7) would be something like {z in A: ¢(x)}.
Ambiguity of expressions like z € A (is it a noun or a sentence?) is common in
mathematical writing, as for example in the abbreviation of Ve (¢ > 0 = ¢) as
(Ve > 0) ¢. Nonetheless, such ambiguity is avoided in this text.
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Every set a has a power class, namely the class {z: z C a} of all
subsets of a. This class is denoted by

P(a).
Axiom 6 (Power Set). Fvery power class is a set:
Vo Jy y = P(x).

Then & (a) can be called the power set of a. The Power Set Axiom
is of fundamental importance for allowing us to prove Theorem 10 on
page 31 below.

We want the collection {0,1,2,...} of natural numbers as defined
on page 16 to be a set. Now, it is not obvious how to formulate this
as a sentence of our logic. However, the indicated collection contains
0, which by definition is the empty set; also, for each of its elements
n, the collection contains also n U {n}. Let I be the class of all sets
with these properties: thus

I={z:0cxAVy(ycz=yU{y}ca)}.

If it exists, the set of natural numbers will belong to I. Furthermore,
the set of natural numbers will be the smallest element of I. But we
still must make this precise. For an arbitrary class C, we define

ﬂC:{x:Vy(yEC’:xey)}.
This class is the intersection of C.

Theorem 7. If a and b are two sets, then

anb= ﬂ{a,b}.

ﬂCga,

so in particular (\C is a set. However, (@ is the class of all sets,
which is not a set.®

If a € C, then

8Some writers define () C only when C' is a nonempty set.
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Axiom 7 (Infinity). I # @:
Jz (0€xAVy (y ez =yU{y} ca)).

We can now define?
w=T, (2.8)

knowing that this is a set.*®
Theorem 8. w € 1.

We shall establish the additional properties of w in §2.5 (p. 43).

2.2.6. The Zermelo—Fraenkel Axioms with Choice

We state the following for the record; but we are not going to use it
freely, as we shall use the preceding axioms.

Axiom 8 (Choice). For every set A of nonempty sets, any two of
which are disjoint from one another, there is a set b such that, for
each set c in A, the intersection b ¢ has a unique element.

We have now named all of the axioms given by Zermelo in 1908:
(I) Extension,
) Elementary Sets,
) Separation,
) Power Set,
(V) Union,
) Choice, and
) Infinity.

9See note 1 on page 12 about the letter w.

°Every other axiom of this section is of the form, “Such-and-such classes are sets.”
We can express the Axiom of Infinity in this form, as “I is a set.” However,
it would be preferable to define w as a class, without using the Axiom of
Infinity; then this Axiom could be simply, “w is a set.” We can do this. In the
terminology of §2.9 (page 58), we can define w as the class of all ordinals that
neither contain limits nor are limits themselves.
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Zermelo assumes that equality is identity: but his assumption is our
Theorem 2. In fact Zermelo does not use logical formalism as we have.
We prefer to define equality with (2.1) and (2.2) and then use the
Axioms of

(i) Equality,

(ii) the Empty Set,
(iii) Adjunction,
(iv) Union,

v) Separation,

)

)

—

—~

(vi) Power Set,

(vii) Infinity, and
(viii) Choice.
But these two collections of definitions and axioms are logically equiv-
alent: using either collection, we can prove the axioms in the other
collection as theorems.

Apparently Zermelo overlooked an axiom, the Replacement Ax-
iom, which was supplied in 1922 by Skolem [55] and by Fraenkel.**
We shall give this axiom on page 34 in the next section.

An axiom never needed in ordinary mathematics is the Foundation
Axiom. Stated originally by von Neumann [59], it ensures that certain
pathological situations, like a set’s containing itself, are impossible. It
does this by declaring that every nonempty set has an element that is
disjoint from it:

Vedy (x4 =>ycxhznNy=9).

We shall never use this axiom.
Zermelo’s axioms, along with Replacement and Foundation, com-
pose the collection called

ZFC.

T have not been able to consult Fraenkel’s original papers. However, according
to van Heijenoort [58, p. 291], Lennes also suggested something like the Re-
placement Axiom at around the same time (1922) as Skolem and Fraenkel; but
Cantor had suggested such an axiom in 1899.
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If we leave out Choice, we have what is called
ZF.

We shall tacitly assume ZF throughout this text. When we want to use
the Axiom of Choice, we shall be explicit about it.

2.3. Functions and relations

2.3.1. Cartesian products

Given two sets a and b, we define

(a,b) = {{a}, {a, b}}

This set is the ordered pair whose first entry is @ and whose second
entry is b. The purpose of the definition is to make the following
theorem true.

Theorem 9. Two ordered pairs are equal if and only if their first
entries are equal and their second entries are equal:

(a,b) = (z,y) @ a=xzNb=y.
If A and B are sets, then we define
AxB={z:323y (2= (z,y) Nz € ANy € B)}.
This is the cartesian product of A and B.

Theorem 10. The cartesian product of two sets is a set.

Proof. If a € A and b € B, then {a} and {a,b} are elements of #(AU
B), so (a,b) € Z(Z(AU B)), and therefore

Ax BC P(P(AUB)). 0

An ordered triple (z,y,z) can be defined as ((m,y),z), and so
forth.
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2.3.2. Functions

A function or map from A to B is a subset f of A x B such that,
for each a in A, there is exactly one b in B such that (a,b) € f. Then
instead of (a,b) € f, we write

fa) =b. (2.9)

We have then
A={z: Jy f(x) =y},

that is, A = {z: 3y (z,y) € f}. The set A is called the domain of
f. A function is sometimes said to be a function on its domain. For
example, the function f here is a function on A. The range of f is
the subset

{y: 3= f(z) = y}

of B. If this range is actually equal to B, then we say that f is
surjective onto B, or simply that f is onto B. Strictly speaking, it
would not make sense to say f was surjective or onto, simply.

A function f is injective or one-to-one if

Ve Vz (f(x) = f(2) = x = 2).

The expression f(z) = f(z) is an abbreviation of Jy (f(x) = yAf(z) =
y), which is another way of writing Jy ((a;,y) € fA(zy) € f). An
injective function from A onto B is a bijection from A to B.

If it is not convenient to name a function with a single letter like f,
we may write the function as

x> f(z),
where the expression f(z) would be replaced by some particular ex-
pression involving x. As an abbreviation of the statement that f is a

function from A to B, we may write

f:A—B. (2.10)
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Thus, while the symbol f can be understood as a noun, the expression
f: A — Bisacomplete sentence. If we say, “Let f: A — B,” we mean
let f be a function from A to B.

If f: A— Band D C A, then the subset {y: 3z (x € DAy = f(x)}
of B can be written as one of*?

{f(x): = € D}, f[D].

This set is the image of D under f. Similarly, for the Cartesian
product A x B, instead of {z: dx dy (z =(z,y) Nz € ANy € B)},
we can write

{(z,y): x € ANy € B}.

Variations on this notation are possible. For example, if f: A — B
and D C A, then the restriction of f to D is the set

{(z,y) € f:x € D},

which we may denote by

f1D.

Then the following is just an exercise in notation.
Theorem 11. If f: A— B and D C A, then
fI1D:D—B
and, for all x in D, (f | D)(z) = f(z).
If f: A— Band g: B — C, then we can define
gof={(z,2): 3y (f(x) =y Agly) =2)};

this is called the composite of (g, f).

*2*The notation f(D) is also used, but the ambiguity is dangerous, at least in set
theory as such.
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Theorem 12. If f: A— B and g: B — C, then
gof:A—C.
If also h: C' — D, then
ho(gef)=(hog)of.

We define
ida ={(z,2): z € A};

this is the identity on A.
Theorem 13. id4 is a bijection from A to itself. If f: A — B, then
foidg = f, idgof = f.
If f is a bijection from A to B, we define

7 =Aly,2): f@) =y}
this is the inverse of f.

Theorem 14.
1. The inverse of a bijection from A to B is a bijection from B to
A.
2. Suppose f: A — B and g: B — A. Then f is a bijection from
A to B whose inverse is g if and only if

gof=ida, fog=idp.

In the definition of the cartesian product A x B and of functions
from A to B, we may replace the sets A and B with classes. For
example, we may speak of the function z — {x} on the class of all
sets.

Axiom g (Replacement). If F' is a function on some class C, and A
is a subset of C, then the image F[A] is also a set.
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For example, if we are given a function n — G, on w, then by
Replacement the class {Gy,: n € w} is a set. Then the union of this
class is a set, which we denote by

U Gn.

new

A singulary operation on A is a function from A to itself; a bi-
nary on A is a function from A x A to A.

2.3.3. Relations

A binary relation on A is a subset of A x A; if R is such, and
(a,b) € R, we often write
aRb.

A singulary operation on A is a particular kind of binary relation on
A; for such a relation, we already have the special notation in (2.9).
The reader will be familiar with other kinds of binary relations, such as
equivalence relations and orderings. Equality of sets is an equivalence
relation; see also pages 49 and 76. We are going to define a particular
binary relation on page 41 below and prove that it is a linear ordering.

Meanwhile, if R C A x B, then R is a binary relation on A U B;
but we may say more precisely that R is a relation from A to B,
or a relation between A and B (in that order). We consider this
situation in the proof of Theorem 15 (page 37), and then again in §4.3
(page 105). The domain of a relation R from A to B is the subset
{x e A: Jy (z Ry)} of A.

2.4. An axiomatic development of the natural numbers

In the preceding sections, we sketched an axiomatic approach to set
theory. Now we start over with an axiomatic approach to the natural
numbers alone. In the section after this, we shall show that the set
w does actually provide a model of the axioms for natural numbers
developed in the present section.
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For the moment though, we forget the definition of w. We forget
about starting the natural numbers with 0. Children learn to count
starting with 1, not 0. Let us understand the natural numbers to com-
pose some set called N. This set has a distinguished initial element,
which we call one and denote by

On the set N there is also a distinguished singulary operation of suc-
cession, namely the operation

n—n-+1,

where n + 1 is called the successor of n. Note that some other ex-
pression like S(n) might be used for this successor. For the moment,
we have no binary operation called + on N.

I propose to refer to the ordered triple (N,1,n — n + 1) as an
iterative structure. In general, by an iterative structure, I mean
any set that has a distinuished element and a distinguished singulary
operation. Here the underlying set can be called the universe of the
structure.*3 The iterative structure (N, 1,7 — n + 1) is distinguished
among all iterative structures by satisfying the following axioms.

I. 1is not a successor: 1 #n + 1.

II. Succession is injective: if m +1=n 4+ 1, then m = n.

III. The structure admits proof by induction, in the following
sense. Every subset A of the universe must be the whole uni-
verse, provided A has the following two closure properties.

A 1e A
B. For all n,if n € A, then n+1 € A.

*3For a simple notational distinction between a structure and its universe, if the
universe is A, the structure itself can be denoted by a fancier version of this
letter, such as the Fraktur version 2. See Appendix A (p. 255) for Fraktur
versions, and their handwritten forms, for all of the Latin letters. However,
we shall not make use of Fraktur letters until defining structures in general on

page 46.
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These axioms were published first by Dedekind [13, II, VI (71),
p. 67]; but they were written down also by Peano [48], and they are
often known as the Peano axioms.

Suppose (A, b, f) is an iterative structure. If we successively com-
pute b, f(b), f(f(b), f(f(f(b))), and so on, either we always get a
new element of A, or we reach an element that we have already seen.
In the latter case, if the first repeated element is b, then the first Peano
axiom fails. If it is not b, then the second Peano axiom fails. The last
Peano axiom, the Induction Axiom, would ensure that every element
of A was reached by our computations. None of the three axioms im-
plies the others, although the Induction Axiom implies that exactly
one of the other two axioms holds [29].

2.4.1. Recursion

The following theorem will allow us to define all of the usual operations
on N. The theorem is difficult to prove. Not the least difficulty is seeing
that the theorem needs to be proved.*4

Homomorphisms will be defined generally on page 47, but mean-
while we need a special case. A homomorphism from the iterative
structure (N, 1,7 — n + 1) to an arbitrary iterative structure (A, b, f)
is a function h from N to A such that

1) h(1) =b, and

2) h(n+1) = f(h(n)) for all n in N,
that is, the diagram in Figure 2.1 commutes (any two paths from one
point to another represent the same function).

Theorem 15 (Recursion). For every iterative structure, there is ex-
actly one homomorphism from (N,1,n +— n+ 1) to this structure.

Proof. Given an iterative structure (A, b, f), we seek a homomorphism
h from (N, 1,z +— n+1) to (A,b, f). Then h will be a particular subset
of Nx A. Let & be the set whose elements are the subsets C' of N x A
such that, if (n,y) € C, then either

*4Peano did not see this need, but Dedekind did. Landau discusses the matter [40,
pp. ix—x]|.
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{1} N N
hi{1} h h
(v} A A

idgpy f

Figure 2.1.: A homomorphism of iterative structures

1) (n,y) = (1,b) or else
2) C has an element (m,z) such that (n,y) = (m + 1, f(z)).
In particular, {(1,b)} € A. Also, if C € % and (m,z) € C, then

CuU{(m+1,f(x)} e B

Let R = |J4%; so R is a subset of N x A, that is, a relation from N
to A in the sense of page 35. If (n,y) € R, then (on page 35) we may
write also

nRy.

Since {(1,b)} € A, we have 1 R b. Also, if m R z, then (m,x) € C for
some C'in B, so CU{(m+1, f(z))} € £, and therefore (m+1) R f(z).
Thus R is the desired function h, provided R is actually a function from
N to A. Proving that R is a function from N to R has two stages.

1. Let D be the set of all n in N for which there is y in A such
that n R y. Then we have just seen that 1 € D, and if n € D, then
n+ 1€ D. By induction, D = N. Thus if R is a function, its domain
is N.

2. Let E be the set of all n in N such that, for all y in A, if n Ry
and n R z, then y = z. Suppose 1 R y. Then (1,y) € C for some C in
9. Since 1 is not a successor, we must have y = b, by definition of 4.
Therefore 1 € E. Supposen € E, and (n+1) Ry. Then (n+1,y) € C
for some C in . Again since 1 is not a successor, we must have

(n+1y)=(m+1 f(z))
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for some (m,x) in C. Since succession is injective, we must have
m =n. Thus, y = f(x) for some x in A such that n R x. Sincen € E,
we know x is unique such that n R x. Therefore y is unique such that
(n+1) Ry. Thus n+1 € E. By induction, E = N.

So R is the desired function A. Finally, h is unique by induction. [

Note well that the proof uses all three of the Peano Axioms. The
Recursion Theorem is often used in the following form.

Corollary 15.1. For every set A with a distinguished element b, and
for every function F' from N x B to B, there is a unique function H
from N to A such that

1) H(1) =b, and

2) Hin+1) = F(n,H(n)) for all n in N.
Proof. Let h be the unique homomorphism from (N,1,n +— n+ 1) to
(N x A, (1,b), f), where f is the operation (n,z) — (n + 1, F(n,x))).
In particular, h(n) is always an ordered pair. By induction, the first
entry of h(n) is always n; so there is a function H from N to A such
that h(n) = (n,H(n)). Then H is as desired. By induction, H is
unique. L]

2.4.2. Arithmetic operations

We can now use recursion to define, on N, the binary operation
(z,y) =z +y

of addition, and the binary operation

(z,y) = 2x-y

of multiplication. More precisely, for each n in N, we recursively
define the operations x — n + x and x — n - x. The definitions are:

n+l=n+1, n+(m+1)=m+m)+1,

2.11
n-1=mn, n-(m+1)=n-m+n. (2.11)

The definition of addition might also be written as n + 1 = S(n) and
n+ S(m) = S(n+m). In place of x - y, we often write xy.
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Lemma 2. For alln and m in N,
l+n=n+1, (m+1)+n=(m+n)+1.
Proof. Induction. O

Theorem 16. Addition on N is
1) commutative: n+m =m+n; and
2) associative: n+ (m+ k) = (n+m) + k.

Proof. Induction and the lemma. O

Theorem 17. Addition on N allows cancellation: if n+x =n+y,
then x = y.

Proof. Induction, and injectivity of succession. O
The analogous proposition for multiplication is Corollary 23.1 below.
Lemma 3. For alln and m in N,
1-n=n, (m+1)-n=m-n+n.
Proof. Induction. O

Theorem 18. Multiplication on N is
1) commutative: nm = mn;
2) distributive over addition: n(m + k) = nm + nk; and
3) associative: n(mk) = (nm)k.

Proof. Induction and the lemma. O

Landau [40] proves using induction alone that + and - exist as given
by the recursive definitions above. However, Theorem 17 needs more
than induction. So does the existence of the factorial function defined
by

=1, (n+D!'=n!-(n+1).

So does exponentiation, defined by
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2.4.3. The linear ordering

The usual ordering < of N is defined recursively as follows. First note
that m < n means simply m < n or m = n. Then the definition of <
is:

1) m £ 1 (that is, = m < 1);

2) m < n+ 1if and only if m < n.
In particular, n < n+ 1. Really, it is the sets {x € N: x < n} that are
defined by recursion:

{reN:z <1} =g,
{reNiz<n+1l}={zeNz<n}U{n} ={reN:z<n}.

We now have < as a binary relation on N; we must prove that it is an
ordering.

Theorem 19. The relation < is transitive on N, that is, if k < m
and m < n, then k <n.

Proof. Induction on n. O
Theorem 20. The relation < is irreflexive on N: m £ m.

Proof. Since every element k of N is less than some other element
(namely k + 1), it is enough to prove

k<n=k+k.

We do this by induction on n. The claim is vacuously true when n = 1.
Suppose it is true when n =m. If k < m + 1, then k < m or k = m.
If £ < m, then by inductive hypothesis k £ k. If k = m, but k < k,
then k& < m, so again k < k. Thus the claim holds when n = m + 1.
By induction, it holds for all n. O

Because the relation < is transitive and irreflexive on N, the relation
is called an ordering'® of N, and N is ordered by <.

*5In some sources, what we are calling an ordering is called merely a partial or-
dering.
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Lemma 4. 1 < m.
Proof. Induction. O
Lemma 5. If k <m, then k+1<m.

Proof. The claim is vacuously true when m = 1. Suppose it is true
when m =n. Say k <n+1. Thenk <n. If k=n,thenk+1=n+1,
sok+1<n+1. If k<n,then k+ 1 < n by inductive hypothesis, so
k+1 < n+1 by transitivity (Theorem 19), and therefore k+1 < n—+1.
Thus the claim holds when m = n 4+ 1. By induction, the claim holds
for all m. O

Theorem 21. The relation < is total on N: either k < m orm < k.

Proof. By the last lemma but one, the claim is true when k = 1.
Suppose it is true when k = £. If m £ ¢+ 1, then m £ ¢. In this case,
we have both m # £ and m «£ ¢. Also, by the inductive hypothesis,
£ < m, sof<m,and hence £ + 1 < m by the last lemma. O

Being a total ordering of N, the relation < is also called a linear
ordering of N, and N is linearly ordered by <.

Theorem 22. For all m and n in N, we have m < n if and only if
the equation
m+x=n (2.12)

1s soluble in N.

Proof. By induction on k, if m + k = n, then m < n. We prove the
converse by induction on n. We never have m < 1. Suppose for some
r that, for all m, if m < r, then the equation m + x = r is soluble.
Suppose also m < r 4+ 1. Then m < r or m = r. In the former case,
by inductive hypothesis, the equation m + x = r has a solution k, and
therefore m+ (k+1) =r+1. If m = r, then m+ 1 = r+ 1. Thus the
equation m + z = r + 1 is soluble whenever m < r + 1. By induction,
for all n in N, if m < n, then (2.12) is soluble in N. O
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Theorem 23. If k < ¢, then
kE+m<{f+m, km < fm.

Here the first conclusion is a refinement of Theorem 17; the second
yields the following analogue of Theorem 17 for multiplication.

Corollary 23.1. If km = ¢m, then k = /.

Theorem 24. N is well-ordered by <: every nonempty set of natural
numbers has a least element.

Proof. Suppose A is a set of natural numbers with no least element.
Let B be the set of natural numbers n such that, if m < n, then
m ¢ A. Then 1 € B, since otherwise 1 would be the least element of
A. Suppose m € B. Then m+ 1 € B, since otherwise m + 1 would be
the least element of A. By induction, B =N, so A = &. O

The members of N are the positive integers; the full set Z of inte-
gers will be defined formally in §2.7 below, on page 54. As presented in
Books VII-IX of Euclid’s Elements [18, 17], number theory is a study
of the positive integers; but a consideration of all integers is useful in
this study, and the integers that will constitute a motivating example,
first of a group (page 62), and then of a ring (page 73).

2.5. A construction of the natural numbers
For an arbitrary set a, let
a =aU{a}.

If A belongs to the class I defined in (2.8) on page 29, then 0 € A, and
A is closed under the operation z — 2/, and so (A,0,’) is an iterative
structure. In particular, (w,0,’) is an iterative structure by Theorem

8 (page 29).

Theorem 25. The structure (w,0,") satisfies the Peano Azioms.
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Proof. There are three things to prove.

1. In (w,0,”), the initial element 0 is not a successor, because for
all sets a, the set a’ contains a, so it is nonempty.

2. (w,0,") admits induction, because, if A C w, and A contains 0
and is closed under x — 2/, then A € I, so (\I € A by Theorem 7
(page 28), that is, w C A.

3. It remains to establish that x — 2’ is injective on w. On page 41,
we used recursion to define a relation < on N so that

m &£ 1, m<n+le&m<nVm=n. (2.13)

Everything that we proved about this relation required only these
properties, and induction. On w, we do not know whether we have
recursion, but we have (2.13) when < is € and 1 is 0: that is, we have

m ¢ 0, men &menVm=n,

Therefore € must be a linear ordering of w, by the proofs in the
previous section. Thus, if m # n, then either m € n or n € m. We
also have the last lemma in that section for €, that is, if m € n, then
either m’ = n or m’ € n; and in either case, m’ € n’, so m’ # n'.
Thus, assuming m # n, we have m’ # n/'. O

Given sets A and B, we define
ANB={re€A:z ¢ B}.

As a corollary of the foregoing theorem, we have that the iterative
structure (w ~ {0},1,”) also satisfies the Peano Axioms. We may
henceforth assume that (N, 1,2 — x + 1) is this structure. In particu-
lar,

N=w {0}

Thus we no longer need the Peano Axioms as axioms; they are theo-
rems about (N, 1,2 — 2+ 1) and (w,0,”).

We extend the definitions of addition and multiplication on N to
allow their arguments to be 0:

n+0=n=0+n, n-0=0=0-n.
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Theorem 26. Addition and multiplication are commutative and as-
sociative on w, and multiplication distributes over addition.

In particular, the equations (2.11) (page 39) making up the recursive
definitions of addition and multiplication on N are still valid on w. The
same goes for factorials and exponentiation when we define

0! =1, n =1.

2.6. Structures

For us, the point of using the von-Neumann definition of the natural
numbers is that, under this definition, a natural number n is a partic-
ular set, namely {0,...,n— 1}, with n elements. We denote the set of
functions from a set B to a set A by

AP,
In particular then, A™ is the set of functions from {0,...,n — 1} into
A. We can denote such a function by one of
(Zoy .-y Tp—1), (i i <mn),

so that
A" = {(.%'0, - ,a;n_l): x; € A}

Thus, A? can be identified with A x A, and A' with A itself. There is
exactly one function from 0 to A, namely 0; so

A = {0} =1.

An n-ary relation on A is a subset of A™; an n-ary operation on
A is a function from A™ to A. Relations and operations that are
2-ary, l-ary, or O-ary can be called binary, singulary, or nullary,
respectively; after the appropriate identifications, this agrees with the
terminology used in §2.3. A nullary operation on A can be identified
with an element of A.
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Generalizing the terminology used at the beginning of §2.4 (page 35),
we define a structure as a set together with some distinguished re-
lations and operations on the set; as before, the set is the universe
of the structure. If the underlying set of a structure is denoted by a
Latin letter, as A or B, then the structure itself may be denoted by
the corresponding Fraktur letter, as 2 or 8. See Appendix A, page
255.

The signature of a structure comprises a symbol for each distin-
guished relation and operation of the structure. For example, we have
so far obtained N as a structure in the signature {1, +, -, <}. We may
then write out this structure as

(Na 17 +7 ) <)-

In this way of writing the structure, an expression like 4+ stands not for
the symbol of addition, but for the actual operation on N. In general,
if s is a symbol of the signature of 2, then the corresponding relation
or operation on A can, for precision, be denoted by

s
Then s* is the interpretation of s in 2.

The reason why we might distinguish s® from s is that two structures
can have the same signature. We must be clear what this means. Each
symbol of a signature carries with it two pieces of information:

1) whether it symbolizes a relation or an operation, and

2) for which n in w the relation or operation is n-ary.

A relation symbol can be called a predicate; a nullary operation sym-
bol can be called a constant. More than one symbol in a signature can
symbolize an n-ary relation or an n-ary operation. But we normally
do not consider the sign = of equality to belong to a signature.

If . is a signature, we denote the class of all structures with this
signature by

Str Bz

Suppose A and B belong to Str. If s € ., then s¥ is an n-ary
operation or relation on A if and only if s¥ is an n-ary operation or
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relation on B, respectively. A homomorphism from 2 to B is a
function h from A to B that preserves the relations and operations
symbolized in .&: this means

h(f (o, .-y an1)) = [P(R(0), ..., h(2p_1)),
(20,.. . 2n_1) € R* = (h(xq), ..., h(zn_1)) € RZ, (2.14)

for all n-ary operation symbols f of .% and all n-ary predicates R of
&, for all n in w. To indicate that h is a homomorphism from 2 to
B, we may write

h: 2l —B

(rather than simply h: A — B). We have already seen a special case
of a homomorphism in the Recursion Theorem (Theorem 15, page 37).
The following is easily proved.

Theorem 27. Ifh: A — B and g: B — €, then
goh: A — C.

A homomorphism is an embedding if it is injective and if the con-
verse of (2.14) also holds. A surjective embedding is an isomorphism.

Theorem 28. The function id is an isomorphism from 2 to itself.
The following are equivalent conditions on a bijective homomorphism
h from A to B:

1) B is an isomorphism from 2 to B,

2) h=' is a homomorphism from B to 2,

3) h=1 is an isomorphism from B to 2A.

If there is an isomorphism from a structure 2 to a structure 23, then
these two structures are said to be isomorphic to one another, and
we may write

A =B,

In this case 2 and B are indistinguishable as structures, and so (out
of laziness perhaps) we may identify them, treating them as the same
structure. We have already done this, in a sense, with (N, 1,z — z+41)
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and (w~{0},1,”). However, we never actually had a set called N, until
we identified it with w ~ {0}.

A substructure of a structure B is a structure 2 of the same
signature such that A C B and the inclusion z — x of A in B is an
embedding of 2 in 8. To indicate that 2 is a substructure of B, we
may write

A CB.

Model theory studies structures as such. Universal algebra
studies algebras, which are sets with distinguished operations, but
no distinguished relations. In other words, an algebra is a structure in
a signature with no symbols for relations.

We shall study mainly the algebras called groups and the algebras
called rings. Meanwhile, we have the algebra (N, 1,+,-), and we shall
have more examples in the next section.

A reduct of a structure is obtained by ignoring some of its opera-
tions and relations, while the universe remains the same. The original
structure is then an expansion of the reduct. For example, (N, +) is
a reduct of (N, +, -, <), and the latter is an expansion of the former.

Let us finally note that the universe of a structure is normally con-
sidered to be a set, and not just a class. Thus the universal class
{z: x = x} is not the universe of a structure with signature {€}. Set
theory does study structures in this signature that have some of the
properties of the universal class. We shall not do this. However, in
order to talk precisely about structures as such, in Chapter 5 (page
132) we shall adapt the logic that we developed in §2.2 (page 17) for
talking about sets.

2.7. Constructions of the integers and rationals

The next theorem is an example of something like localization, which
will be the topic of §4.5 (p. 121). One learns the theorem implicitly
in school, when one learns about fractions. Perhaps fractions are our
first encounter with nontrivial equivalence classes.
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On page 41, we defined an ordering as an irreflexive, transitive re-
lation on a set. A relation R on a set A is reflexive and symmetric
if, respectively,

a R a, aRb<sbRa,

for all @ and b in A. A reflexive, symmetric, transitive relation on a
set is an equivalence relation on that set. If F is an equivalence
relation on A, and a € A, then the set

{reA:aFEz}

is the equivalence class of a in A with respect to R. We may denote
by

A/E
the set of equivalence classes of elements of A with respect to E; this
is the quotient of A by F. Since the equivalence class of an element
of A contains that element and is included in A, we have

A=|JA/E.
Moreover, two distinct equivalence classes are disjoint, and so A is the
disjoint union of A/E.
Now let ~ be the binary relation on N x N given by*6

(a,b) = (z,y) & ay = bz. (2.15)
Lemma 6. The relation =~ is an equivalence relation on N x N.

If (a,b) € N x N, let its equivalence class with respect to ~ be
denoted by either of

a
b —.
a/b, ;

Let the set (N x N)/~ of all such equivalence classes be denoted by

Q*.

This set comprises the positive rational numbers.

*6As a binary relation on N x N, the relation = is a subset of (N x N)? which we
identify with N*,
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Theorem 29. There are well-defined binary operations + and - on
Q™ given by the rules

a x ay+bx
o o _ay+be

a x
a.r_ur 16
by by b y by (2.16)

There is a well-defined singulary operation ~' on QF given by

There is a well-defined linear ordering < of QT given by

% < g S ay < bx. (2.18)

The structure (N, +,-, <) embeds in (Qt,+,-, <) under the map
LT
T .
1

Addition and multiplication are commutative and associative on QT
and multiplication distributes over addition. Moreover,

1 =z = 2\ oz 1
2= = =, (2.19)
Ly y Yy y 1
Finally, . . .
a T a
S A< S <o :
15015y 7150y (2.20)

The operations on Q7 in the theorem are said to be well defined
because it is not immediately obvious that they exist at all. It is
possible that a/b = ¢/d although (a,b) # (¢,d). In this case one must
check that (for example) (ay+bx)/(by) = (cy+dx)/(dy). See page 76.

Because multiplication is commutative and associative on Q, and
(2.19) holds, the structure (Q*,1/1,1,-) is an abelian group. Be-
cause in addition Q7 is linearly ordered by <, and (2.20) holds, the
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structure (Q*,1/1, 71, -, <) is an ordered group.'” The positive el-
ements of this group are those elements a such that a > 1/1, although
we do not usually use this terminology when, as at present, the ordered
group is written multiplicatively.

For the moment, a natural number is not a positive rational number.
Therefore, even though we already have a function (z,y) — x/y from
N x N to Q, we are free to use the same notation to define a binary
operation on QT. This operation will be given by

—=z-y . 2.21
We easily have the following.

Theorem 3o0. For all m and n in N,

1
m/1 = (2.22)
n/l n
The rules (2.16), (2.17), and (2.18) are correct when the letters range
over QF.

The meaning of (2.22) is that the diagram in Figure 2.2 commutes.
We may now identify n and n/1, treating them as the same thing.
Then N C Q*, and the function (z,y) — z/y from N x N to Q* is
just the restriction of the binary operation on Q7.

In the definition (2.15) of =, if we replace multiplication with ad-
dition, then instead of the positive rational numbers, we obtain the
integers. Probably this construction of the integers is not learned in
school. If it were, possibly students would never think that —z is
automatically a negative number. In any case, by applying this con-
struction of the integers to the positive rational numbers, we obtain
all of the rational numbers as follows. Let ~ be the binary relation on

QT x QT given by

(a,b) ~ (z,y) @ a+y=>b+x. (2.23)

*7In particular, all of our ordered groups will be abelian.
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N x N Y Qt

@1, §) (@ )y~

Q* x QF

Figure 2.2.: Division of positive rationals

Lemma 7. The relation ~ on Q" x QT is an equivalence relation.

If (a,b) € QT x QT, let its equivalence class with respect to ~ be
denoted by

a—b.
Let the set of such equivalence classes be denoted by
Q.

This set comprises the rational numbers. However, for the moment,
a positive rational number is not a rational number. We denote by

0

the rational number 1 — 1.

Theorem 31. There are well-defined operations —, +, and - on Q
given by the rules

—(z—-y)=y—u,
(a=b)+(z—y)=(a+x)—(b+y), (2.24)
(a—0b)(z—y) = (az +by) — (ay + bx).
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There is a dense linear ordering < of Q given by
a—b<zr—-—ysSat+y<b+ax.
The structure (QT, +, -, <) embeds in (Q,+,-, <) under the map
z—=(x+1)—1.

The structure (Q,0, —,+, <) is an ordered group, and its positive ele-
ments are just those in the image of Q. Multiplication is also com-
mutative and associative on Q, and it distributes over addition.

As before, although we already have a function (z,y) — x — y from
Q" x Q" to Q, we are free to use the same notation for a binary
operation on QQ given by

r—y=a+(-y).
We easily have the following.

Theorem 32. For all a and b in QT,
((a+1)—=1) = ((b+1)—1)=a—b. (2.25)
The rules (2.24) are correct when the letters range over Q.

The meaning of (2.25) is that the diagram in Figure 2.3 commutes.
We now identify QF with its image in Q, so that a positive rational

number is indeed just a rational number that is positive.
Theorem 33. QT = {z € Q: 0 < x}. The singulary operation ~! on
QT extends to an operation on Q ~ {0} when

= —(—2)7!

on {—z:x € Qt}. Then (Q ~ {0},1,7%,-) is an abelian group. The
binary operation |/ on QV is the restriction of the function | from

Q x (Q ~ {0}) to Q given by (2.21), and (2.16), (2.17), and (2.18)
hold when the letters range over Q (and the expressions are defined).
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Q+XQ+

(@)= ((@+D)~1,(y+1)-1) (2.9)—a+(~y)

QxQ

Figure 2.3.: Subtraction of rationals

Because (Q,0,—,+,<) and (QT,1,7!, -, <) are ordered groups,
where QT = {z € Q: x > 0}, and multiplication distributes over
addition in Q, the structure (Q,0,—,4+,1,-,<) is an ordered field.
However, the ordering of QQ is not complete, that is, there are sub-
sets with upper bounds, but no suprema (least upper bounds). An
example is the set {r € Q: 0 < z A 22 < 2}.

We can now define
Z={x—y: (z,y) € Nx N}
this is the subset of Q comprising the integers.

Theorem 34.
1. (Z,0,—,+,1,-,<) € (Q,0,—,+,1,-,<).
2. In particular, (Z,0,—,+,1,-, <) is well defined.
3. (Z,0,—,4,<) is an ordered group.
4. Q={z/y:x € ZNycZ~{0}}.

Because of the theorem, we can also think of Q as arising from Z by
the same construction that gives us QT from N. We shall generalize
this construction of Q in §4.5 (page 121).
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2.8. A construction of the reals

There is a technique due to Dedekind for completing (Q, <) to obtain
the completely ordered set (R, <). As Dedekind says explicitly [13,
pp. 39—40|, the original inspiration for the technique is the definition
of proportion found in Book V of Euclid’s Elements (18, 17].

In the geometry of Euclid, a straight line is what we now call a line
segment or just segment, and two segments are equal to one another
if they are congruent to one another. Congruence of segments is an
equivalence relation. Let us refer to a congruence class of segments
as the length of any one of its members. Two lengths can be added
together by taking two particular segments with those lengths and
setting them end to end. Then lengths of segments compose the set of
positive elements of an ordered group. In particular, individual lengths
can be multiplied, in the original sense of being taken several times.
Indeed, if A is a length, and n € N, we can define the multiple nA of
x recursively:

1A= A, (n+1)A=nA+ A.

It is assumed that, for any two lengths A and B, some multiple of A
is greater than B: this is the archimedean property. If C and D
are two more lengths, then A has to B the same ratio that C' has to
D, provided that, for all &k and m in N,

kA > mB < kC > mD.

In this case, the four lengths A, B, C, and D are proportional, and we
may write

A:B::C:D.
We can write the condition for this proportionality as
X + x +
—€eQm:aB<yA;, =<—€Q": 2D <yC
Yy Yy
Dedekind’s observation is that such sets can be defined independently

of all geometrical considerations. Indeed, we may define a positive
real number as a nonempty, proper subset C' of Q1 such that
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1) ifa € C and b € QT and b < a, then b € C, and
2) if C has a supremum in Q7, this supremum does not belong to
C.
Let the set of all positive real numbers be denoted by

RT.

Theorem 35. The set RT is completely ordered by proper inclusion.
There are well-defined operations +, ~*, and - on QT given by the rules

C+D={x+y:x€CAye D},
Cl={zh2ecQ " AIy(yeQ N CAry<a)},
C-D={x-y:xeCAyec D}.

Then (QF,+,71,-) embeds in (RT,+,71,-) under y = {x € QT : 2 <
Y-

Let us identify QT with its image in RT™. We may also write C on
R as <.

For every n in w, an n-ary operation f on R is continuous if, for
every (A;: i < n) in (RT)", for every € in QF, there is (§;: i < n) in
(Q*)™ such that, for all (X;: i <n) in (RT)", if

/\Ai_5i<Xi<Ai+5i7
<n
then
f(A,-:i<n)—£<f(X,-:i<n) <f(AZ~:i<n)+€.

Theorem 36. The operations +, ~%, and - on Rt are continuous.
Every composite of continuous functions on Rt is continuous.

Lemma 8. The only continuous singulary operation on R™ that is 1
on Q is 1 everywhere.

Theorem 37. The structure (R*, 1,71, . <) is an ordered group, and
addition is commutative and associative on RT, and multiplication dis-
tributes over addition on R .
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Now define ~ on Rt x Rt as in (2.23). Just as before, this is an
equivalence relation. The set of its equivalence classes is denoted by

R.

Just as before, we obtain the ordered field (R,0, —, +, !, -, <). But
now, the ordering is complete. We identify RT with its image in R.
The elements of R are the real numbers.

Lemma g. For every n in N, for every element A of a completely and
densely ordered group, the equation

nX=A4
is soluble in the group.

Theorem 38. Suppose (G,0,—, 4+, <) is a completely and densely or-
dered group, and u is a positive element of G, and b is an element of
R™ such that 1 < b. Then there is an isomorphism from (G,0, —, +, <)
to (R, 1,71, -, <) taking u to b.

By the theorem, the completely ordered groups (R, 0, —, +, <) and
(RT, 1,71, -, <) are isomorphic, and indeed for every b in RT such that
b > 1, there is an isomorphism taking 1 to b. This isomorphism is
denoted by

x — b",

and its inverse is
x — logy x.

Theorem 39 (Intermediate Value Theorem). If f is a continuous
singulary operation on R, and f(a)-f(b) < 0, then f has a zero between
a and b.

Hence for example the function z — 2% — 2 must have a zero in R
between 1 and 2. More generally, if A C R, then the set of polynomial
functions over A is obtained from the set of constant functions taking
values in A, along with —, +, -, and the projections (xg,...,Zp—1) —
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x;, by closing under taking composites. Then all polynomial functions
over R are continuous, and so the Intermediate Value Theorem applies
to the singulary polynomial functions. Therefore the ordered field R is
said to be real-closed. However, there are smaller real-closed ordered
fields: we establish this in the next section.

2.9. Countability

A set is countable if it embeds in w; otherwise the set is uncount-
able.

Theorem 4o0. The sets N, Z, and Q are all countable.
Theorem 41. Z(w) is uncountable.

Proof. Suppose f is an injection from w to &(w). Then the subset
{z: 2 ¢ f(x)} of w is not in the range of f, by a variant of the Russell
Paradox: if {z: z ¢ f(z)} = f(a), then a € f(a) & a ¢ f(a). O

Theorem 42. The set R is uncountable.

Proof. For every subset A of w, let g(A) be the set of rational numbers
x such that, for some n in w,

2
m<23—k.

keANn

Then g(A) is a real number by the original definition. The function
A g(A) from Z(w) to R is injective. O

In the theorem, the image of the function g is the Cantor Set; see
page 106.

If A C R, suppose we let A™ be the smallest field that contains all
zeros from R of singulary polynomial functions over A. If we define
Ap=Q and A, = A, then UnEw A, will contain all zeros from
R of singulary polynomial functions over itself. Thus it will be real-
closed. In fact it will be Q. But this field is countable.
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We can say more about a set than whether it is countable or uncount-
able. A class is transitive if it properly includes all of its elements.
A transitive set is an ordinal if it is well-ordered by the relation of
membership. Then all of the elements of w are ordinals, and so is w
itself. The class of all ordinals can be denoted by

ON.

Theorem 43. The class ON is transitive and well-ordered by mem-
bership.

In particular, ON cannot contain itself; so it is not a set. This result
is the Burali-Forti Paradox |[7].

Theorem 44. Every well-ordered set (A, <) is isomorphic to a unique
ordinal. The isomorphism is a certain function f on A, and this func-
tion is determined by the rule

f0) = {f(x): © <b}.

There are three classes of ordinals.

1. A successor is an ordinal o/ for some ordinal a.

2. The least ordinal, 0, is in a class by itself.

3. A limit is an ordinal that is neither 0 nor a successor.

Then w is the least limit ordinal.

Two sets are equipollent if there is a bijection between them. An
ordinal is a cardinal if it is the least ordinal that is equipollent with
it.

Theorem 45. Every element of w is a cardinal. So is w itself.

The class of cardinals can be denoted by

CN.

Every set is equipollent with at most one cardinal, which is called the
cardinality or size of that set. The cardinality of an arbitrary set A

is denoted by
|Al.
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A countable set has cardinality w or less; uncountable sets have car-
dinality greater than w. The finite sets are those whose cardinalities
are less then w; other sets are infinite.
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3. Groups and Rings

3.1. Groups and rings

3.1.1. Groups

Given a set A, we may refer to a bijection from A to itself as a symme-
try or permutation of A. Let us denote the set of these symmetries
by

Sym(A).

This set can be equipped with:
1) the element id4, which is the identity on A;
2) the singulary operation f — f~! which is inversion;
3) the binary operation (f,g) — f o g, which is composition.
The 4-tuple
(Sym(A),idg, 1, 0)

is the complete group of symmetries of A. We may speak of the set
Sym(A) as the underlying set of the group. We may also use Sym(A)
to denote the group (Sym(A),id4, 1, 0). A subgroup of this group
is a subset of Sym(A) that contains e and is closed under inversion
and composition. Such a subgroup can be called simply a group of
symmetries of A. The following is easily verified.

Theorem 46. For all sets A, for all elements f, g, and h of a group
of symmetries of A,
foida=f, fof ' =ida,
idaof =f, f'of=ida,
(fog)oh=fo(goh).

A group of symmetries is an example of an algebra, that is, a set
equipped with some operations. More generally, a structure is a set
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equipped with operations and relations. A group is an algebra with
the properties of a group of symmetries given by the last theorem
(Theorem 46). That is, a group is an algebra (G,e, ~!,-) in which
the following equations are identities (are true for all values of the
variables):

-1
r-e=zx, T-T  =E¢,

e-r=ux, x’l-x:e,

(- y)-z=z-(y-2).

We may say also that these equations are the axioms of groups: this
means that their generalizations (Vx = -e = x and so forth) are true in
every group, by definition. According to these axioms, in every group
(Ga e, _1a ')a

1) the binary operation - is associative,

2) the element e is an identity with respect to -,

3) the singulary operation ~! is inversion with respect to - and e.
The identity and the inversion will turn out to be uniquely determined
by the binary operation, by Theorem 51 on page 66.

A group is called abelian if its binary operation is commutative. If
A has at least three elements, then Sym(A) is not abelian. However,
every one-element set {a} becomes an abelian group when we define

e=a, a  =a, a-a=a.

This group is a trivial group. For example, both Sym(0) and Sym(1)
are trivial groups. All trivial groups are isomorphic to one another.
Therefore we tend to identify them with one another, referring to each
of them as the trivial group, which we shall denote by

{e}.

Besides this and the symmetry groups, we have the following seven
examples of groups, namely

(Za07_7+)7 (Q707_7+)> (R707_>+)
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along with

@*, 1,71, (@~ {0},1,7" -)
(RT, 1,710, (R~ {0},1,71,-

In the first three examples, the symbols — and 4+ mean something
different in each case, although we understand 0 to be the same in
each case. In the last four examples, the symbols ~! and - mean
something different in each case, although we understand 1 to be the
same in each case. All seven examples are abelian. The last four of
them are the origin of a terminological convention. In an arbitrary
group (G,e, ! ), the operation - is usually called multiplication.
We usually write ¢g-h as gh. The element ¢g—! is the inverse of g. The
element e is the identity, and it is sometimes denoted by 1 rather
than e.

Evidently the first three examples use different notation. These
groups are said to be written additively. Additive notation is often
used for abelian groups, but almost never for other groups. It will be
useful to have one more example of an abelian group. Actually there
will be one example for each positive integer. If a and b are arbitrary
integers for which the equation

ar =D>

has a solution in Z, then we say that a divides b, or a is a divisor or
factor of b, or b is a multiple of a, and we may write

alb.

Using the notation due to Gauss |22, p. 1|, for a positive integer n and
arbitrary integers a and b we write

a=b (modn)

if n | a—»b. In this case we say a and b are congruent with respect to
the modulus n. This manner of speaking is abbreviated by putting
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the Latin word modulus into the ablative case: a and b are congruent
modulo n.* Still following Gauss, we may say too that « is a residue
of b with respect to the modulus n.

Theorem 47. Let n € N.
1. Congruence modulo n is an equivalence relation on 7.
2. Ifa=x and b=y (mod n), then

—a=—-x & at+b=x+y & ab=2zy (mod n).

The set of congruence-classes of integers modulo n can be denoted
by
/e

If a is some integer, we can denote its congruence-class modulo n by
something like [a] or @, or more precisely by

a+nZ.
Theorem 48. For every positive integer n, the function
x = x+nZ
from {0,...,n— 1} to Z, is a bijection.

Again given a positive integer n, we may treat an arbitary integer
as a name for its own congruence-class modulo n. In particular, by
the last theorem, we may consider Z,, as being the set {0,...,n — 1},
where these n elements are understood to be distinct. By Theorem 47,
we have a well-defined algebra (Z,,0, —,+,1,-), where 0 and 1 stand
for their respective congruence-classes nZ and 1 4+ nZ. The following
theorem is now an easy consequence of Theorem 47.

Theorem 49. For each n in N, the algebra (Zy,0,—,+) is an abelian
group.

*The ablative case of Latin corresponds roughly to the -den hali of Turkish. Gauss
writes in Latin; however, instead of modulo n, he says secundum modulum n,
“according to the modulus n” [23, p. 2].
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A homomorphism from a group (G, e, !, -) to a group (H,e, 71,-)
is a function h from G to H that “preserves structure” in the sense
that

h(e) =e, h(z™") = h(z)™, h(z -y) = h(z) - h(y).

An embedding of groups is a homomorphism that is injective as a
function. The (multiplicative) groups of positive rational numbers, of
nonzero rational numbers, of positive real numbers, and of nonzero
real numbers, and the (additive) groups of integers, rational numbers,
real numbers, and integers with respect to some modulus, are not
obviously symmetry groups. But they can be embedded in symmetry
groups. Indeed, every element g of a group G (written multiplicatively)
determines a singulary operation Ay on G, given by

Ag(z) = gz

(Here A stands for “left” as in “multiplication from the left.”) Then we
have the following.

Theorem 5o (Cayley). For every group (G,e, ~1,-), the function
T+ Ay
embeds (G, e, 1, ) in the group (Sym(G),idg, ~1,0) of symmetries.
Proof. We first observe that
Ae = idg, Agh =Ag 0 Ap,
because

Ae(z) = ez =z =idg(x),
Agn(z) = (g-h)-z=g-(h-2) =AAn(2)) = (Ag 0 An)(2).

Consequently each )\, has an inverse, and

Ag)™H=Ap1.
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This establishes that z ~ A, is a homomorphism from (G,e, !, -) to
(Sym(G),idg, ~1,0). It is an embedding, since if A; = Ap, then in
particular

g=ge=MAg(e) =Ap(e) =he=h. O

By Cayley’s Theorem, every group can be considered as a symmetry
group.

3.1.2. Simplifications

A reduct of a structure is a structure with the same underlying set,
but equipped with fewer operations and relations. The original struc-
ture is then called an expansion of the reduct. We shall establish
that a group (G, e, ~1,-) is determined by the reduct (G,-) and that
a homomorphism of such reducts is a homomorphism of the whole
groups.

A semigroup is an algebra (5, -), where - is an associative operation
on S. If (G,e,~1,-) is a group, the the reduct (G,-) is a semigroup.
Often the semigroup (G, -) itself is called a group. But this usage must
be justified.

Theorem 51. A semigroup can expand to a group in at most one way.

Proof. Let (G,e,™-) be a group. If ¢’ were a second identity, then

dr=ezx, e'mx_lzex:v_l, e =e.
If o’ were a second inverse of a, then
da=ala, daa ' =a taat, a=al. O

Establishing that a particular algebra is a group is made easier by
the following.

Theorem 52. Any algebra satisfying the identities

exr =z,

T =e,
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z(yz) = (zy)z

is a group. In other words, any semigroup with a left-identity and with
left-inverses is a group.

Proof. We need to show e = x and z2~! = e. To establish the latter,
using the given identies we have

(zz N(zz™) = 2z lr)z™ = zea™ = 2271,

and so
zrt=exe ™! = (zz7 ) Hzz ) (zz7Y) = (zz7 ) ez = e

Hence also
ze =x(x 'z) = (zz o = ex = x. O

The theorem has an obvious “dual” involving right-identities and
right-inverses. By the theorem, the semigroups that expand to groups
are precisely the semigroups that satisfy the axiom

Jz (Vo zx = x AVz Jy yx = 2),
which is logically equivalent to
Jz Vo Vy Ju (zz = x ANuy = 2). (3.1)

We shall show that this sentence is more complex than need be.

Thanks to Theorem 51, if a semigroup (G, -) does expand to a group,
then we may unambiguously refer to (G, -) itself as a group. We may
even refer to G as a group, although, theoretically, it may lead to
ambiguity.

Theorem 53. Let G be a nonempty semigroup. The following are
equivalent.
1. G expands to a group.
2. Fach equation ax = b and ya = b with parameters from G has a
solution in G.
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3. Each equation ax = b and ya = b with parameters from G has a
unique solution in G.

Proof. Immediately (3)=-(2). Almost as easily, (1)=-(3). For, if a
and b belong to some semigroup that expands to a group, we have
ar =b < x = a~'b; and we know by Theorem 51 that a~! is uniquely
determined. Likewise for ya = b.

Finally we show (2)=(1). Suppose G is a nonempty semigroup in
which all equations axz = b and ya = b have solutions. If ¢ € G, let e
be a solution to yc = c. If b € G, let d be a solution to cx = b. Then

eb=e(cd) = (ec)d = ed = b.

Since b was chosen arbitrarily, e is a left identity. Since the equation
yc = e has a solution, ¢ has a left inverse. But ¢ is an arbitrary element
of G. By Theorem 52, we are done. O

Now we know that the semigroups that expand to groups are just
the semigroups that satisfy the axiom

Va Yy (Fz 2z = y A Jw wx = y).

This may not look simpler than (3.1), but it is. It should be understood
as
Vo Yy 3z Jw (22 = y ANwx = y),

which is a sentence of the general form V3; whereas (3.1) is of the form
Iv3).

Theorem 54. A map f from one group to another is a homomor-
phism, provided it is a homomorphism of semigroups, that is,

fzy) = f(2)f(y)-

Proof. In a group, if a is an element, then the identity is the unique
solution of za = a, and a~! is the unique solution of yaa = a. A semi-
group homomorphism f takes solutions of these equations to solutions
of b = b and ybb = b, where b = f(a). O
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Inclusion of a substructure in a larger structure is a homomorphism.
Therefore we have, as a special case of Theorem 54, that if (G, e, 1, -)
and (H,e, !, -) are groups, then

(G,")C (H,") = (G,e,”%,)C (H,e,71,").

3.1.3. Direct products of groups

As on page 45, if  and A are sets, then A% is the set of functions from
Q to A. If A is the underlying set of a group, then a multiplication
can be defined on A so that this power is also a group. The following
will be used on page 74 in case {2 is w.

Theorem 55. If Q is a set and (G,-) is a group, then (G,-) is a
group, where for all f and g in G and all z in Q,

(f-9)(x) = f(z) - g().

The foregoing theorem can be generalized as follows. We can think
of the power A% as the product of copies of A, each copy being indexed
by an element of €2. Then we can replace some of these copies with
different sets. To be precise, we define an indexed set as a set together
with a function whose range is that set. If that function is f in AB,
then the corresponding indexed set can be denoted by

(f(z): € B)

(this notation was introduced on page 13). We may identify this in-
dexed set with the function f itself. Note however that the same set
can be the range of many functions with many domains (unless the set
is empty; then it is the range of only one function). That is, we may
know {f(z): x € B} without knowing what f and B are. However,
knowing (f(x): x € B) means knowing f and hence knowing B and
{f(z): = € B}.

An indexed set (a,: n € w) is also called a sequence and can be
written also as

(ap,a1,az,...).
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The word family is a synonym for set; it is often used for sets whose
elements are themselves sets whose elements will be of interest.?

Suppose & is an indexed family (4;: i € Q), where each A; is a
group. We can form the direct product of the family /. This direct
product is denoted by one of the expressions

114 |J K2

1€Q
If a belongs to this direct product, this means
a = (ai: 1€ Q),

where a; € A; in each case. Thus a is simply a function on 2 that, at
every element ¢ of this domain, takes a value in A;; we write this value
as a;, though as in Chapter 1 it could be written also3 as a(i) or a’.
For each j in €2, there is a function 7; from [[ &/ to A; given by

j(z) = zj,
so that, for each a in [] 7,
a=(m(a): i€Q). (3.2)
The function 7t; is the coordinate projection onto A;.

Theorem 56. If 4 is an indexed family ((GZ-, )i € Q) of groups,
then (I1¥,-) is a group, where

(i:i€Q)- (yi:1€Q)=(z;-yi: 1 € Q).

*In the usual formulation of set theory, every element of every set is itself a
set. Since for example a group is a set equipped with a certain operation of
multiplication, the elements of a group must themselves be sets; but in ordinary
mathematics these elements are not thought of as sets, and so one does not refer
to the underlying set of a group as a family. One may however speak of a set
of groups as a family.

3Even the notation ¢* might be used. Indeed, z7 is used below (page 110) for the
image under an automorphism o of an element z of a given field.
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Each of the coordinate projections m; on [[¥ is a homomorphism of
groups. If H is a group, and f; is a homomorphism from (H,-) to
(Gj,-) for each j in Q, then the map

z— (fi(z):i€Q)

is the unique homomorphism f from H to [[¥ such that, for each j
in €,
T O f = fj.

In the indexed set (a;: i € ), each element a; can be called a
term. Then the multiplication on [],., Gi defined in the theorem
can be described as termwise multiplication. The theorem is easily
generalized to cover arbitrary algebras and even structures. This will
lead to the definition of ultraproducts. See for example Theorem 73 on
page 83 below.

3.1.4. Rings

A homomorphism from a structure to itself is an endomorphism.
Recall from page 62 that a group in which the multiplication is com-
mutative is said to be an abelian group, and (page 63) its operation
is usually written additively. The set of endomorphisms of an abelian
group can be made into an abelian group in which:

1) the identity is the constant function z + e;

2) additive inversion converts f to xz — —f(z);

3) addition converts (f,g) to z — f(x) + g(x).
If F is an abelian group, let the abelian group of its endomorphisms
be denoted by

End(FE).

A monoid is an algebra (M, e, -), where - is an associative operation,
and e is an identity with respect to this operation. The set of endo-
morphisms of the abelian group F is the underlying set of a monoid
in which the identity is the identity function idg, and multiplication is
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functional composition. This multiplication distributes in both senses
over addition:

folg+h)=fog+foh, (f+g)oh=foh+goh.

We may denote the two combined structures—abelian group and mon-
oid together—by
(End(E),idg, o);

this is the complete ring of endomorphisms of F. A substructure
of (End(F),idg, o) can be called simply a ring of endomorphisms
E.

A ring is a structure (R,0, —, +, 1, -) such that

1) (R,0,—,4) is an abelian group,

2) (R,1,-) is a monoid,

3) the multiplication distributes in both senses over addition.
Then rings of endomorphisms are indeed rings. It may be convenient
to write a ring as (R, 1,-), where R is implicitly an abelian group. We
might even say simply that R is a ring. Let us note the trivial example:

Theorem 57.
1. In every ring, 0-x = 0.
2. In a ring, 1 = 0 if and only if there are no other elements.

A one-element ring is trivial.

Some authors might not require a ring to have a multiplicative iden-
tity.4 We require it, so that the next theorem holds. As with a group,
so with a ring, an element a determines a singulary operation A, on
the structure, the operation being given by

Ao(x) = ax.

Then we have an analogue of Cayley’s Theorem (page 65):

4For Lang [41, ch. II, §1, p. 83], a ring is as we have defined it. For Hungerford
[34, ch. III, §1, p. 115], what we call a ring is a ring with identity.
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Theorem 58. For every ring (R,1,-), the function
T Ag
embeds (R,1,-) in (End(R),idg, o).

In a ring, if the multiplication commutes, then the ring is a com-
mutative ring. For example, the algebras

(Z707_7+’1")a (Qa05—7+a1a')7 (Raoa_v+717'>
are commutative rings. The following is easy to check.
Theorem 59. (Z,,0,—,+,1,-) is a commutative ring.

If R is a sub-ring of a commutative ring S, and a € S, then we
denote by
Rla]

the smallest sub-ring of S that includes R and contains a. Then every
nonzero element of R[a] can be written in the form

bo +bra+ -+ bya”

for some b; in R, for some n in w. We may replace a with X, this
being, not an element of a particular ring, but an indeterminate.
Then we obtain the polynomial ring

RIX],
whose elements are formal sums
bo+ 01 X + -+ b, X"
We can continue this construction, getting rings
R[Xo, ..., Xm-1].

In an arbitrary ring, an element with both a left and a right mul-
tiplicative inverse can be called simply invertible; it is also called a
unit.
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Theorem 60. In a ring, the units compose a group with respect to
multiplication. In particular, a unit has a unique left inverse, which is
also a right inverse.

The group of units of a ring R is denoted by
R*.

For example, Z* = {1,—1}. Evidently all two-element groups are
isomorphic to this one.

By the theorem, if an element of a ring has both a left inverse and
a right inverse, then they are equal. However, possibly an element
can have a right inverse, but not a left inverse. We can construct an
example by means of Theorem 55. Let G be any nontrivial group. An
arbitrary element (z,: n € w) of G* can be written also as

(.CL‘(),.TUl, e )

Then End(G?®) contains elements f and g given by

f(l‘(),l‘l,...) - ($1,£U2,IE3,$4,...)7

g(l’o,wl,u-) = (3307560,%1,3?27---)7
so that

f9(xo,x1,...) = (w0, 21, 22,...),

gf($07$17"') — (:Elal‘lal?a"-)-

In particular, g is a right inverse of f, but not a left inverse.

3.1.5. Fields

If R is a commutative ring, and R* = R ~ {0}, then R is called a
field. For example, Q and R are fields. The field C can be defined as
R x R with the appropriate operations. Additional examples are given
by Theorem 62 below.
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A positive integer n is prime if n # 1 and the only divisors of n
in N are 1 and n. The greatest common divisor of two positive
integers @ and b is just that: the largest of the positive integers that
divide both a and b. It can be denoted by

ged(a, b).
This can be found by the Euclidean algorithm, used in Propositions
VII.1 and 2 of Euclid’s Elements [18, 17]. The algorithm constructs a
sequence (ag, ai, ... ), where ag is the greater of a and b, and a; is the
lesser, and for each k in w, if ag11 | ag, then agys is undefined, but if

ag+1 t ag, then agyo is the remainder on dividing ay, by aj1, that is,
a2 is the least positive integer r such that

ag+1 | ak —7;
equivalently, a2 is the least positive integer in the set
{ag — ag412: x € N}

Then ag > a1 > ag > -+, so the sequence must terminate, since N is
well-ordered (Theorem 24, page 43).

Theorem 61. For all positive integers a and b, the last entry of the

sequence constructed by the Euclidean algorithm is ged(a,b). This is
the least positive element of the set

{az +by: (x,y) € Z x ZL}.
Theorem 62. The ring Z, is a field if and only if n is prime.

A special case of the theorem is that the trivial ring Z; is not a field.
If p is prime, then, considered as a field, Z, will be denoted by

F,.
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3.2. Quotients

3.2.1. Congruence relations

The groups (Zy,0,—,+) and the rings (Z,,0, —,+,1,-) are instances
of a general construction. Suppose ~ is an equivalence relation on a
set A, so that it partitions A into equivalence classes

{reA:x~al;

each such class can be denoted by an expression like one of the follow-
ing:

a”, [a], a.
Each element of an equivalence class is a representative of that class.
The quotient of A by ~ is the set of equivalence classes of A with
respect to ~; this set can be denoted by

A~

Suppose for some n in w and some set B, we have a function f from
A™ to B. Then there may or may not be a function f from (A4/~)" to
B such that the equation

Flzol, ... [en-1]) = f(zo, ..., Tn1) (3-3)

is an identity. If there is such a function f, then it is unique. In this
case, the function f is said to be well-defined by the given identity
(3.3). Note however that there are no “ill-defined” functions. An ill-
defined function would be a nonexistent function. The point is that
choosing a function f and writing down the equation (3.3) does not
automatically give us a function f To know that there is such a
function, we must check that

ap~To N Nag_1~ 21 = f(ao,...,an-1) = f(20,...,2Tn_1).

When this does hold (for all a;), so that f exists as in (3.3), then

fop=f, (3-4)
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Figure 3.1.: A well-defined function

where p is the function (zg,...xn—1) — ([xol,...,[Tn-1]) from A™ to
(A/~)™. Another way to express the equation (3.4) is to say that the
diagram in Figure 3.1 commutes.

Suppose now 2 is an algebra with universe A. If for all n in w, for
every distinguished n-ary operation f of 2, there is an n-ary operation
f on (A/~)™ as given by (3.3), then ~ is a congruence-relation or
congruence on 2. In this case, the f are the distinguished operations
of an algebra with universe A/~. This new algebra is the quotient
of 2 by ~ and can be denoted by

A/~

For example, by Theorem 47 on page 64, for each n in N, congru-
ence modulo n is a congruence on (Z,0,—,+,1,-). Then the struc-
ture (Z,,0,—,+) can be understood as the quotient (Z,0,—,+)/~,
and (Zy,,0,—,+,1,-) as (Z,0,—,+,1,-)/~. The former quotient is an
abelian group by Theorem 49, and the latter quotient is a commuta-
tive ring by Theorem 59 on page 73. These theorems are special cases
of the next two theorems. In fact the first of these makes verification
of Theorem 49 easier.

Theorem 63. Suppose ~ is a congruence-relation on a semigroup
(Gv ) :
1. (G,-)/~ is a semigroup.
2. If (G,-) expands to a group, then ~ is a congruence-relation on
this group, and the quotient of the group by ~ is a group. If the
original group is abelian, then so is the quotient.
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Theorem 64. Suppose (R,0,—,4,1,-) is a ring, and ~ is a con-
gruence-relation on the reduct (R,4+,-). Then ~ is a congruence-
relation on (R,0,—,4,1,+), and the quotient (R,0,—,+,1,-)/~ is also
a ring. If the original Ting is commutative, so is the quotient.

3.2.2. Normal subgroups of groups

We defined subgroups of symmetry groups on page 61, and of course
subgroups of arbitrary groups are defined the same way. A subgroup
of a group is a subset containing the identity that is closed under
multiplication and inversion.

The subset N of Q* contains the identity and is closed under multi-
plication, but is not closed under inversion, and so it is not a subgroup
of Q7. The subset w of Z contains the additive identity and is closed
under addition, but is not closed under additive inversion, and so it is
not a subgroup of Z.

Theorem 65. A subset of a group is a subgroup if and only if it is

non-empty and closed under the binary operation (z,y) — zy~!.

If H is a subgroup of GG, we write
H < @G.

One could write H < G instead, if one wanted to reserve the expression
H < G for the case where H is a proper subgroup of G. We shall not
do this.5

Theorem 66. An arbitrary intersection of subgroups is a subgroup.

Suppose H < G. If a € G, let

aH = {azx: v € H},
Ha = {xa:z € H}.

5T do think it is useful to reserve the notation A C B for the case where A is a
proper subset of B, writing A C B when A is allowed to be equal to B.
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Each of the sets aH is a left coset of H, and the set {xH: z € G} of
left cosets is denoted by
G/H.

Each of the sets Ha is a right coset of H, and the set {Hz: z € G}
of right cosets is denoted by

H\G.
Note that H itself is both a left and a right coset of itself.

Theorem 67. Suppose H < G. The left cosets of H in G compose
a partition of G. Likewise for the right cosets. For each a in G, the
map x — ax s a bijection from H to aH, and x — xa s a bijection
from H to Ha. Thus all cosets are in bijection with one another. The

map xH — Hx 1 is a well-defined bijection from G/H to H\G.

Proof. We have a € aH. Suppose aH NbH # &. Then ah = bh;
for some h and h; in H, so that a = bhih~!, which is in bH. Thus
a € bH, and hence aH C bH. By symmetry of the argument, we have
also bH C aH, and therefore aH = bH. Hence the left cosets compose
a partition of G. By symmetry again, the same is true for the right
cosets. O

Corollary 67.1. If H < G, then the relation ~ on G defined by
a~z < aH =xH
18 an equivalence relation, and
G/H =G/~.
Corollary 67.2. If H < G and aH = Hb, then aH = Ha.

Proof. Under the assumption, a € Hb, so Ha C Hb, and therefore
Ha = Hb. O

Theorem 68. Suppose H < G. The following are equivalent:
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1. G/H is a group whose multiplication is given by
(xH)(yH) = zyH.

2. FEvery left coset of H is a right coset.
3. aH = Ha for all a in G.
4. a 'Ha=H for all a in G.

Proof. Immediately the last two conditions are equivalent, and they

imply the second. The second implies the third, by Corollary 67.2

(p- 79)-
Suppose now the first condition holds. For all hin H, since hH = H,
we have
aH =eaH =eHaH = hHaH = haH,

hence a 'haH = H, so a 'ha € H. Thus ¢ 'Ha C H, so a 'Ha =
H.

Conversely, if the third condition holds, then (zH)(yH) = tHHy =
xHy = xyH. In this case, the equivalence relation ~ on G given as in
Corollary 67.1 (p. 79) by

a~x << aH =xzH

is a congruence-relation, and so, by Theorem 63 (p. 77), G/H is a
group with respect to the proposed multiplication. O

A subgroup H of G meeting any of these equivalent conditions is
called normal, and in this case we write

H<aG.
As trivial examples, we have
G <G, {e} < G.

Only slightly less trivially, all subgroups of abelian groups are normal
subgroups. If f is a homomorphism from a group G to a group H,
then we define

ker(f) ={z € G: f(z) = e},
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im(f) ={f(z): z € G};

these are, respectively, the kernel and image of the homomorphism
f. A homomorphism whose inverse is a well-defined homomorphism
is an isomorphism.

Theorem 69. If f is a homomorphism from a group G to a group H,

then
ker(f) < G
and there is a well-defined isomorphism
xker(f)— f(x)

from G/ker(f) toim(f).

3.2.3. ldeals of rings

Theorem 70. Suppose (R,1,-) is a ring and A < R. The group R/A
expands to a Ting with multiplication given by

(x+A)(y+A) =zy+ A
if and only if
reR&acA = racA & arc A (3.5)

Proof. If R/A does expand to a ring, and a € A, then a + A is 0 in
this ring, and hence so are ra + A and ar + A, so that (3.5) holds.
Conversely, suppose this holds. If a+ A=+ Aand b+ A=y + A,
then A contains a — x and b — ¥, so A contains also

(a—x)-y+a-(b-y),
which is ab — zy, so ab+ A = zy + A. O

Under the equivalent conditions of the theorem, A is called an ideal
of R. We can express (3.5) as

RAC A, ARC A.
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A homomorphism of rings has the obvious definition. If (R, 1,-) and
(S,1,-) are rings, then a homomorphism from the former to the latter
is a homomorphism f from R to S (these considered as groups) such
that

f1) =1, f(x)- fly) = f(z-y).

We define the kernel and image of a homomorphism of rings as we do
for a homomorphism of groups. Then we have the following analogue
of Theorem 69.

Theorem 7. If f is a homomorphism from a ring R to a ring S,
then ker(f) is an ideal of R, and there is a well-defined isomorphism

x +ker(f) — f(x)
from R/ ker(f) toim(f).

If R is a ring, and A is a subset of R, then there is at least one ideal
of R that includes A, namely the improper ideal R itself. There is
a smallest ideal that includes A, by the following.

Theorem 72. The intersection of a family of ideals of a ring is an
ideal.

Thus, by the terminology to be developed on page 106, the family
of ideals of a ring is a Moore family. Given a subset A of a ring R, we

define
(A) = ﬂ{[: I is an ideal of R and A C I}.

This is an ideal that includes A and is included in every ideal that
includes A. It is the ideal generated by A.

3.3. Direct products and sums of commutative rings

Analogously to Theorem 56 on page 70, we have the following.
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Theorem 73. If Z is an indexed family (R;: i € Q) of rings, then
[1Z is a ring under the termwise operations. Each of the coordinate
projections m; on [[Z is a homomorphism of rings. If S is a ring,
and f; is a homomorphism from S to R; for each j in ), then the map
is the unique homomorphism f from S to [[Z such that, for each j
in €,
7'[]' o f = f]

Suppose Z is an indexed family (R;: i € ) of commutative rings.

If a € [[#, we define

supp(a) = {i € Q: a; # 0};

this is the support of a. Then a has finite support if (obviously) its
support is a finite set, that is,

supp(a)] < .

Theorem 74. The elements having finite support in the direct product
of an indexed family of commutative rings compose an ideal of the
product ring. That is, if Z is an indexed family of commutative rings,

then the subset
{a; € H%: |supp(x)| < w}

of [[Z is an ideal.

The ideal of [[Z given by the theorem is the direct sum of # and
can be denoted by one of

D D i
1€Q
the latter assuming # is (R;: ¢ € ). In this case, for each j in €,
there is a function t; from R; to @ % that can be given by

x, ifi=j,
mi(1(2) = {0 if i # .

This ; is the coordinate injection of R; in  Z.
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Theorem 75. If Z is an indexed family (R;: i € Q) of commutative
rings, then each of the coordinate injections v; of R; in @ is an
embeddings of rings, and for each a in P Z,

a = Z L; (7'[1(@)) (36)
i€supp(a)

Since t;(7t;(a)) = 0 when ¢ ¢ supp(a), it makes sense to write (3.6)

in the form
a=> u(m(a)). (3-7)
1€Q)

This should be compared with (3.2) on page 70, namely
a=(m(a): i€ Q).

The latter holds for all a in [[Z#; but in (3.7), the sum is defined
only when a € @ Z, that is, only finitely many of the summands are
nonzero.

If a is an element of an arbitrary commutative ring, then the ideal
generated by {a} is denoted by

(a)
as well as ({a}). Such an ideal is called a principal ideal.

Theorem 76. If R is a commutative ring and a € R, then
(a) ={ax: z € R}.

The principal ideal in the last theorem can be denoted also by one
of

aR, Ra.

Thus the ring Z,, (Theorem g9, page 73) can be written as one of

Z/(n), Z/nZ.
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There is a homomorphism k& — 1+ --- 4+ 1 from Z to R, whose kernel
—_——

k
is (n) for some n in w; in this case n is called the characteristic of

R.

An ideal is in particular a ring. Thus, if A is a subset of the com-
mutative ring R, we can form an indexed family (Ra: a € A) of com-
mutative rings. Such a family has a direct sum.

Theorem 77. If R is a commutative ring and A is a subset, then

a€A acA
= {Zwaa: T € @R}
a€A a€A

That is, the ideal (A) consists of the R-linear combinations of
elements of A. The ideal can be denoted by one of

Z Ra, Z(a).

acA a€EA

If A={a;: i< n}, then (A) can be written as one of
(a07"'7an—1)7 Ra0+"‘+RCLn_1, (a0>+"'+(an—1)-

Such an ideal is said to be finitely generated.

3.4. Ultraproducts of fields

The improper ideal of a commutative ring R is the principal ideal

(1).
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The subset {0} of R is the zero ideal and can be considered® as the
principal ideal

(0)-

A proper ideal of a ring is an ideal that is not improper, that
is, is not the whole ring. An ideal of a commutative ring is called a
maximal ideal if it is a proper ideal, but is not properly included in
a proper ideal. (Thus the improper ideal is not a maximal ideal.) An
ideal I of the commutative ring R is maximal just in case, for every
ideal J of R,

IcJ <~ J=R.

Theorem 78. Let R be a commutative ring.
1. The ideal (0) of R is mazimal if and only if R is a field.
2. An ideal I of R is mazimal if and only if the quotient R/I is a
field.

Proof. If R is a field and (0) C I, then I \ (0) contains some a, and
then a=!-a € I, so I = R. Conversely, if (0) is maximal, then for all
a in R~ (0) we have (a) = (1), so a is invertible.

Every ideal of R/I is J/I for some subgroup J of R. Moreover, this
J must be an ideal of R. In this case, J is maximal if and only if .J/I
is a maximal ideal of R/I. O

Suppose % is an indexed family (K;: i € Q) of fields. For example,
each K; might be R, or each K; might be a different finite field. Sup-
pose M is a maximal ideal of the ring [[.#". By the last theorem, the
quotient [[# /M is a field. Such a field is called an ultraproduct
of the indexed family .#". The ultraproduct is called principal or
nonprincipal, according as M itself is principal or nonprincipal.

5Since every ideal contains 0, the zero ideal is also the ideal (@) generated by
the empty set. However, when we write this ideal as (0), we mean by 0 the
zero element of the ring, rather than the first von Neumann natural number
(page 16), which is the empty set. There is no need to include 0 in the generating
set of any ideal. Nonetheless, there is no harm in including it, and we do want
to consider the zero ideal as being a principal ideal.
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If I is an arbitrary ideal of [[ %, we define
supp[I] = {supp(z): = € I}.

Theorem 79. Let % be an indexed family of fields. If I is an ideal
of [[ %, then

I= {m € H%: supp(z) € supp[I}}.

Proof. Obviously I C {z € [[.#: supp(z) € supp[I]}. For the re-
verse inclusion, if a € I and supp(b) = supp(a) or even supp(b) C
supp(a), then b € I, since b = ca, where

~Jbifai, ifi € supp(b),
“= {0, if ¢ ¢ supp(b);
this shows {z € [[ . #: supp(z) € supp[/]} C I. O
If ACQ, we define the element y4 of Fo® by
. 1, ifieA,
xali) = {0, ificQ- A
If A and B are both subsets of 2, we define
AANB=(ANB)U(B~\A);
this is the symmetric difference of A and B. See Figure 3.2.
Theorem 8o0. For every set €2, the map
A x4
from P(Q) to Fo® is a bijection, whose inverse is
x +— supp(x).
Moreover,
XAaB = XAt XB, XANB = XA " XB-

In 2(Q),
AUB=AABA(ANB).
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Figure 3.2.: Symmetric differences of two sets and three sets

Corollary 80.1. () is a ring in which sums are symmetric differ-
ences and products are intersections. Moreover, an ideal of Z2(82) is
just a subset I such that

oel,
Xel&Yel = XUYel,
Yel & XCY — Yel.

See Figure 3.3. There are two important examples of ideals of the

Q

6]

Figure 3.3.: An ideal of 22(Q)

ring Z(2):
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1. If A C Q, then &(A) is the principal ideal of (1) generated
by A.

2. The set of finite subsets of € is an ideal of Z2(2), called the
Fréchet ideal of &Z2(Q); this ideal can be denoted by

Pu(9).

If # is again the indexed family (K;: i € Q) of fields, we want to
show that the map I — suppl/] is a bijection from the family of ideals
of [[# to the family of ideals of Z(Q).

The underlying set of the field Fo can be considered as the subset
{0,1} of each field K;. The field Fy is not a subfield of K; unless K
has characteristic 2; but it can be understood as is a multiplicative
submonoid. Hence Fof is a multiplicative submonoid of [[.#". For
each subset A of Q, the function y4 can be understood as belonging

to [[7.
If x belongs to an arbitrary field, we define

. 1)z, ifz#0,
xr =
0, if x = 0.
If now x belongs to [[ #", we can let
¥ = (z;": 1€ Q). (3.8)

Then easily
supp(z”) = supp(z).

Theorem 81. Let J# be again the indexed family (K;: i € Q) of fields.
The map I — {x*x: x € I} is a bijection from the family of ideals of
[1# to the family of ideals of Fo.

Proof. If x € [[ 4, then

LT = Xsupp(z)-

Hence we have the commutative diagram in Figure 3.4. If I is an ideal
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Tt

H A Axa x—supp(z)

z—supp(z

2(9)

Figure 3.4.: Products of fields

of [[#, let us denote {x*x: x € I} by I*. Then this is an ideal of
Fo if and only if supp[l] is an ideal of #(Q). Evidently

I =FnNT.

Since Fy®? is a submonoid of [] %", we have that I* is an ideal of Fo®? if
and only if it is closed under addition, or equivalently supp|/] is closed
under symmetric differences. But suppl/] is so closed, since in [[ %
we have

supp(z) A supp(y) € supp(z + y)
and so

Supp(x) A Supp(y) = Supp((x + y) : Xsupp(x)Asupp(y))'

So I* is indeed an ideal of Fo?. Since (I*) = I, the map I + I* is
injective. Suppose J is an arbitrary ideal of Fo®, and let I = {z €
[[# : 2*x € J}. Evidently this is nonempty. If it contains x and y,
then it contains x — y, since

supp(z — y) C supp(z) Usupp(y).

Also, if z € [[ #, then I contains zx, since

supp(zx) C supp(z).
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Thus I is an ideal of [[ ., and I* = J. O

Under the one-to-one correspondence of the theorem,

1) a principal ideal Z(A) of Z(Q) corresponds to the obvious im-
age of [[;c4 Kiin [[ 7

2) the Fréchet ideal of Z2(§2) corresponds to the ideal € . % of
[17.

Theorem 82. Let # be an indexed family (K;: i € Q) of fields.
1. If 7 € Q, then
ker(m;) = (1;(1)) = (xg5})-
This is a mazimal ideal of [[ %, and every principal mazimal
ideal of [ is of this form. Thus every principal ultraproduct

of J is isomorphic to one of the K;.
2. Every nonprincipal mazimal ideal of [[# includes the ideal

D7

We are going to be interested in nonprincipal ultraproducts.
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4. Products of fields

The main results of this chapter are the following.

4.1.

1.

All maximal ideals of a commutative ring are prime ideals (Corol-
lary 85.1, page 94).

. Every proper ideal of a commutative ring is included in a maxi-

mal ideal (Theorem g9, page 102), by Zorn’s Lemma (page 99).

. The set Spec(R) of prime ideals of a commutative ring R is a

compact Kolmogorov topological space (Theorem 113, page 114)
whose closed sets are in one-to-one correspondence with the rad-
ical ideals of R (Corollary 117.1, page 118).

A proper ideal of a commutative ring R is radical if and only if
R/I is reduced (Theorem 114, page 116).

. A commutative ring is reqular if and only if it is reduced and all

of its prime ideals are maximal (Theorem 127, page 127).

. A commutative ring is regular if and only if it embeds, as a

regular ring, in a product of fields (Theorem 128, page 128).
The Tychonoff Theorem (page 131) is equivalent to the Axiom
of Choice (Theorem 132, page 131).

Prime ideals

4.1.1. Properties

The following is Proposition VII.30 of Euclid’s Elements [18, 17]. It
will motivate the definition of prime ideal below.

Theorem 83 (Euclid’s Lemma). If p is a prime number, then for all
integers a and b,

plab & pta = p|b.

Proof. Given that p { a, we know that ged(p,a) = 1, so we can solve
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ax + py = 1 by Theorem 61 (page 75). We obtain
abzx + pby = b,
so if p | ab, then, since immediately p | pby, we must have p | b. O

Noting that, in Z,
alb < be(a),

we refer to an ideal p of a commutative ring R as prime if p is a proper
ideal of R and, for all ¢ and b in R,

abep & a¢p = benp. (4.1)

(See Appendix A, page 255, for Fraktur letters like p.) Then the prime
ideals of Z are precisely the ideals (0) and (p), where p is prime. A
trivial ring has no prime ideal.

We shall establish an analogue of Theorem 78 (page 86), with prime
ideals in place of maximal ideals. A zero-divisor of the commutative
ring R is a nonzero element b such that the equation

br=0

has a nonzero solution in R. So zero-divisors are not units. For exam-
ple, if m > 1 and n > 1, then m+ (mn) and n+ (mn) are zero-divisors
in Zmn. The unique element of the trivial ring Z; is a unit, but not a
zero-divisor.

Theorem 84. In a non-trivial commutative ring, the zero-divisors,
together with 0 itself, compose a prime ideal.

A commutative ring is an integral domain if it has no zero-divisors
and 1 # 0. If n € N, the ring Z,, is an integral domain if and only if n is
prime.* Hence the characteristic of an integral domain must be prime
or 0. Fields are integral domains, but Z is an integral domain that is
not a field. We now establish an analogue of Theorem 78 (page 86).

*Lang refers to integral domains as entire rings [41, p. 91]. It would appear that
integral domains were originally defined as subgroups of C that are closed under
multiplication and that include the integers [11, p. 47].
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Theorem 85. Let R be a commutative ring.
1. The ideal (0) of R is prime if and only if R is an integral domain.
2. An ideal I of R is prime if and only if the quotient R/I is an
integral domain.

Proof. 1. This is immediate from the definitions of integral domain
and prime ideal, once we note that x € (0) means x = 0.
2. The ideal (0) of R/I is {I}, and

(a+I)b+I)=1 < abel. O
We might summarize Theorems 78 and 85 thus:
prime ideal : integral domain :: maximal ideal : field.
Since fields are integral domains, we have:
Corollary 85.1. Mazimal ideals are prime.

The converse of the corollary fails easily, since (0) is a prime but
non-maximal ideal of Z. However, every prime ideal of Z other than
(0) is maximal. The same is true for Q[X] (see Theorem 197, page
225), but not for Q[X, Y], which has the prime but non-maximal ideal
(X).

In some commutative rings, every prime ideal is maximal. This is so
for fields, since their only proper ideals are (0). We are going to show
that all prime ideals of direct products of indexed families of fields are
maximal. Thus the quotient of such a product by an arbitrary prime
ideal will be an ultraproduct.

We first consider a special case: the direct power Fo?. By Theo-
rem 80 (page 87), we can consider #(€)) as a ring in which the sum
of two sets is their symmetric difference, and the product of two sets
is their intersection; and this ring is isomorphic to Fa®.

The rings 2 () and Fof® are examples of Boolean rings. An arbi-
trary nontrivial ring is called Boolean if it satisfies the identity

r = x.

Immediately from the definition, every sub-ring of a Boolean ring is a
Boolean ring.
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Theorem 86. Every Boolean ring is commutative and satisfies the
equivalent identities

22 =0, —Tr = 2.
Proof. In a Boolean ring,
ety=(r+y)’ =2 +ay+yr+y’
=x+xy+yxr+y,

so 0 = xy + yx. Replacing y with z gives 0 = 222 = 2z. Hence
generally yr = —xy = xy. O

Theorem 87. Let I be an ideal of a Boolean ring R.
1. If I is prime, then I is mazximal.

2. If I is mazimal, then
R/I = Fs.

3. I is maximal if and only if
re€RNI < 1+zx€el
Proof. In a Boolean ring, by the last theorem,
z-(1+z)=c+a’=z+2=0,

and also
x€{0,1} < 1+x¢€{0,1}.

Therefore every x is a zero-divisor unless z is 0 or 1. Thus there are
no Boolean integral domains besides {0, 1}, which is the field Fy. O

4.1.2. Existence

So far, we do not know whether an arbitrary nontrivial commutative
ring has a maximal or even a prime ideal. However, settling the ques-
tion is easy in one special case.

For an arbitrary set 2, a subset C' of () is called a chain if
proper inclusion is also a total relation on C, so that C is linearly
ordered by proper inclusion (see Theorem 21, page 42).
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Lemma 1o0.
1. The union of a chain of ideals of a commutative ring is an ideal.
2. The union of a chain of proper ideals of a commutative ring is a
proper ideal.

Theorem 88. Every countable commutative Ting has a mazximal ideal.

Proof. Suppose R is a countable nontrivial commutative ring. This
means there is a function k — ay from w onto R. Using the Recursion
Theorem (page 37), we define recursively a function k — I from w
into the set of ideals of R. Let Iy = (0), which is a proper ideal of R.
If (I U{a}) is a proper ideal of R, we let Ijyq be this ideal; otherwise
I 11 = Ij. By induction, each Iy is a proper ideal of R. Let

J = UIk.

kew

By the lemma, J is a proper ideal of R Moreover, every element of
R~ J is aj, for some k, and then ap ¢ Ij41, so (I U {ar}) must be
the improper ideal. Therefore (J U {ax}) is improper. Thus J is a
maximal ideal of R. 0l

One way that countable rings arise is as follows. Let S be a commu-
tative ring. Then the additive subgroup of S generated by 1 is actually
a sub-ring of S. This sub-ring is the prime ring of S. It is the image
in S of Z under the homomorphism k +— 1+ ---+ 1 mentioned also

—_——

on page 85, and so it is isomorphic either to Z lictself or to a quotient
/s

Suppose R is the prime ring of S. If a € S, we defined the notation
RJa] on page 73: it stands for the smallest sub-ring of S that includes
R and contains a. If (ag: k € w) is an indexed family of elements of
S, we define the sub-rings

R[ao, e ,an_l]
of S recursively, in the obvious way: The ring is R if n = 0, and also

R[ao, ey ak] = (R[ao, PN ,ak_l]) [ak]

96 4. Products of fields



The rings that can be written in this form are called finitely gener-
ated.

Note that being finitely generated has different meanings for com-
mutative rings and ideals. (See page 85.) As an improper ideal, every
commutative ring can be written as (1) and is thus finitely generated
as an ideal. But a commutative ring as such need not be finitely gen-
erated: an example is Q.

Theorem 89. Fvery finitely generated nontrivial commutative ring s
countable and therefore has a maximal ideal.

We shall adapt the proof of Theorem 88 to rings whose underly-
ing sets are well-ordered. We need a generalization of the Recursion
Theorem.

Theorem go (Transfinite Recursion). For all sets A, for all ordinals
o, for all functions f from |J{AP: B < a} to A, there is a unique
element

(ag: p < o)
of A% such that, for all B in «,

flay: v < B) = ag.

Proof. We first prove uniqueness. Suppose, if possible, (a’ﬁ: B < «a)
is another element of A% as desired, and let 8 be minimal such that
ag # ag. Then

(ay:y < B) = (d): v < B),
so by definition ag = aI’B. We now prove existence. If the theorem fails

for some «, let o be minimal such that it fails. Say f: (J{4%: 8 <
a} — A. By hypothesis, for each § in «, there is a unique element
(ay: v < B) of AP such that, for all 7 in 3,

flas: 0 <7) =a,.

As before, a, is independent of the choice of 8 such that v < 3 < a.
Then for all 5 in « we are free to define

ag = flay: v < B).
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Then the element (ag: f < o) of A® shows that the theorem does not
fail for a. O

Our proof used the method of the minimal counterexample: we
showed that there could not be such a counterexample. The Transfi-
nite Recursion Theorem is used for example to show that there is a
bijection, denoted by

a — Ny,

from the class ON of ordinals to the class CN \ w of infinite cardinals:
N, is the least infinite cardinal that is greater than all of the cardinals
in {Ng: f < a}. (One must show that such cardinals exist.) The
Continuum Hypothesis is that |R| = N, but we shall make no use of
this.

Theorem g91. FEvery nontrivial commutative ring with a cardinality
has a mazximal ideal.

Proof. Let R be a nontrivial commutative ring, and suppose a — aq
is a surjection from a cardinal x onto R. If @ < k, and a function
B = Ig on a has been defined whose range is a chain of proper ideals

of R, we define I, to be (Uﬁ<a IgU {aa}), if this is a proper ideal of
R, and otherwise I, = U5<a Ig. Then |J,., Ix is a maximal ideal of

R. O
4.1.3. Zorn's Lemma

We want to show that the last theorem applies to every ring, so that
every nontrivial ring has a maximal ideal. Doing this will be our first
use of the Axiom of Choice; and here as always, we shall make this
use explicit.

Theorem g2 (Well Ordering). By the Aziom of Choice, every set has
a cardinality.

Proof. Given a set A, we define

A= {{X} x X: X € 2(A) ~ {2}}.
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By the Axiom of Choice, there is a set that contains exactly one ele-
ment of each element of A*. Such a set is a function g from Z(A)~ {2}
to A such that f(X) € X for each nonempty subset of X. Now say
c ¢ A. Given an ordinal o, we define a function from a to AU {c} by
letting

fa(B) = g(ANA{fa(v): v < BY}),

if possible; otherwise, fo(8) = c. If f < a, then fg C fo. Now let 3
be the least a such that c is in the range of f,. (Such o must exist;
otherwise ON embeds in A.) Then 8 must be 4 for some ~, and then
f~ is a bijection from v to A. O

Not only can we use the Axiom of Choice to prove the foregoing
theorem, but we must use it, or something equivalent to it:

Theorem g3. The Well Ordering Theorem implies the Aziom of Choice.|]

Proof. Suppose every set has a cardinality, and A is a set of nonempty,
pairwise-disjoint sets. Let a +— a, be a bijection from some cardinal
k to |J A, and let B contain those a,, such that, for some X in A, « is
the least 8 such that ag € X. O

For algebraic results that logically require the Axiom of Choice, it
may be more convenient to use this in the form of Zorn’s Lemma.
Suppose 2 is a set and A C (). Then proper inclusion (C) is
a transitive irreflexive relation on A and on each of its subsets (see
Theorems 19 and 20, page 41). Suppose C C A. An upper bound
of C is a set that includes each element of C'. In particular, |JC is an
upper bound, and every upper bound includes this union. A maximal
element of A is an element that is not properly included in any other
element.

Theorem 94 (Zorn’s Lemma). By the Aziom of Choice, for all sets
Q, for all subsets A of 2(2), if A contains an upper bound for each
of its chains, then A has a mazimal element.?

*In 1935, Zorn [64] presented this result for the case where the upper bounds
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Proof. By the Axiom of Choice, there is a bijection o — B, from
some cardinal k to A. By the Recursion Theorem, there is a function
a +— Cy from & to A such that, for all a in &, if {Cs: 8 < a} is a chain,
and if v is minimal such that B, is an upper bound of this chain, then

B,, it B, ¢ Ba,
Co = .
B, it B'y C Ba;

in particular, {Cg: 8 < a} is a chain. If {C3: f < a} is not a chain,
then we can define C, = By. But we never have to do this: for all «
in k, the set {Cg: f < a} is a chain, since there can be no minimal
counterexample to this assertion. Indeed, if « is minimal such that
{Cps: p < a} is not a chain, there must be § and v in « such that
v < 8 and neither of Cz and C, includes the other. But by assumption
{Cs: 6 < B} is a chain, and so by definition {Cs: § < 8} is a chain,
and in particular one of Cg and C, must include the other.

By a similar argument, {Cy: a < k} is a chain, so it has an upper
bound D in A. Suppose for some a we have D C B,. Then C, = B,,
since otherwise, by definition, C, = B, for some 7 such that B, Z B,:
in this case Cy € B, so Cy € D, which is absurd. Thus C, = B,,
and hence B, C D, so D = B,. Therefore D is a maximal element of

A. O

We sometimes want to use Zorn’s Lemma in a more general form.
If < is an arbitrary ordering of a set A, a chain of (A, <) is a subset
of A that is linearly ordered by <. If C C A, an upper bound of C
(with respect to <) in A is an element a of A such that, for all z in C,
z < a. A maximal element of A (with respect to <) is an element
b such that, for all z in A, if b < z, then b = z.

of the chains are actually the unions of the chains. He called the conclusion
the “maximum principle” and suggested that using it would make proofs more
algebraic than when the Well-Ordering Theorem is used. Zorn promised to
prove the converse in a later paper, which would imply the full equivalence of
the maximum principle and the Axiom of Choice; but it seems such a paper
never appeared. Earlier, in 1922, Kuratowski [39, (42), p- 89| proved “Zorn’s
Lemma” for the case where the chains in question are well-ordered.
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Corollary g4.1. By the Aziom of Choice, an order whose every chain
has an upper bound has a mazximal element.

Proof. Given an order (A, <), for each b in A we let
(b) ={x € A: x < b}.

Now let
o ={(x): z € A}

Then z + (z) is an isomorphism from (A, <) to (&, C); so since the
claim holds for the latter structure, it holds for the former. O

We now have easily:

Theorem g5 (Maximal Ideal). By Zorn’s Lemma, every nontrivial
commutative ring has a mazimal ideal.

Proof. The family of proper ideals of a nontrivial commutative ring
has an upper bound (namely the union) for each of its chains. O

AC

AC

Theorem 96. The Mazimal Ideal Theorem implies the Aziom of Choice.li

Proof. The proof is given in Rubin and Rubin |50, p. 113|, where it is
attributed to Hodges, “Krull implies Zorn” (J. London Math. Soc. 19

(1979), 285-287). O

Then the following statements are equivalent:
e the Axiom of Choice;
e the Well Ordering Theorem;
e Zorn’s Lemma;
e the Maximal Ideal Theorem.
By Corollary 85.1 (page 94), we obtain the following.

Theorem 97 (Prime Ideal). By the Mazimal Ideal Theorem, every
nontrivial commutative ring has a prime ideal.

Recall from Theorem 87 that all prime ideals of Boolean rings are
maximal.
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Theorem 98 (Boolean Prime Ideal). By the Prime Ideal Theorem,
every Boolean ring has a mazimal ideal.

We shall show later that the Boolean Prime Ideal Theorem implies
the Prime Ideal Theorem. However, these theorems do not imply the
Maximal Ideal Theorem.3 So we are going to be careful about which
theorems need the full Axiom of Choice (or one of its equivalent forms)
and which need only the Prime Ideal Theorem. For example, we have
the following.

Theorem 99. Suppose I is a proper ideal of a commutative ring R.
1. By the Mazximal Ideal Theorem, I is included in a maximal tdeal
of R.
2. By the Prime Ideal Theorem, I is included in a prime ideal of
R.

Proof. By the Maximal Ideal Theorem, R/I has a maximal ideal M.
Then {z € R: x + I € M} is a maximal ideal of R. Similarly in the
prime case. O

4.2. Determinacy

This section is about why the Axiom of Choice is not “obviously” or “in-
tuitively” correct. The axiom contradicts another set-theoretic axiom
that might be considered “obviously” or “intuitively” correct. That ax-
iom is the Axiom of Determinacy, according to which, in certain games
of infinite length, one of the players always has a winning strategy.
We consider games with two players. Hodges [32] calls these players
YV and 3, after Abelard and Eloise; but I propose to call them simply
0 and 1, for notational purposes. A game that 0 and 1 can play is
determined by a partition Ag I A1 of the set “2 of binary sequences
on w. A particular play of the game can be analyzed as a sequence
of rounds, indexed by w. In round m, player 0 chooses an element

3See the discussion in Hodges [31, pp. 272f.] or Rubin and Rubin [50, p. 99]. The
latter comprehensive reference does not however mention that the Prime Ideal
Theorem is implied by the Boolean Prime Ideal Theorem.
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agm of 2; this is the move of 0 in this round. Then player 1 moves by
choosing an element agp,41 of 2. The play itself is then the sequence
(an: n € w) or a, which is an element of “2. The play is won by that
player e such that a € A.; and then player 1 — e has lost.

Each player e may use a strategy, namely a function f. from
Unmeow ™2 to 2. (So fo assigns an element of 2 to each finite bi-
nary sequence; fi does this to every nonempty finite binary sequence.)
If both fo and f; are chosen, then a play is determined, namely the
sequence (a,: n € w) given by

azm = folai,as,...,a2m-1),  a2my1 = fi(ao,az,...,a2m),
or simply by

A2m+4e = fe(a1—67 a3z—e, - - - 7a2m—1+e)~

That is, f. determines the move of player e from the previous moves
by the other player. The player’s own previous moves need not be
formally considered, since they themselves were already determined
by the player’s strategy and the other player’s previous moves.
Suppose player 1 — e has chosen strategy fi—_.. For every b in “2,
player e might choose a strategy f. that is constant on each set ™1¢2,
having the value b,, there. The resulting play will be a, where

A2m+1—e = flfe(b()a b17 ceey bmfe)a A2m+4-e = bm

This shows that, for every choice of fi_., there are continuum-many
plays that can result if player 1 — e uses this strategy.

If, using a strategy fe, player e wins all plays of a game, then f, is
a winning strategy for that game. The game is determined if one
of the players has a winning strategy. The Axiom of Determinacy
is that in every game, one of the players has a winning strategy: in
other words, for every choice of the A., one of the following sentences
of infinitary logic is true:

drg Vg Jag - - - (130,1:1,:172,...) € Ay,
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Vag dxq1 Vo --- (xo,xl,xg, .. ) € A

However, this Axiom is false under the assumption of the Axiom of
Choice, or more precisely under the assumption that the Continuum
can be well-ordered, so that there is a least ordinal, called 2%, whose
cardinality is that of ©2.

Indeed, every ordinal is « + n for some unique limit ordinal o and
finite ordinal n. Then a + n is even or odd, according as n is even or
odd. Assuming the Axiom of Choice, we can list all possible strategies
as (f*: a <2%), where f* will be a strategy for e if and only if o + e
is even.

We shall now define a list (a®: a < 2%) of possible plays (that is,
elements of “2) so that,

e for all o, if @+ e is even, then e can use strategy f¢ for the play
a®; that is, for all m in w,

agm—i—e = fa(atll—e’ ag—ev s 7a§m—1+e);

e a® # d” for all distinct o and B such that o + 8 is odd.
We do this recursively. If (a®: 8 < ) has been defined, and a < 2%,
then since there are continuum-many plays in which the strategy f¢
is used, one of them, to be called a®, is not among those a? such that
B < «aand B+ « is odd.

Since, if o + e is even, player e can use strategy f¢ for the play a®,
this means player 1 —e has some strategy that, with f¢, determines a®.
That is, player 1 — e can win against strategy f¢, provided a® € A;_e.
We now choose the partition of “2 so that

{a%: a even} C Ay, {a”: a odd} C Ay.

Then neither player has a winning strategy for the game: the game is
not determined.
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4.3. Spectra

The spectrum of a commutative ring is the set of its prime ideals.
The spectrum of a commutative ring R can be denoted by

Spec(R).

We are going to define a topology on Spec(R). Let us recall what this
means.

4.3.1. Topologies

Topologies can be defined in terms of open sets or closed sets. We
shall use closed sets. Given an arbitrary set A, let us understand a
topology on A to be a family 7 of subsets of A such that

1) if X and Y arein 7, then X UY € 7;

2) if 2 C 7, then 2 €7;

3) FET.

In words, (1) 7 is closed under finite unions and (2) arbitrary inter-
sections, and (3) 7 contains the empty set. The pair (A, 7) is called a
topological space.

In condition (2) of the definition, we allow 2" to be @, and then
we understand (@ to be A itself; thus we have (4) A € 7. Perhaps
most writers will give this fourth condition as part of the definition of
a topology as a fourth condition, without noting that it can be derived
from condition (2).

Conditions (1) and (3) together are that 7 is the universe of a sub-
structure of the monoid (#(A),2,U): in short, 7 is a submonoid of
(Z(A),2,U). (It would be ambiguous to say 7 is a submonoid of
P (A) simply, because (£ (A), A,N) is also a monoid.)

The elements of the topology 7 on A are the closed subsets of A
with respect to the topology. The complement in A of a closed subset
is an open subset. For example, in the Fuclidean topology on R, the
open subsets are the unions of open intervals. Hence the closed subsets
of R in this topology are intersections of closed intervals. In particular,
finite unions of closed intervals are closed sets. However, some closed

4.3. Spectra 105



subsets of R are not unions of closed intervals. The Cantor Set is an
example: this is the complement of the union of (—o0,0) and (1, c0)
and all of the intervals

26k 2ey,
(ot s Fre).
k<n k<n

where n € N and (eg: k < n) € 2". The Cantor set is the set to which
a bijection from &?(w) is defined in the proof of the uncountability of
R (Theorem 42, page 58).

Given a topology 7 on A and an arbitrary subset X of A, we define

X:ﬂ{YGT:XQY}.

Theorem 100. In an arbitrary topological space,
1) X C X and
2) X is closed,
so X is the smallest closed subset that includes X. Moreover,

XCX, XCY = XCY. (4.2)

The set X is called the closure of X with respect to the topology.

4.3.2. Closure operations and Moore families

An arbitrary operation X — X on (A) with the properties in (4.2)
is called a closure operation on A. We easily have the following.

Theorem 101. An operation X v X on Z(A) is a closure operation
on A if and only if

X CX, XCY = XCVY, X = X.

To obtain a closure operation from a topology does not actually
require every part of the definition of a topology. Weakening the defi-
nition, we shall say that a subset . of &?(A) is a Moore family on
Aif

XCF = (\Z2es

106 4. Products of fields



Again we understand (@ to be A; so this is in #. A topology
on A is then just a Moore family on A that is also a submonoid of
(Z(A),2,U).

We have already encountered Moore families. By Theorem 72 (page
82), the family of ideals of a commutative ring R is a Moore family on
R. But the family of prime ideals of R is not always a Moore family
on R. For example, in Z, (2) N (3) = (6), which is not prime. Birkhoff
[5, p. 111] attributes to Moore the following theorem.4

Theorem 102. Let A be a set.
1. If X — X is a closure operation on A, then {X: X C A} is a
Moore family on A.
2. If F is a Moore family on A, then the operation

X [{YeFs: XCY)

on P(A) is a closure operation on A.
3. The given conversions between closure operations and Moore fam-§
ilies are tnverses of one another.

Proof. Suppose X +— X is a closure operation on A, and .% = {X: X CJ}
A} Let Z C.Z7. IfY € 2, then

Nz cv, (2 cvY.

Therefore
Nz <7 cne,

so these last inclusions must be equations, and (| 2~ € .%. The rest is
easy. [

For example, since the family of ideals of a commutative ring is a
Moore family, the operation X + (X) on the ring is a closure opera-
tion.

4The precise reference is to E. H. Moore’s Introduction to a form of general anal-
Y§1s, 1910.
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In general, if X — X is a closure operation on A, it is reasonable
to say that each subset X of A is closed and is the closure of X,
with respect to the given closure operation. However, the resulting
Moore family of closed subsets of A need not be a topology, because it
need not be closed under finite unions and it need not contain &. For
example, the ideals of a commutative ring do not compose a topology
on the ring.

4.3.3. Galois correspondences

Closure operations arise in the following setting. Let A and B be two
arbitrary sets, and suppose there are functions X — X* from Z2(A)
to Z(B) and Y + YT from Z(B) to 2(A) such that

XCX, = X;*CX*, YCV, = vicyf
(that is, the two functions are inclusion-reversing), and also
X C (X, Y C (YT)*

Then the two functions constitute a Galois correspondence between
P(A) and Z(B). We shall show on page 110 how the original Galois
correspondence in field theory is a special case. The general defini-
tion is apparently due to @Qystein Ore,> who proves the following [47,
Theorem 2, §2, p. 496]:

Theorem 103. Suppose X — X* and Y — YT constitute a Galois
correspondence between P (A) and P(B). Then the operations

X = (X9, Y — (YT

are closure operations on A and B respectively. The closed subsets of
A and the closed subsets of B are in one-to-one, inclusion-reversing
correspondence under the Galois correspondence.

50re’s situation is even more general, with arbitrary (partially) ordered sets in

place of #(A) and Z(B).
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Proof. The defining properties of a Galois correspondence give
X" C((xnh (X)) < X7,
and therefore
X =((x)h"

By symmetry
Y= (vHoh

Then we have, as special cases,
¥y = (((yhHhr, (X = (X))
All claims now follow. O
It will be useful to note the following.

Theorem 104. Suppose X — X* and Y — Y1 constitute a Galois
correspondence between P(A) and P(B). Then

xX* = ({a}", vi=({o}.

acX bey
Proof. Let b € X. Then

X*C ({a}* < {b}",

aceX

t
({03t ¢ (ﬂ {a}*> c (x9)1,

acX
T
xc|Jdayic (ﬂ {a}*) c (x*).
acX acX
Since (X*)T is the closure of X, while (ﬂan{a}*)Jr is closed, we have

f
(ﬂ {a}*> = (X",

aceX

Since both (,cx{a}* and X* are closed, we are done. O
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In particular, the subsets {a}* of B compose a basis of the induced
Moore family of closed subsets of B, in the sense of the next subsection
(page 112).

The notion of a Galois correspondence is a generalization from the
following special case. Let A and B be two arbitrary sets, and let R
be a relation from A to B, so that, formally,

RCAXB.
Given subsets X of A and Y of B, we define

X*=(\{ye€B:aRy} Yi=(N{zeA: zRb}
aceX bey

These definitions are due to Birkhoff,® who refers to the functions
X — X* and Y — YT as polarities. Then he easily observes the
following.

Theorem 105. The polarities induced by a relation constitute a Galois
correspondence.

For example, suppose L is a field with subfield K. Then a Ga-
lois correspondence—the original Galois correspondence—is induced
by the relation R between L and Aut(L/K) given by

Tt Ro — z2° =z.

The existence of a one-to-one correspondence between the closed sub-
sets of L and the closed subsets of Aut(L/K) is now easy: it follows
from Theorem 103 (page 108). The hard part is identifying what those
closed subsets are. Easily they are subfields of L that include K, and
subgroups of Aut(L/K), respectively. If F' is such a subfield, and G
is such a subgroup, then the Galois correspondence is given by

F* = Aut(L/F), G = Fix(F).

5Tn the third edition of his Lattice Theory [5, ch. V, §7, p. 122|, Birkhoff cites the
first edition of his book, from 1940, as being the origin.
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But it is not always the case that F' and G are closed. It is the case
if Aut(L/K) is finite and K is closed: this is the great theorem of the
original Galois theory.”

@ystein Ore shows that every Galois correspondence arises from a
relation [47, Theorem 10, §5, p. 503]:

Theorem 106. For every Galois correspondence between power sets
P(A) and P (B), there is a relation between A and B whose induced

polarities constitute the Galois correspondence.

Proof. Let the Galois correspondence be constituted by X — X* and
Y — YT. By Theorem 104, if we define the relation R between A and
B by

zRy < ye{z}’,

then X — X* is the induced polarity. The same is true for Y ~— YT
by symmetry, since

ye{e} = {yyc e} = (e} c{y} = ze{y}l. O

Finally we observe that every Moore family arises from a Galois
correspondence:

Theorem 107. A Moore family ¥ on a set A consists of the closed
subsets of A determined by the Galois correspondence induced by the
relation € between A and F.

Proof. The given Galois correspondence is

X—={YeZ:XCY}, 7 (7. O

"This follows from the theorem that Hungerford [34, Ch. V, Theorem 2.15, p. 252]
names for Artin. In his Galois Theory [1, Theorem 13, p. 36|, Artin first shows
|[Aut(L/K)| < [L : K]. “Artin’s Theorem” [1, Theorem 14, p. 42| is that, if G
is a finite subgroup of Aut(L) and K = G, then [L : K] = |G|. In this case,
we must also have [L : K] = |[(GT)*[; so G = (G")* and thus G is closed. Also
L/K must be separable, and from this it follows that, if K C F' C L, then F'is
closed.
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4.3.4. Bases

If # is a Moore family on A, and £ is a subset of .# such that
FeZ = F=(\{Xe®: FCX},
then 4 is a basis for .%.

Theorem 108. Let A be a set.
1. A Moore family on A is a basis of itself.
2. The family of Moore families on A is a Moore family on F(A).
3. Bvery subset of Z(A) is a basis of its closure with respect to the
Moore family of Moore families on A.

If % is a basis of the Moore family .# on A, then % may be said to
generate .%. As a corollary of Theorem 104, we have:

Theorem 109. Suppose X — X* and Y — Y1 constitute a Galois
correspondence between P (A) and P(B). The sets {a}*, wherea € A,
compose a basis for the Moore family of closed subsets of B.

We can also generalize Theorem 107:

Theorem 110. If B generates the Moore family F on A, then %
consists of the closed subsets of A determined by the Galois correspon-
dence induced by the relation € between A and AB.

Proof. The given Galois correspondence is
X—{Yes: XCY}, v 7. O

A basis for a topology T on A need not contain & or be closed under
U; that is, the basis need not be a submonoid of 7. However, it may
be, since T is a basis of itself.

Theorem 111. If # is a submonoid of (Z(A),D,U), then the Moore
family generated by A is a topology on A.

112 4. Products of fields



If ¢ is an arbitrary subset of &?(A), then € generates a submonoid
P of (Z(A),d,U), and € may be called a sub-basis of the topology
generated by 4.

As a corollary of Theorems 109 and 111, we have:

Theorem 112. Suppose X — X* and Y — Y1 constitute a Galois
correspondence between P(A) and P (B). If also A has an element 1
and a binary operation - such that

o ={1}", {z}" U{y} ={z -y},
then the closed subsets of B compose a topology on B.

The topology on Spec(R) (promised on page 105) will arise in this
way in Theorem 113. Indeed, every topology arises in this way, by
Theorem 110.

In the theorem, the structure (A, 1, -) need not be a monoid. How-
ever, if we define the binary relation ~ on A by

zevy = {x}" ={y}"

then ~ will be a congruence-relation on (A4, 1, -) in the sense of §3.2.1
(page 76), and the quotient (A, 1, - )/~ will be a monoid. We shall
establish a variant of this result as Theorem 148 (page 152). Mean-
while, in the situations of interest, (A, 1, - ) will already be known to
be a monoid, and ~ will be equality.
All of the notions of this section can now be defined in terms of a
relation between two sets:
1. A Galois correspondence between Z(A) and Z(B) consists of
the polarities induced by a relation from A to B.
2. A Moore family of subsets of A consists of the closed subsets of
A with respect to the Galois correspondence between Z2(A) and
Z(B) induced by some relation R from A to B for some set B.
3. That Moore family is a topology on A, if B has an element 1 and
a binary operation - such that

—-aR1, aR(x-y) < aRx OR a Ry.
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4.3.5. The topology on a spectrum

We define three possible properties of a topology 7 on a set A.
1. The topology 7 is compact if, for every subset 2" of 7 such that

% =o,
there is a finite subset {Xp,..., X,,—1} of 2" such that
XoN--NXp1 =2.

If 7 has basis 4, it is enough to assume 2~ C %. We may use
the definition in the contrapositive form. A subset 2" of 7 has the
finite intersection property if its every finite subset has nonempty
intersection. Then 7 is compact if and only if its every subset with the
finite intersection property has nonempty intersection.

2. Two points of A are topologically indistinguishable if every
member of 7 contains either both or neither of the points. It is enough
if this is true for every member of a given basis. The topology 7 is
Kolmogorov, or Ty, if no two distinct points of A are topologically
indistinguishable.

3. The topology 7 is Hausdorft if for all distinct elements zg and
x1 of A there are elements Fy and F of 7 such that

$0¢F0, T §§F1, FoUF; = A

Again it is enough to require Fy and F} to belong to a given basis.
Given an element a of a commutative ring R, let us use the notation

Z(a) = {p € Spec(R): a € p}.
This gives us the following.

Theorem 113. Let R be a commutative ring.
1. The set {Z(x): x € R} is a basis for a topology on Spec(R), since

@ =17(1), Z(z) UZ(y) = Z(zy). (4-3)
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2. The topology is Kolmogorov.

3. By the Prime Ideal Theorem (page 101), Spec(R) is nonempty,
and its topology is compact.

4. If R is a Boolean ring, the topology is Hausdorff, and the com-
plement of every Z(x) is Z(1 + x).

Proof. 1. Let a Galois correspondence X +— X* and Y — YT be-
tween Z(R) and Z(Spec(R)) be determined by the relation € between
R and Spec(R). Then

{z}* =7Z(z).

Since elements p of Spec(R) are prime ideals, we have

TYEP < T EP OR Yy € p,
p € Z(zy) < peZ(x) OR p € Z(y),

and so (4.3) holds. By Theorem 112, the sets Z(x) compose a basis of
a topology on Spec(R).

2. If p and q are distinct elements of Spec(R), we may assume a €
p . ¢, and so Z(a) contains p, but not g.

3. Suppose A C R. Then

ﬂ Z(z) = {p € Spec(R): A C p}.

€A

If (A) is a proper ideal of R, then by Theorem g9 (page 102) it is
included in a prime ideal, which belongs to Spec(R) and therefore to
MNzea Z(x). It follows that, if

) Z(z) = 2,

z€EA

then (A) must contain 1. In this case, by Theorem 77 (page 85), there
is x in @, 4 R such that

1= Zmaa.

a€A
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Then
N Z) =2

a€supp(x)

Since supp(z) is a finite subset of A, the topology of Spec(R) is com-
pact.

4. In a Boolean ring R, since 141 = 0 (Theorem 86, page 95), every
element of Spec(R) contains exactly one of x and 1 + x (Theorem 87,
page 95), so Spec(R) is the disjoint union of Z(z) and Z(1 + ). If p
and ¢ are distinct elements of Spec(R), then we may assume g~ p has
an element a, and then

p ¢ Z(a), q¢ Z(1+a), Z(a) UZ(1 +a) = Spec(R). O

The topology on Spec(R) given by the theorem is the Zariski topol-
ogy on Spec(R). The corresponding closed subsets of R are just the
intersections of collections of prime ideals of R; we shall characterize
such intersections in Corollary 117.1 in the next section.

4.4. Radical ideals

We develop an analogue of Theorems 78 (page 86) and 85 (page 94).
An element a of a commutative ring R is called nilpotent if some
power a” of the element is 0. In particular, 0 itself is nilpotent. The
ring R is called reduced if it has no nonzero nilpotents. For example,
every Boolean ring is reduced. An ideal I of R is called radical if

?el = xel.

Every prime ideal of every commutative ring is radical. Indeed, every
intersection of prime ideals is radical. Thus, under the Galois corre-
spondence induced by the relation € between R and Spec(R), all of the
closed subsets of R are radical ideals. We shall establish the converse.
Meanwhile, we have the analogue promised above.

Theorem 114. Let R be a commutative ring.
1. The ideal (0) of R is radical if and only if R is reduced.
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2. An ideal I of R is radical if and only if the quotient R/I 1is
reduced.

Thus

radical ideal : reduced ring :: prime ideal : integral domain

:: maximal ideal : field.

But the following easy result does not hold for maximal ideals or prime
ideals. Recall from page 106 that a Moore family on a set is just a
family of subsets that is closed under arbitrary intersections. Then
the following is an analogue of Theorem 72 (page 82).

Theorem 115. The radical ideals of a commutative ring R compose
a Moore family on R.

By this and Theorem 102 (page 107), the Moore family of radical
ideals of R induces a closure operation

X = V(X)

on R. If I is an ideal of R, then /I is called the radical of I: it is the
smallest radical ideal that includes I. Then [ is radical if and only if

I=./I
Given a subset X of R, we characterized (X) in Theorem 77 (page
85). Now we can characterize /(X):

Theorem 116. If I is an ideal of the commutative ring R, then
VI=|J{zeR:a" eI}
neN

But the following characterization will be of more theoretical inter-
est.

Theorem 117. By Zorn’s Lemma, for all subsets A of a commutative
ring R,
V(A4) = [){p € Spec(R): A C p}. (4-4)
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Proof. Since prime ideals are radical, and /(A) is the smallest radical
ideal that includes A, it is clear that

V/(A) €[ {p € Spec(R): A C p}.

To prove the reverse inclusion, suppose z € R ~\ /(A); we show the
intersection in (4.4) does not contain z either. Using Zorn’s Lemma,
we let b be an ideal of R that is maximal with respect to including
V/(A), but not containing any power of z. Say y and z are not in b.
By maximality, we have

zeb+(y), reb+(2),
and therefore, by multiplying,
2% € b+ (y2),

so yz ¢ b (since #2 ¢ b). Thus b is prime, so it belongs to the
intersection in (4.4). Therefore this intersection does not contain z.
Thus

V(4) 2 ({p € Spec(R): A C p}. O

When R is a Boolean ring, 1/(A) is just (A), and also the theorem
needs only the Prime Ideal Theorem, because in this case, for a prime
ideal not to contain x is the same as containing 1 + x.

Corollary 117.1. For every commutative ring R, under the Galois
correspondence induced by the relation € between R and Spec(R), the
closed subsets of R are precisely the radical ideals.

For all commutative rings R, Theorem 73 (page 83) guarantees us
a homomorphism

T (a; +p:pe Spec(R)) (4.5)

from R to [[,espec(r) B2/P-

Theorem 118. A commutative ring R is reduced if, and by Zorn’s
Lemma only if, the homomorphism in (4.5) is an embedding.
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Proof. The homomorphism is an embedding if and only if

ﬂSpec(R) = (0).

By the last theorem, [ Spec(R) = /(0). By Theorem 114, R is re-
duced if and only if (0) = 1/(0). O

The clopen subsets of a topological space are the subsets that are
both closed and open. The following, based originally on [57], is an
analogue of Cayley’s Theorem for groups (page 65) and Theorem 58
for associative rings (page 73).

Theorem 119 (Stone Representation Theorem for Boolean Rings).
Suppose R is a Boolean ring.
1. By the Prime Ideal Theorem, the Boolean ring R embeds in the
Boolean ring & (Spec(R)) under the map

x+— {p € Spec(R): = ¢ p}. (4.6)

2. This map is v — Z(1 + z).
3. The image of this map is the set of clopen subsets of Spec(R).

Proof. The map in (4.6) is part of the commutative diagram in Fig-
ure 4.1. We can spell out the details as follows. By Theorem 87 (page
05), for each p in Spec(R), the quotient R/p is isomorphic to the field
F, and so [],egpec(r) 22/ is isomorphic to FoSPee(l) - The inverse of
this isomorphism is easier to write down: it is

(ep: p € Spec(R)) — (ep +p: p € Spec(R)).
The power Fo5P(%) is in turn isomorphic to (Spec(R)) under z
supp(z) by Theorem 8o (page 87). Then z + supp(z) is also an
isomorphism from [ [, cqpec(r) £2/p to &(Spec(R)). Preceding this with
the embedding of R in HpESpeC( R) R/p given by the last theorem, we
obtain the map in (4.6).
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n z—{pESpec(R): z¢p} L@(Spec(R))

x— (z+p: pESpec(R))

z—rsupp(z)

x—supp(z)

H R/p (ep+p: pESpec(R))—(ep: pESpec(R)) F2SPGC(R)

peSpec(R)

Figure 4.1.: Stone Representation Theorem

By Theorem 113 (page 114), this map is z — Z(1 + ), and all of
the sets Z(x) are clopen. Conversely, suppose a closed subset F' of
Spec(R) is also open. We have

F=()%®x),
xzel

where I = (| F. Being a closed subset of a compact space, the com-
plement of F' in Spec(R) is compact. Therefore I has a finite subset
{z0,...,2n—1} such that

F=Z(xo)N - NZ(xp-1) =Z(xo " Tpn_1),
Spec(R)NF =Z(1+x0)U---UZ(l + xp—1)
= Z((1+20) -+ (1 + 20 1)),

120 4. Products of fields




F=7Z14+14+=xz0) - (1 4+ z,_1)). L]

We shall see this theorem in another form as Theorem 147 (page
151). Meanwhile, for an arbitrary commutative ring R, since each
quotient R/p is an integral domain, it will be seen to embed in a field
(see page 123), and so, by Theorem 118, every reduced ring will embed
in a product of fields.

4.5. Localization

It will be useful now to generalize the construction of Q from Z that is
suggested by Theorem 34 (page 54). A subset of a commutative ring
is called multiplicative if it is nonempty and closed under multipli-
cation. For example, Z ~\ {0} is a multiplicative subset of Z, and more
generally, we have the following.

Theorem 120. An ideal p of a commutative ring R is prime if and
only if the complement R\ p is multiplicative.

For example, by Theorem 84 (page 93), the elements of a nontriv-
ial commutative ring that are neither 0 nor zero-divisors compose a
multiplicative subset. Other examples of multiplicative subsets of a
commutative ring R are {1} and and R*. However, the complements
of prime ideals are the only examples of multiplicative subsets that
will interest us.

Lemma 11. If S is a multiplicative subset of a commutative ring R,
then on R x S there is an equivalence relation ~ given by

(a,b) ~ (¢,d) <= (ad —bc)-e =0 for some e in S. (4.7)
Proof. Reflexivity and symmetry are obvious. For transitivity, note
that, if (a,b) ~ (¢,d) and (c,d) ~ (e, f), so that, for some g and h in
S,

0 = (ad — bc)g = adg — beg, 0= (c¢f —de)h = cfh — deh,
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then (a,b) ~ (e, f) since

(af — be)edgh = afedgh — becdgh
= adgcfh — bcgdeh = begefh — begefh =0. O

In the notation of the lemma, the equivalence class of the element
(a,b) of R x S is denoted by one of

b —_
CL/, b7

and the quotient (R x S)/~ is denoted by one of
S7IR, R[S

If 0 € S, then S™'R has exactly one element, which is 0/0. If R is
an integral domain and 0 ¢ S, then the relation ~ in the theorem is
given simply by

(a,b) ~ (¢,d) <= ad = be.

However, we shall be interested in commutative rings that are not
integral domains.

Theorem 121. Suppose R is a commutative ring with multiplicative
subset S.

1. InS7'R, ifce S,
a ac

b be
2. STIR is a commutative ring in which the operations are given by

ac a c ad + be

e c_a
b d bd b= d  bd

9. There is a ring-homomorphism ¢ from R to ST'R where, for

every a in S,
(z) = xa
P 0

In particular, if 1 € S, then p(z) = x/1.
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4. The homomorphism @ is injective if and only if S contains nei-
ther 0 nor zero-divisors.
Suppose in particular R is an integral domain and 0 ¢ S.
5. STIR is an integral domain (and ¢ is an embedding).
6. If S = R~ {0}, then STIR is a field, and if ¢ is an embedding
of R in a field K, then there is an embedding 1/; of ST'R in K
such that ¢ o ¢ = 1. (See Figure 4.2.)

Figure 4.2.: The universal property of the quotient field

Corollary 121.1. A commutative ring is an integral domain if and
only if it is a subring of a field.

See page 192 for a model-theoretic consequence of the corollary.
When S is the complement of a prime ideal p, then ST'R is called
the localization of R at p and can be denoted by

Rp.

If R is an integral domain, so that (0) is prime, then localization R
(which is a field by the theorem) is the quotient-field of R. In this
case, the last part of the theorem describes the quotient field in terms of
a universal property in the sense of page 235. However, it is important
to note that, if R is not an integral domain, then the homomorphism
x +— x/1 from R to R, might not be an embedding. The following will
be generalized as Theorem 126 (page 126).

Theorem 122. For every Boolean ring R, for every p in Spec(R), the

homomorphism
x
T =
1
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from R to Ry is surjective and has kernel p. Thus
Ry = R/p
(which is isomorphic to Fy by Theorem 87, page 95).

Proof. If a € R and b € R~ p, then a/b = a/1 since (a — ab) - b = 0.
Thus x — z/1 is surjective. If a € p, then 1 +a € R~ p, and
a-(1+a)=0,s0a/l=0/1. Thus the kernel of x — x/1 includes p.
Therefore the kernel must be p, since this ideal is maximal by Theorem
87, and R is not trivial. O

A local ring is a commutative ring with a unique maximal ideal.
The connection between localizations and local rings is made by the
theorem below.

Lemma 12. An ideal m of a commutative ring R is a unique mazimal

ideal of R if and only if
R* =R~ m.

Theorem 123. The localization R, of a commutative ring R at a
prime ideal p is a local ring whose unique mazximal ideal is

pRpa
namely the ideal generated by the image of p.

Proof. The ideal pR, consists of those a/b such that a € p. In this
case, if ¢/d = a/b, then c¢b = da, which is in p, so ¢ € p since p is prime
and b ¢ p. Hence for all z/y in R,

z/yd Rpp <= = ¢p
<= z/y has an inverse, namely y/z.

By the lemma, we are done. O

We can now refer to R, (where p is prime) as the local ring of R at

p.
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4.6. Regular rings

By Theorem 87 (page 95), the Boolean rings are commutative rings
whose prime ideals are maximal. There is a larger class of commu-
tative rings whose prime ideals are maximal. Indeed, by the Stone
Representation Theorem (page 119), every Boolean ring embeds in a
power set Z2(Q) and hence in a power Fo2. This power is a special
case of the direct product [[,.q, K;, where each Kj is a field. For every
x in the ring [[;cq K; there is y in the ring such that

TYT = .

Indeed, we can just let y be z*, defined as on page 89. Therefore
the ring [],. K is called a (von Neumann) regular ring.® Thus
Boolean rings are also regular rings in this sense, since in a Boolean
ring

rz-1-x=ux.

A regular ring can also be understood as a ring in which, for all x,
x € (2?).

We have the following easily.

Theorem 124. Every reqular ring is reduced.

Proof. Suppose R is regular and 22 = 0. But = = 2%y for some y, and
soz = 0. O

We can establish the following generalization of the first part of
Theorem 87 (page 95).

Theorem 125. In reqular rings, all prime ideals are mazximal.

Proof. If R is a regular ring, and p is a prime ideal, then for all x in
R, for some y in R,
(zy —1) -z =0,

8In general, a regular ring need not be commutative; see [34, IX.3, ex. 5, p. 442].
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and so at least one of zy — 1 and z is in p. Hence if x + p is not 0
in R/p, then = + p has the inverse y + p. Thus R/p is a field, so p is
maximal. O

We now generalize Theorem 122 (page 123).

Theorem 126. For every regular ring R, for every p in Spec(R), the
homomorphism

z
X = —
1

from R to Ry is surjective and has kernel p. Thus
Ry = R/p.

Proof. If a € R and b € R~ p, and bcb = b, then the elements a/b and
ac/1 of Ry are equal since

(a — bac)b = ab — abcb = ab — ab = 0.

Thus the homomorphism z — /1 from R to R, guaranteed by The-
orem 121 is surjective. By the last theorem, p is maximal, and hence
Ry is a field. As in that theorem, supposing x € p, we have

(zy—1)-2=0

for some y, but 1 — xy ¢ p. This shows x/1 = 0/1. Thus the kernel of
x + x/1 includes p. Having a prime ideal, R is not the trivial ring, so
R, is not trivial, and thus the kernel of  — 2 /1 cannot be all of R.
Therefore the kernel is p, since this is a maximal ideal. O

The foregoing three theorems turn out to characterize regular rings.
That is, every ring of which the conclusions of these theorems hold
must be regular. In fact a somewhat stronger statement is true; this
is the next theorem below.

For any commutative ring R, the ideal 1/(0) consists precisely of the
nilpotent elements of R and is according called the nilradical of R.
By Theorem 117 (page 117),

V(0) = ﬂ Spec(R).
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By Theorem 114 (page 116), this ideal is just (0) if and only if R is
reduced.

Theorem 127. By the Mazimal Ideal Theorem, the following are
equivalent conditions on a ring R.9

1. R is regular.

2. Bvery prime ideal of R is mazimal, and R is reduced.

3. The localization Ry, is a field for all maximal ideals m of R.

Proof. 1. We have established (1)=-(2) in Theorems 124 and 125.

2. We prove (2)=-(3). Suppose every prime ideal of R is maximal,
and R is reduced. Let m be a maximal ideal of R. By Theorem 123
(page 124), MRy, is the unique maximal ideal of Ry,. By Zorn’s Lemma,
every prime ideal B of Ry, is included in a maximal ideal; but then
this must be mR,,,. Now, the intersection mR, N R is a proper ideal
of R that includes m, so it is m. Hence 8 N R is a prime ideal of
R that is included in m, so it is m, and therefore 8 = mRy. Thus
this maximal ideal is the unique prime ideal of R,. This ideal is
therefore () Spec(Ry), which is the nilradical of the ring. Thus for all
r/s in mRy, for some n in N, we have (r/s)” =0, so r"/s" = 0, and
therefore tr" = 0 for some ¢ in R ~ m. In this case, (tr)" = 0, so
tr = 0, and therefore r/s = 0. In short, mRy, = (0). Therefore Ry, is
a field.

3. Finally, we show (3)=-(1). Suppose Ry, is a field for all maximal
ideals m of R. If z € R, define

I={reR:rzec(z?)

This is an ideal of R containing x. We shall show that it contains 1.
We do this by showing that it is not included in any maximal ideal
m. If & ¢ m, then, since z € I, we have I ¢ m. If z € m, then

9The equivalence of these conditions is part of [25, Thm 1.16, p. 7]. This theorem
adds a fourth equivalent condition: “All simple R-modules are injective.” The
proofs given involve module theory, except the proof that, if all prime ideals
are maximal, and the ring is reduced, then each localization at a maximal ideal
is a field. That proof is reproduced below.
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/1 ¢ (Ry)™, so, since Ry, is a field, we have z/1 = 0/1, and hence
re =10

for some r in R~ m; but € I. Again I ¢ m. Thus I must be (1), so
x € (2?). Therefore R is regular. O

We again consider the regular rings that are products [[ %", where
A is an indexed family (K;: i € Q) of fields. Here we have za*zx =z
when z* is defined as in (3.8) on page 89. Hence every sub-ring of
[[# that is closed under the operation x — z* is also a regular ring.

We now prove the converse: every regular ring is isomorphic to a
sub-ring, closed under x +— x*, of a product of fields. Since regular
rings are reduced (Theorem 124), the homomorphism

T (a: +p:pe SpeC(R)) (4.8)

from R to [ ] cgpec(ry £2/P (given also in (4.5), page 118) is an embed-
ding by Theorem 118 (page 118). Moreover, the quotients R/p are
fields by Theorem 125 (and Theorem 78, page 86).

Theorem 128. For every regular ring R, the image of the embedding
in (4.8) of R in the product Hpespec(R) R/p of fields is closed under
x =z,

Proof. Let the embedding be called f. Given x in R, we have to show
that f(z)* is in the image of f. Now, there is y in R such that zyz = z,
and therefore

@) f () f(z) = f(z).

For each p in Spec(R), by applying the coordinate projection 7r,, we
obtain

(z+p)(y+p)(r+p) =z+p.

If x +p # 0, we can cancel it, obtaining

y+p=(z+p) ' =@+p"

128 4. Products of fields



However, possibly  + p = 0, while y + p # 0, so that f(y) # f(z)*.
In this case, letting z = yxy, we have

TZT = TYTYT = TYT = T, RTZ = YTYTYTY = Yryry = yry = 2.

In short, zzx = x and zxz = 2. Then

TEP <= zEDP, :r§ép2>z—|—p:(a:—|—p)_1,

so (x+p)* =z+p. Thus f(z) = f(x)* O

4.7. Products of spaces

Being a group by Theorem 56, the direct product of a family (A;: ¢ €
Q) of groups is nonempty. Indeed, it contains the identity (14:: i € Q).
(This is true, even if Q is empty.) If each A; is merely a nonempty
set, we define their Cartesian product in the same way as a direct
product of groups or rings. However, it is not obvious that the product
of a family of nonempty sets will itself be nonempty.

Theorem 129 (Cartesian Product). By the Aziom of Choice, the
product of an indexed family of nonempty sets is nonempty.

Theorem 130. The Cartesian Product Theorem implies the Axiom
of Choice.

If now o7 is a family (A;: i € ) of topological spaces, the product
topology on the Cartesian product [ .« is the weakest topology in
which the coordinate projections are continuous. This means that
for every j in €2, for every closed subset F' of A;, the subset {z €
[147: z; € Aj} of [][ </ must be closed; and such subsets compose a
sub-basis of the product topology. Thus all finite unions of such sets
are closed, and such sets compose a basis of the product topology, so
that all intersections of arbitrary collections of such unions are closed,
and no other subsets of [[ </ are closed.

Theorem 131 (Tychonoff). By the Aziom of Choice, the product of a
family of nonempty compact topological spaces is nonempty and com-
pact in the product topology.
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Proof. Suppose 7 is a family (4;: i € Q) of nonempty compact topo-
logical spaces, and 2" is a family of closed subsets of [ [ &/ whose every
finite subset has nonempty intersection. We want to show (| 2™ # &.
Each element of 2" is the intersection of sets belonging to the basis
just described; so we may assume that each element of 2~ belongs to
this basis. Moreover, suppose F' € 2", and F'is a union FyU---U F),
of sets from the sub-basis just described. Then for some i in n+ 1, F;
has nonempty intersection with each element of Z". In this case, we
can replace F' with F; in Z .

Using the Axiom of Choice then, we may assume that every element
of 2 is a sub-basic set. One way to spell this out is as follows (we
shall see a neater way later). We have noted that the topology on [] &/
has, as a sub-basis, the sets 7; “![F], where i € Q and F is a closed
subset of A;. Then the topology on [[ </ has, as a basis, the sets

To0)  [Fo] U+ Uty [Fal,

where n € w, and o is an injective function from n+1 into 2, and each
F; is a closed subset of A, ;). Now consider the family of subsets % of
[] < that have the finite intersection property, while each element is
either an element of 2" or else an element of a finite set of sub-basic
sets whose union is in Z". The family is ordered in an obvious way,
so that % < % if and only if each element of %] is either an element
of %4 or else an element of a finite set of sub-basic sets whose union
is in %). Suppose we are given a chain of the family, and # belongs
to the chain. Then the chain has an upper bound consisting of each
sub-basic set that belongs to %, as well as, for each union FoU---UF,
of sub-basic sets in ¢/, either this union itself, if it belongs to every
member of the chain, or else Fj, if this belongs to some member of the
chain. By Zorn’s Lemma (more precisely, its corollary), our family has
a maximal element. By what we noted, this maximal element must
consist precisely of sub-basic sets.

We may thus assume that every set in £ is a nonempty sub-basic
closed set. Then, by the compactness of each A;, we may assume that,
for some indexed family (F;: i € §2), each F; being a nonempty subset
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of Ai,
X = {ﬂi_l[Fi]Z 1€ Q}

Then 2" = [[;cq Fi, which is nonempty by the Cartesian Product
Theorem. O

The converse was published by Kelley in 1950 [37]:*°
Theorem 132. The Tychonoff Theorem implies the Axziom of Choice.

Proof. Let (A4;: 1 € Q) be an indexed family of nonempty sets, and let
b not belong to any A;. If i € €, let

T = {@, Al,Al U {b}},
this is a topology on A; U {b}. Every finite subset of the family
{7’[1'_1[141']: 1€ Q}

of closed subsets [[;c(A; U {b}) has nonempty intersection. Indeed,
by induction, for every n in w, for every subset 2 of size n, we have

HA1#®7

i€
so the product contains some (a;: i € 2). Then [;cq, ;" 1[A;] con-
tains ¢, where
a;, if i€ Qy,
C;, =
)b, ifie QN Qo

By the Tychonoff Theorem, ;< 7; 71 [A;] must be nonempty; but this
intersection is [ [;cq A O

*°Actually Kelley’s proof had an error, which however is easily corrected, as Lo’s
and Ryll-Nardzewski observed in 1951 [42]. Kelley’s error reduced his claim
to being that the Tychonoff Theorem for sets in which the one-element sets
compose a basis for the topology implies the Axiom of Choice. Schechter [52]
shows that this hypothesis is equivalent to the Boolean Prime Ideal Theorem.
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5. Model theory without the Prime Ideal
Theorem

Model theory was described on page 48 as the study of structures as
such. More precisely, model theory takes into account the logic in
which the properties of structures are stated and derived. Usually this
logic is first order logic, which means its variables stand for individual
elements of the universe of a structure. Second order logic has vari-
ables for relations on the universe. For example, the induction axiom
for the natural numbers (page 36) is a second order statement, when
considered as a statement about elements and subsets of N. When
considered as a part of Theorem 25 (page 43), where it is a statement
about all sets and in particular the set w, it is first order. Indeed, for
set theory itself, there is no distinction between first and second order.

In a logic, certain strings of symbols are called formulas, and some
formulas can be combined to make other formulas. If only finitely
many formulas can ever be combined to make new formulas, the logic
is finitary. First order logic is implicitly finitary. (By “implicitly” I
mean that the finitary aspect is not made explicit in the name “first
order”. One can develop infinitary logics in which variables stand only
for individuals.)

The most important theorem of first order model theory is the Com-
pactness Theorem. Its proof needs the Prime Ideal Theorem. However,
a lot of model theory can be developed without Compactness. Indeed,
in Hodges’s encyclopedic volume Model Theory [31], Compactness is
introduced only in the sixth of the 12 chapters.

The present chapter of the present text develops what we shall need
of model theory that does not require the Prime Ideal Theorem. Com-
pactness and related results that do require the Prime Ideal Theorem
and even the full Axiom of Choice will be established in the next chap-
ter.
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5.1. Logic

For study of arbitrary structures as defined in §2.6 (page 45), we now
generalize the logic developed for set theory in §2.2 (page 17). This
logic was based on the signature whose only symbol is €. However,
we allowed constants standing for arbitrary sets: we had to do this in
order to define truth and falsity of sentences (as on page 20).

Likewise, given a structure 2l with signature ., we may augment
. with a constant for each element of A. If we denote the augmented
signature by .(A), then we can ezpand 2 (in the sense of page 48) in
an obvious way to a structure denoted by

A4,

whose signature is .(A): each a in A, considered as a constant in
7 (A), is interpreted in A4 as the element a of A.

5.1.1. Terms

In the logic of set theory, a term is a variable or constant. In the logic
of an arbitrary signature ., there might be n-ary operation symbols
for positive n, and so the definition of term is broader and is made
recursively. We start with a countably infinite set of variables.
1. Each variable is a term of ..
2. For each n in w, if F' is an n-ary operation symbol in .#, and
(ti: i € n) is an indexed family of terms of .7, then the string

Fto--tp_1

is a term of ..
As a special case of the second condition, every constant in .% as a
term. Thus, if we omit the first condition, we still have a nontrivial
definition, at least if .¥ contains constants. What we have then is the
definition of a closed term: a term without variables.
There is an analogue of the lemma on page 21:

Theorem 133. No proper initial segment of a term is a term.
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Then we obtain the analogue of Theorem 1 (page 20):

Theorem 134 (Unique Readability). A term can be constructed in
only one way: If Fty---t,—1 and Fug---u,—1 are the same term,
where the t; and u; are terms, then n = m, and each t; is the same
term as u;.

Informally, if F' is a binary operation symbol, and G is a singulary
operation symbol, and ¢ and u are terms, then for the terms F'tu and
Gt we may write, respectively,

(t Fu), t¢.

If t is a closed term of ., and 2l € Str &, then ¢ has an interpretation
tQ[

in 2, and this interpretation is an element of A. The definition is
recursive, like the definition of closed terms themselves; and the defi-
nition is justified by Theorem 134. If ¢ is F'tg---t,—1, where each ¢; is
a closed term, then

= Fato™, . ™).

This covers the special case where t is a constant, so that n = 0.
We define the interpretation of an arbitrary term ¢ of .% as follows.
Let us denote by
var(t)

the set of variables occurring in ¢. For each 21 in Stry, if a is the
tuple (a,: z € var(t)) in A"*®) we obtain the closed term

t(a)
of .#(A) by replacing each occurrence of z in ¢ with the constant a,
for each x in var(t). Then we can denote by
th
the function a — t(a)*4 from A1) to A.

We defined homomorphisms on page 47. Given the recursive defini-
tion of terms, we have the following by induction:
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Theorem 135. Suppose A and B are in Str, If h: A — B, then
for each term t of # and each a from AV

h(t*(a)) = t*(h(a)).

The converse fails if . has predicates. For this case, we consider
atomic formulas.

5.1.2. Atomic formulas

In our logic of set theory, an atomic formula is just a string ¢ € u,
where t and u are terms. We introduced the expression ¢ = u as an
abbreviation of a certain formula. However, we shall now count this
as one of the atomic formulas. Thus, for an arbitrary signature .7,
the atomic formulas are of two kinds:

t = u,
where t and u are terms of ., and
Rty -ty1,

for each m in w, where (¢;: i < n) is an indexed family of terms of .,
and R is an n-ary predicate of .. If R is a binary predicate of .7,
and ¢t and u are terms, then for the term Rtu we may write

t R u.

It is an obvious consequence of Theorem 133 that atomic formulas are
uniquely readable.

An atomic formula in which no variable occurs—an atomic formula
in which the terms are closed—is an atomic sentence. If 2 € .¥,
then every atomic sentence of .#(A) is true or false in A according
to the obvious definition:

1. t = u is true in A if and only if

tAa = g%,
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2. Rtg---ty_1 is true in 2 if and only if
(tOQlA, e ,tn_lmA) e R¥.
If o is an atomic sentence that is true in 2A, we may write

AFEo.

If ¢ is an atomic formula of ., then, as with terms, we can denote
by
var(p)

the set of variables occurring in ¢; and then if a is the tuple (a,: = €
var(p)) in A(#) | we can denote by

p(a)

the result of replacing each occurrence of = in ¢ with a,, for each x in
var(¢). Now we have a convertible version of Theorem 135:

Theorem 136. Suppose A and B are in Str, and h: A — B.
1. h is a homomorphism from A to B if and only if, for all atomic
formulas ¢ of .7, for all @ in AV (®)

AEpla) = BE p(h(a)).

2. h is an embedding of A in B if and only if, for all atomic formulas
© of 7, for all @ in AV (@)

AE p(a) <= BE p(h(a)).

5.1.3. Formulas

Now arbitrary formulas are built up recursively, precisely as in the
logic of set theory on page 17:

1. Atomic formulas are formulas.

2. If ¢ is a formula, then so is its negation —p.

3. If ¢ and ¢ are formulas, then so are
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a) the disjunction (¢ V),
b) the conjunction (¢ A 1),
c¢) the implication (¢ = 1), and
d) the equivalence (¢ < ).
4. If ¢ is a formula and x is variable, then
a) the instantiation 3z ¢ and
b) the generalization Vz ¢
are both formulas.
Again we have:

Theorem 137 (Unique Readability). A given formula can be built up
from atomic formulas in only one way.

Now the set fv(p) of free variables of a formula ¢ can be defined
recursively:

1. If ¢ is atomic, then fv(p) = var(yp).

2. fv(—p) = fv(p).

3. (1)) = () U (1),

4. tv(3x @) = fv(Vz ) = fv(p) N {z}.
A sentence is a formula with no free variables.

If z is a variable and ¢ is a term, we define recursively the result ¢f
of replacing each free occurrence of x in ¢ with ¢:

1. If ¢ is atomic, then ¢f is just the result of replacing every oc-
currence of x in ¢ with t.
(—p)f is = (et
(% 0)F s (oF * vF).
4. If z is not y, then (Jy )7 is Jy ¢f, and (Vy ¢)7 is Yy ¢F.
. (3z @)7 is Jx @, and (Vx ¢)¥ is Vo ¢.
If i — (i) is a bijection from some n in w to fv(y), and a € AM®),
then we can define

W N

ot

p(a)
as
(0) yz(1) . yz(n—1)
(‘ - (@gz(o))gz(l) )£z7n71> :
This definition is independent of the particular choice of the bijection
i+ x(i). (This would not be true if @ were a tuple of arbitrary terms.)
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Now we can define truth and falsity of sentences in structures. That
is, let 2 € Str. For every formula ¢ of .7, for every a in AV®) we
define whether ¢(a) is true or false in 2. If ¢ is atomic, we have done
this. We proceed as on page 20:

1. =p(a) is true in A if and only if ¢(a) is false in A.

2. The truth or falsity of (¢ % ¢)(a) in 2 depends on the truth or
falsity of ¢(a) and ¥(a) in A according to the usual rules of
propositional logic.

3. (3 ¢)(a) is true in 2A if and only if, for some b in A, ¢j(a) is
true in 2L

4. (Vx ¢)(a) is true in 2 if and only if, for all b in A, ¢} (a) is true
in 2.

Again, if a sentence o is true in 2, we write

AEo. (5.1)

5.2. Theories and models
The set of all sentences of a signature . can be denoted by
Sen(.&).
This is the universe of an algebra
(Sen(), =, V, A).

The relation of truth, symbolized as in (5.1) by F, is a relation be-
tween Str and Sen(.”). This relation establishes a Galois corre-
spondence just as in Theorem 105 (page 110), even though Str . is a
proper class. With respect to this Galois correspondence, the closed
subsets of Sen(.¥) are called theories. The class Str has closed
subclasses, called elementary classes. The polarities constituting
the Galois correspondence can be written respectively as

K — Th(K), ' — Mod(T).
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Here Th(K) is the theory of the class K of structures, and the ele-
mentary class Mod(I") is in particular the class of models of the set
I' of sentences of ..

We may modify the notation and terminology in an obvious way, so

that if £ = {A}, and I" = {0}, then
Th(2) = Th(K), Mod(o) = Mod(TI),

and these are respectively the theory of 2l and the class of models
of o. Then

Th(2A) = {0 € Sen(): AFE o},
Mod(o) = {2A € Stry: AFE o}.

For arbitrary subclasses IC of Str» and subsets I' of Sen(.¥), we now
have

Th(K) = (7] Th(), Mod(T) = (] Mod(0). (5.2)
AekC cel’

If 2 € Mod(T), that is, if 2 is a model of T", we may write
AET.

Then also*
Mod(T') = {A € Stry: AET}. (5.3)

An arbitrary theory is called a complete theory if, for every sen-
tence o of its signature, the theory contains either ¢ or its negation
-0, but not both.

Theorem 138. Let .7 be a signature.
1. The only theory of .7 that, for some o in Sen(.¥), contains both
o and —o is Sen(.?) itself, which is Th(2).
2. Every complete theory of .7 is Th(2) for some A in Str.y.

*We could also write K F o instead of ¢ € Th(K), so that Th(K) = {o €
Sen(.#): K E o}; but we shall not actually use this notation.
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3. The elementary classes of . compose a topology on Str .

Proof. 1. If T is a theory containing both ¢ and —o, then T" has no
models, and so 7" must be Th(2).

2. If T'is complete, then by the first part 7" cannot be Th(@), so it
has a model 2, and 7" C Th(2). Since T is complete, this inclusion
must be an equation.

3. By Theorem 112 (page 113), since

@ =Mod(3zx z # x), Mod(c)UMod(r) =Mod(cV 1),

the classes Mod (o) compose a basis of a topology on Str . O

5.3. Elementary equivalence

Given a signature ., in Str» we define
A =B <= Th(A) = Th(B).

The relation = is called elementary equivalence. If 2l and 5 are
isomorphic, then they are elementarily equivalent. We shall see that
the converse fails. Indeed, what makes model theory interesting is that
non-isomorphic structures can be elementarily equivalent. Meanwhile,
recalling the notion of topological indistinguishability from page 114,
we have the following.

Theorem 139. On Stry, the relation of topological indistinguish-
ability (with respect to the topology consisting of the elementary classes)
is just elementary equivalence.

5.3.1. Kolmogorov quotients

Suppose A and B are topological spaces, and f is a function from A
to B. Then f is called

e continuous, if f7![Y] is closed for every closed subset Y of B;

e closed, if f[X] is closed for every closed subset X of A.
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A homeomorphism is a continuous bijection with continuous inverse.
Letting ~ be the relation of topological indistinguishability on A, we
can give the quotient A/~ the quotient topology, so that a subset
{z~: 2z € X} of A/~ is closed if and only if its union (J,cy 2~ is a
closed subset of A.

Theorem 140. Let A be a topological space.

1. The quotient topology on A/~ is indeed a topology, even a Kol-
mogorov topology.

2. The quotient map x — x~ from A to A/~ is surjective, contin-
uous, and closed.

3. If B is a Kolmogorov space, and f is a continuous function from
A to B, then there is a unique function h from A/~ to B such
that, for all x in A, h(z™) = f(z).

Suppose now f is a surjective continuous closed function from A
to a Kolmogorov space B, and for every Kolmogorov space C' and
every continuous function g from A to C, there is a unique continuous
function h from B to C such that

g=holf.

See Figure 5.1. Then B is a Kolmogorov quotient of A with respect

A-2.¢C
4
/

I
L7 3

B

Figure 5.1.: Kolmogorov quotient

to f.

Theorem 141. If By and By are Kolmogorov quotients of A with
respect to fo and f1 respectively, then the unique homomorphism hg
from By to B such that fi = hgo fo is a homeomorphism onto By, its
inverse being the unique homomorphism hy from By to By such that

fo="hio f1.
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Proof. See Figure 5.2. The composition h; o hy must be the unique

m
BO ~— Bl
h1

Figure 5.2.: Two Kolmogorov quotients

homomorphism A from By to itself such that fo = ho fo. Since idp,
is such a homomorphism, we have

h1 o} ho = idBo .
By symmetry, hg o hy = idp,. OJ

By the theorem, any two Kolmogorov quotients of a space are equiv-
alent.

Theorem 142. If f is a continuous, closed, surjective function from
A onto B, and for all x and y in A,

z~y = f(z) = fy),
then B is a Kolmogorov quotient of A with respect to f.

Proof. Suppose f(x) and f(y) are topologically equivalent. Since f
is closed, we have = ~ y, and therefore f(x) = f(y). Thus B is
Kolmogorov. There is a well-defined map =~z — f(x) from A/~ to
B. This map continuous, closed, and surjective onto B; so it is a
homeomorphism onto B. O
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Stry <> Sen(.¥)
A—Th(2A)

So(-)

Figure 5.3.: Kolmogorov quotient of Str o

5.3.2. The space of complete theories

Let us denote the set of complete theories of .# by
So(<).

(The subscript 0 indicates that the formulas in a theory have no free
variables.) The following begins to resemble Theorem 113 (page 114):

Theorem 143. For every signature ., with respect to the relation €
between Sen(.7) and So(.¥),
1) the closed subsets of Sen(”) are precisely the theories of & ;
2) the closed subsets of So(.) compose a Hausdorff topology;
3) the map A — Th(2l) from Stry to So(.7) is a continuous surjec-
tion, and So(<) is a Kolmogorov quotient of Str.y with respect
to this map.

The situation of the theorem might be depicted as in Figure 5.3.

The Compactness Theorem is that the topology on So(.) is com-
pact. In fact we are going to be able to replace Sen(.¥’) with a Boolean
ring R such that So(-) is homeomorphic to Spec(R). But this will
take some work, which in one approach involves ultraproducts. The
Boolean ring will be best thought of as a Boolean algebra as developed
in the next section.
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5.4. Boolean Algebras

We showed in Corollary 80.1 (page 88) that, for any set €2, the power
set Z(Q) is the universe of a Boolean ring (£(Q2), @, A,Q,N). By the
Stone Representation Theorem (page 119), every Boolean ring embeds
in such a ring.

The structure (£(Q), &, Q,°,U,N) is an example of a Boolean alge-
bra. Here © is the singulary operation X — Q ~\ X.
5.4.1. Abstract Boolean algebras
Abstractly considered, a Boolean algebra is a structure

(B7 J—7—|—7_? \/7/\)7

meeting the following conditions.
1. The binary operations V and A are commutative:

tVy=yVuzx, TNy =yANx.
2. The elements 1 and T are identities for V and A respectively:
zV 1L =uw, AT =
3. V and A are mutually distributive:
xVynz)=(@xVy A(xVz), zA(yVz)=(xAy)V(zAz).
4. The element T is a complement of x:
xVIT=T, cANT = 1.

These axioms are symmetrical in the sense that, if (B, L, T,7,V,A) is
a Boolean algebra, then sois (B, T, L,”,A,V). Then the latter algebra
can be called the dual of the former. Just to give them names, we
may say that x V y is the join of x and y, and x A y is their meet.

The identities in the following theorem are sometimes given as ad-
ditional axioms for Boolean algebras; but Huntington [36, 35] shows
that the axioms above are sufficient.
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Theorem 144. In any Boolean algebra:

rVo=uz, rANr ==z, (5.4)
xVT =T, rANL=1, (5.5)
zV(zANy) =z, zA(xVy) =uz, (5.6)
I =ux, (5-7)

(5-8)

)

TNVYy=ITANYy, TNYy=xVYy,
);

(xVy)Vz=aV(yVz (xAy)ANz=zA(yAz). (5.9

Proof. By symmetry, it is enough to establish one of each pair of iden-
tities. We do this in turn. For (5.4) and (5.5), we have

zVrx=(xVz)ANT VT =(@VT)AT
=(@Vz)A(xV7IT) =(@VT)A(xVZI)
=z V(TAT) =z V(T AZ)
=xV 1l =zVZ
=z, =T,

and for (5.6) and (5.7),

xV(xAy)=(xAT)V(zAy) =

Il
8
>
-
<
>
Il
l_

Il
&

Il
8
>
o
<
LY

In showing (5.7), what we show is that the two complements of Z,
namely  and x, are equal. In the same way, any two complements of
an element of a Boolean algebra must be equal. We shall use this to
establish (5.8). First we establish a special case of associativity:

xV(@EVy)=TA(xV(ZVy)))
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so by uniqueness of complements we must have (5.8). Finally, let T
stand for (z Vy) V z, and U for 2V (y V z). Then

UVT=UV((ZAGYANE)=(UVE)AUVE)) AUV Z).
But the factors here are all T, since
Uvi=(xV(yVz)Vz=T,
Uvg=UVy AT

and likewise U V z = T. Thus
UVT=(TAT)AT=TAT=T.
Dually, UANT = L. Then U = T = T, that is, (5.9). O]
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Huntington shows also that each of the eight axioms for Boolean
algebras is logically independent from the others. He does this by
exhibiting, for each of the axioms, a structure in which the axiom
is false, but the remaining seven axioms are true. In each case, the
universe of the structure has two elements.?

5.4.2. Boolean operations

Theorem 145. Boolean algebras and Boolean rings are the same thing
in the following sense:
1. If A is a Boolean algebra (B, L, T,7,V,A\), and we define
r+y=(xAY)V(ZAy), (5.10)
then (B, L, T,4,A) is a Boolean ring R(2).
2. If R is a Boolean ring (B,0,1,+,-), and we define
zVy=x+y+xy, z=1+zx, (5.11)
then (B,0,1,7,V,) is a Boolean algebra A(R).
3. R(AR)) =R and A(R(A)) = 2.

Proof. 1. If the Boolean algebra (B, L, T,7,V,A) is given, then the
addition defined by (5.10) is obviously commutative. For associativity,
we compute

(x+y)+ 2
=(((zAg)V(@Ay))AZ)V((ZVY) A(@VY))AZ2)
— (@ AGAZDV(EAYADV(EAGAZ)V (T AYA 2),

which is symmetric in z, y, and z. Also x + x = 1. We already know
x Az =x. Then (B, L, T,+,A) is a Boolean ring.

?Huntington treats our two axioms of the complement as a single axiom, but
with the hypothesis that the identities are unique. This hypothesis can itself
be proved by 1" = L’V L = 1 and so forth. In our formalism, the universe
of a Boolean algebra is automatically closed under the operations V and A;
but Huntington treats this closure as two separate axioms. Finally, Huntington
requires Boolean algebras to have two distinct elements. Thus Huntington has
ten axioms for Boolean algebras, and he shows them to be logically independent.
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2. If the Boolean ring (B,0,1,+,-) is given, then the joining oper-
ation defined in (5.11) is obviously commutative. Also z V0 = z. For
distributivity, we have

(xVy)zVz)=(x+y+ay)(z+z+x2)
:x2+xz+x22+xy+yz+xyz+x2y+1:yz+x2yz
=r+xz+rz+ 2y +yYz+xyz + Yy + Yz + TYZ

=r+yz+xyz
=z V (yz),
while
Ty Vzz :xy—{—xz—l—xzyz
=xYy +xz+ Y2
=z(y+ 2z +yz2)
=z(yV z).
Finally,

tAET=x(1+z)=z4+2>=24+2=0,
zVi=z+1l+z+z(l+z)=1

Thus (B,0,1,7,V, ) is a Boolean algebra.
3. In A(R), we compute

(@-pV@-y =@ 1+y)V(l+z) y)
=(z+zy) VvV (y +zy)
=z+azy+y+azy+ (z+2y)(y+ zy)
=z +y,

so this is the sum of x and y in R(A(R)) as well. In R(2),

r4+y+(xAy)
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(( )
=(((zAg)V(@AY))ATAY) V(A V(ZAY) Az AY)
=(((zAg)V@EAY)IAN(EVY)VEVY) A@VY) AT AY)
=(((zAg)V(@AY))A(EZVY)V(zAY)
=((zAgAN(@EVY))VE@AYA(ZVY)))V(zAY)
= ( V(ZAY)V(zAY)

so this is the join of z and y in A(R(2)) as well. We finish by noting

T4+2=(TAZ)V(TAz)=ZV(LAz)=2ZV L=%. O

We now have, by the Stone Representation Theorem (page 119),
that every Boolean algebra embeds in the Boolean algebra Z2(Q2) for
some set ). A Boolean operation on &(f2) is just an operation on
2 () that is the interpretation of a term in the signature of rings or
Boolean algebras.

5.4.3. Filters
In Z(Q2) we have
XNY=X <— XCY «— XUuY =Y.

Then in an abstract Boolean algebra we can define an ordering < by
either of the equivalences

TANYy=2 <<= <Yy < zVy=y.

By Corollary 80.1 (page 88), A subset I of a Boolean algebra A is an
ideal of the corresponding Boolean ring if and only if

1lel,
xel & yel = xVvyel,
yel & r<y = z€l.
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By Theorem 87 (page 95), an ideal I of A is maximal if and only if
reAN] < z €l

By the De Morgan Laws (5.8), the operation x +— Z is an isomor-
phism from a Boolean algebra to its dual. A subset of a Boolean
algebra is called a filter if it is an ideal of the ring corresponding to
the dual algebra, or equivalently if its image under x — Z is an ideal
of the ring corresponding to the original algebra. Thus a subset F' of
a Boolean algebra A is a filter if and only if

T € F,
reF & yeFF — xNy€EF,
reF & x<y = yeF.

See Figure 5.4.

L

Figure 5.4.: A filter of a Boolean algebra

A maximal proper filter is called an ultrafilter.

Theorem 146. A subset U of a Boolean algebra A is an ultrafilter if
and only if

xelU & yelU = xNyelU, r€ANU = z el
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We may denote the set of all ultrafilters of A by
Sto(A).

This is called the Stone space of A, because of the following, which is
closer than Theorem 119 (page 119) is to the original form of Stone’s
theorem [57]. Given x in A, we shall use the notation

[] ={U € Sto(A): x € U}
(but this is not an equivalence class as on page 76).

Theorem 147 (Stone Representation Theorem for Boolean Algebras).
Let A be Boolean algebra.
1. The subset {[z]: © € A} of P2(Sto(A)) is a basis for a compact
Hausdorff topology on Sto(A).
2. The set {[x|: x € A} is precisely the set of clopen subsets of
Sto(A) in this topology.
3. The map = — [z] is an embedding of A in P (Sto(A)).

5.5. Logical equivalence

Given a signature ., in Sen(.¥’) we define
o ~7T <= Mod(c) = Mod(r).

The relation ~ is called logical equivalence. Logically equivalent
sentences are just sentences with the same models. We may use the
notation

o~ ={re€Sen(¥): 0~}
as on page 76. We also define
Ling(.¥’) = Sen() /~;

this is the set of logical equivalence classes o™ of sentences o of .7.
(Here Lin stands for Lindenbaum; see below.) In model theory, while
we are interested in the distinction between non-isomorphic structures
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Stry <~~~ Sen(.Y)
A—Th(2A) oo™

So(.F) <~ Ling(.%)

Figure 5.5.: Lindenbaum algebra

that are elementarily equivalent, we are not interested in the distinc-
tion between sentences that are different as strings of symbols, but are
logically equivalent. However, the distinction is essential to logic as
such. In any case, we can enlarge Figure 5.3 (page 143) to Figure 5.5.
We have not got a symbol for the induced relation

{(Th(A),c™): (A,0) € Stry x Sen(.) & AE o},
which is
{(T,07): (T,0) € So(-) x Sen(¥) & o €T},

between So(.) and Ling(.¥).

A sentence like 3x x # x with no models is a contradiction; A
sentence like V& © = x of which every structure is a model is a validity.
In the next theorem, we use the symbols

1, T

to denote a contradiction and validity, respectively. The notion of a
congruence on an algebra was defined on page 77.

Theorem 148. For every signature .7, the relation .7 of logical equiv-
alence is a congruence on the algebra

(Sen(.7), L, T, =, V, A).

The corresponding quotient algebra is a Boolean algebra.
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Proof. Suppose o0 ~ o1 and 7 ~ 1. Then o V7 ~ 01 V 711, because

AEFEoVT <— AFoc OR AFT
<= AEFEo; OR AET
<— AEFE o1 V1.

Similarly -0 ~ —o; and ¢ AT ~ o1 A 1. Thus ~ is a congruence-
relation. The quotient algebra is a Boolean algebra because o V 7 ~
7V o and so forth. O

The Boolean algebra of the theorem is called the Lindenbaum
algebra of sentences of .#, “in memory of a close colleague of Tarski
who died at the hands of the Nazis” [31, p. 319]. In Ling(.¥), we
now have ¢~ < 77 if and only if the sentence o = 7 is a validity, or
equivalently

AFo = AET.

If T is a theory of ., and .¥ € T', and . ~ 7, then 7 € T'; thus
{reSen(S):o~71}={r€T:0~71}

In particular, the quotient 7'/~ is a subset of Sen(.7)/~.

If now 7 is a topology on a set B, and A C B, then {ANF: F €1}
is a topology on A, namely the subspace topology, and as being
equipped with this topology, B is a subspace of A. In this case, B is
dense in A if every nonempty open subset of A contains a point of B.

Theorem 149. For every signature .7,
1) for every theory T of 7, the quotient T/~ is a filter of Ling(-”);
2) for every complete theory T of .7, the quotient T/~ is an ultra-
filter of Ling(.%);
3) the map T w— T/~ from So(”) to Sto(Ling(.¥)) is a homeomor-
phism onto its image;
4) this image is dense in Sto(Ling(”)).

Proof. To establish density of the image of So(¥) in Sto(Ling(.¥)),
we note that every nonempty open subset of Sto(Ling(.#)) includes
[0™] for some o that is not a contradiction; but then o has a model
2(, and so [¢"~] contains Th(2l). O
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Stry <~tos Sen(.¥)
Qll—)Th(Ql) o—oa™
So(#) =<~~~ Ling(.¥)

T—T/~

Sto(Ling(.#))

Figure 5.6.: Stone space of Lindenbaum algebra

We can enlarge Figure 5.5 to Figure 5.6.

Corollary 149.1. For every signature ., the following statements
are equivalent:

e So(.7) is compact.
o The image of So(-) under T'— T/~ is Sto(Ling()).
e This image is a closed subspace of Sto(Ling(.)).

Proof. All closed subspaces of a compact space are compact. The only
dense closed subspace of a topological space is the whole space. In a
Hausdorff space, all compact subspaces are closed. O

We shall therefore be able to understand the Compactness Theorem
as any one of these three equivalent statements. However, we cannot
prove the Compactness Theorem itself without more work. So far, all
we have used for our theorems is that Str.» is a class M, and Sen(.)
is the universe of an algebra (S, L, T,—,V,A), and F is a relation from
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M to S, where for all Ain M, and all s and ¢ in S,

AF 1, AET,
AFE s < AFEs,
AEsVt < AFs OrR AFEt,
AEsAt < AEs & AF Lt

Hence for example we can replace Stry with an arbitrary subclass.
In particular, for each non-contradictory o in Sen(.¥’), we can choose
(using the Axiom of Choice) a model 2, of o, and then we can replace
Str o with {,: 0 € Sen(.)}. The relation ~ of logical equivalence
will be unchanged; but possibly not every element of Sto(Ling(-%)) is
Th(,) for some o.

5.6. Definable relations

We are usually interested in Mod(T') for particular theories T of a
signature .. One way to study this is to study the definable relations
of models of T'. Suppose 2l E T', and ¢ is an n-ary formula of .¥. Then
the subset

{ae A™": AF p(a)}

of A™ is said to be defined by ¢ and can be denoted by one of
", ().

This set is then a 0-definable relation of 2. If B C A, and ¢ is a
formula of .%(B), then ¢ is a B-definable relation of 2.
If o is a sentence, then o® € {0,1}, and

=1 < AkEo.

We can then extend the notion of logical equivalence to arbitrary for-
mulas ¢ and 1 of . having the same free variables: these two formulas
are logically equivalent, and we write

o ~ 1,
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if for all 2 in Str o,
o =, (5.12)

If V is a finite set of variables, we may denote by
Fmy (%)
the set of formulas ¢ of . such that fv(¢) = V; then we let
Liny () = Fmy () /~.

Then Liny (%) is the universe of a Boolean algebra, just as in Theo-
rem 148 (page 152). Alternatively, if a bijection i — v; from n in w
to V is understood to have been chosen, we may replace the subscript
V with n.

Further modifications are possible. If T" is some theory of ., we say
that ¢ and ¢ are equivalent in 7' (or modulo T, or with respect to
T) if (5.12) holds for all 20 in Mod(T"). Then we obtain the algebras
Lin, (7).

5.7. Substructures

A formula is quantifier-free if neither of the symbols 3 and V occurs
in it. There is a recursive definition of the quantifier-free formulas:
just delete condition 4 from the recursive definition of formulas on
page 136. If 2 is a structure of signature ., then the diagram of A
is the set

diag(2()

of quantifier-free sentences of .#’(A) that are true in 2[. Now we can
give a variation of Theorem 136 (page 136):

Theorem 150. Suppose A and B are in Str, and h: A — B. The
following are equivalent:

1. h is an embedding of 2 in ‘B.

2. For all quantifier-free formulas ¢ of .7, for all a in Avar(e)

AE pla) = BE p(h(a)).
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9. For all quantifier-free formulas ¢ of .7, for all a in AV (®)

AEp(a) <= BFEp(h(a)). (5-13)
4. When B* is the expansion of B to ./ (A) such that, for each a
m A,
a®" = h(a),
then

B* E diag(A).

For the theorem, it would be enough to define diag(2l) to consist
of the atomic and negated atomic sentences of .#(A) that are true in
2A; and indeed sometimes this is the definition used. We shall use the
following in proving the Compactness Theorem by Henkin’s method
(page 168).

Corollary 150.1. Suppose A and B are in Stry. If B expands to a
model B* of diag(2l), and every element of B is a®" for some a in A,
then

A =95,

and indeed a — a®" is an isomorphism from U to B.

A theory T of . is axiomatized by a subset I' of Sen(.”) if T' is
the closure of I', that is,

T = Th(Mod(I"));

equivalently, every model of I is a model of T.

If 2 is a structure of signature ., then, by the last theorem, the
class of structures of .#(A) in which 24 embeds is elementary, and its
theory is axiomatized by diag(2). However, the class of structures of
. in which 2 embeds is not generally elementary.

A universal formula is a formula of the form

Voo - Yon-1 @, (5-14)
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where ¢ is quantifier-free. The universal formula in (5.14) might be
abbreviated as
YV .

If T' is a theory, then we denote by
Ty
the theory axiomatized by the universal sentences in T'.

Lemma 13. For every theory T, the theory Ty is included in the theory
of substructures of models of T', that is,

ACB & BET = AET.

Proof. Suppose 2l C 9B, and B F T', and ¢ is quantifier-free, and V& ¢
is in 7. For every a in A™®) we have a € BV so0 B F ¢(a) and
therefore, by the last theorem, A F p(a). Thus A F Va ¢. O

The converse is given in Theorem 176 on page 192 below.

In Theorem 150, if (5.13) holds for all formulas ¢ of . and all a in
Avr (@) then h is called an elementary embedding of 2 in 8. In
this case, if A C 9B, and h is the inclusion of A in B, then 2 is called
an elementary substructure of 95, and we write

A< PB.

The structures in which 2l embeds elementarily are precisely the reductsj
to . of the models of Th(2(4).

A theory T of a signature . is called model-complete if for all
models 2 of T, the theory of .”(A) axiomatized by T" U diag(2) is
complete.

Theorem 151. A theory T is model-complete if and only if, for all A
and B in Mod(T),
ACH — A B.

Proof. Each condition is equivalent to the condition that, for all mod-
els A of T, T'U diag(2) axiomatizes Th(24). O
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The Lowenheim—Skolem Theorem below is a generalization of the
theorem published by Léwenheim in 1915 [45] and improved by Skolem
in 1920 [56]: a sentence with a model has a countable model. Skolem’s
argument uses what we shall call the Skolem normal form of the given
sentence; we shall discuss this in §8.6 (page 212). Meanwhile, an ex-
ample of a sentence in Skolem normal form is

Vedyz Ry,

where R is a binary predicate. If this sentence has a model 2, then,
by the Axiom of Choice, there is a singulary operation z — z* on A
such that, for all b in A,

AEbL R

Given b in A, we can define (bg: k € w) recursively by
bo = b, b1 = bi™.

Then {by: k € w} is countable and is the universe of a substructure
of 2 in which Vz Jy z R y is true. Our own proof of the general result
will follow the lines of Skolem’s idea. But we shall use the following
theorem in order to be able to work with arbitrary sentences. We shall
use the idea of the theorem in proving the Compactness Theorem by
Henkin’s method (page 168).

Theorem 152 (Tarski-Vaught Test). Suppose A C B, both having
signature .. Then A < B, provided that, for all singulary formulas

¢ of S (A),
BEIrp = for somecin A, BF ¢(c),

that 1is,
WP AP = PNA+WD.

Proof. Under the given condition, we show by induction that for all
formulas ¢ of .7, if a € AN then

AFE pla) <= BE p(a).
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This is given to be the case when ¢ is atomic (or more generally
quantifier-free), and it is easily preserved under negation and conjunc-
tion. Suppose it holds when ¢ is a formula . By hypothesis, for all
a in AVGY) the following are equivalent:

B E (Jy ¥)(a),
for some b in A, B F ¢} (a),
for some b in A, A F ¢ (a),

AFE (Jy¥)(a).

This completes the induction. O
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6. Compactness and tos$’s Theorem

In a signature ., if I is a set of sentences whose every finite subset
has a model, we shall show that I" itself has a model. This will be the
Compactness Theorem.

The Compactness Theorem for countable signatures was obtained
by Godel in his doctoral dissertation and published in 1930 as a kind
of corollary [24, Thm X, p. 590| of his Completeness Theorem, which
we shall take up in Chapter 8 (page 197). According to Chang and
Keisler [8, p. 604|, Malcev established the Compactness Theorem for
arbitrary signatures in 1936; but in Hodges’s estimation [31, p. 318],
the statement and proof had “shortcomings.”

Henkin gave a new proof of the Compactness Theorem in his own
doctoral dissertation and published it in 1949 [28, 30]. An alternative
proof by means of wltraproducts was published in 1962/3 by Frayne,
Morel, and Tarski |19, Thm 2.10, p. 216].* It is these two proofs that
will interest us here.

6.1. Construction of elementary substructures

First we establish a result that does not rely on the Compactness
Theorem, but does use the Axiom of Choice.

Theorem 153 (Downward Lowenheim—Skolem). By the Aziom of
Choice, for every signature .7, for every structure B of ., for ev-
ery subset X of B, there is a structure 2 such that

A<B,  XCA Al < max(|X],]7], w).

Proof. Suppose Y C B. By the Axiom of Choice, there is a bijection

* Apparently this proof was announced in 1958. For this and other historical notes
on the ultraproduct method, see the introduction to [19] and its correction [20].
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¢ = by, from Fmy,, (7 (Y)) to B such that, for all ¢ in Fmy,, (- (Y)),
B E 3z o= p(by,).

If a € B, and ¢ is the formula x = a, then b, = a. Thus, when we
define
V! ={by: ¢ € Fm,y (L (Y))},

we have Y C Y’. Then
Y| < max(Y1], 7], w).
Now we can define (X,,: n € w) recursively by
Xo =X, X1 = Xy,

and we can let

A= UXn.

new

By considering formulas Fx = y, we see that A is the universe of
a substructure 2 of 2B. It is of the required cardinality, and by the
Tarski—Vaught Test, it is an elementary substructure of 8. 0l

In the theorem, if max(|S|,w) < |X]|, then |A| = |X|. The proof of
the theorem does not use cardinalities as such, but makes essential use
of the Axiom of Choice, and by this, all sets have cardinalities anyway.
The “upward” version of the theorem occurs on page 191.

6.2. Models from theories

Recall from page 139 that a theory of a signature . is just the set T" of
sentences of . that are true in each of some given class of structures
of .. In this case, by Theorem 149 (page 153), the set {o™~: o0 € T'} of
logical equivalence classes of elements of T is a filter of the Lindenbaum
algebra Ling(.%).

IfI' C Sen(.¥), and every finite subset of I" has a model, then the set
{07~ : 0 € T'} generates a proper filter of Ling(.). In this setting, the
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Compactness Theorem is that every such filter is {¢~: 0 € Th(K)}
for some class K of structures of .7.

Thus the Compactness Theorem is the converse of the theorem that
T/~ is a filter when T is a theory (Theorem 149, page 153). However,
we shall not use this formulation in our first proofs. Given a set of
sentences whose every finite subset has a model, we just want to show
that the whole set has a model.

Suppose I' C Sen(.¥), and I' does have a model. By the Downward
Léwenheim—Skolem Theorem, I has a model of size no greater than
max(|.|,w). Let A be a set of new constants of size max(|.-7], w).
Then we can find a structure B of ¥ (A) that is a model of T" and
whose every element is the interpretation of a closed term of .7 (A).
(For example, every element of B could be a® for some a in A.) Let
T = Th(B). If C is the set of closed terms of .#(A), and E is the

equivalence relation on C' given by
tEu < (t=u)eT, (6.1)

then there is a well-defined bijection t/E + t® from C/E onto B.
Then B is determined up to isomorphism by 7'; we may say B is a
canonical model of 7'

Thus, if we are going to be able to prove the Compactness Theorem
at all, then, given a subset I' of Sen(.#) whose every finite subset has
a model, we must be able to embed I' in a theory with a canonical
model; and the signature of that theory can be .7 (A), where |[A| =
max(|.7], w).

An arbitrary complete theory need not have a canonical model.

Theorem 154. A complete theory T of a signature ¥ has a canonical
model if and only if, for every singulary formula p(z) of .7, for some
closed term t of .7,

Fzxp)eT = o(t)eT. (6.2)

Proof. Suppose T has a canonical model B. If (3z ¢) € T, then
B F 3z ¢, so for some b in B, B F ¢(b). But then b = t¥ for some
closed term t of .7, so B F ¢(t) and therefore p(t) € T
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Suppose conversely (6.2) holds for all singulary ¢(z) of .. Since T’
is a complete theory, it is Th(91) for some structure M of .. Let C
be the set of closed terms of .# and let B = {t™: ¢ € C}. Then B
is the universe of a substructure B of 91, and moreover B < 91 by
the Tarski-Vaught Test (page 159). Then B is a canonical model of
T. O

The following theorem can be seen as a combination of Hodges’s |31,
Thms 2.3.3 & 2.3.4, pp. 44—6|. Hodges refers to the set T" of sentences
in the theorem as a Hintikka set, because of a 1955 paper of Hintikka.
According to Hodges, “equivalent ideas appear in” a 1955 paper by
Beth and a 1956 paper by Schiitte.

Theorem 155. Let . be a signature, and suppose T is a subset of
Sen(.) such that
1) every finite subset of T has a model;
2) for all o in Sen(.”), either o or —o is in T';
3) for all singulary formulas p(x) of #, for some closed term t of
<, (6.2) holds.
Then T s a complete theory with a canonical model.

Proof. Let T be as in the hypothesis. It suffices to show that T has
a model B, since in this case 7" must be the complete theory Th(®8),
and T will have a canonical model by the previous theorem. In fact
the model B that we find will be a canonical model.

If, for some n in w, the sentence

og N+ NOop_1 = 0op,

of . is a validity, then the finite subset {0y, ..., 0n—1, 70, } of Sen(.¥)
has no model, and therefore

{Ug,...,an_l}gT = o, €T.

In case n = 0, this means T contains all validities. For instance, for
all closed terms ¢ of .7 (A),

(t=t)eT. (6.3)
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Also, for all formulas ¢ of ., for all closed terms s, and t, of .¥
(where x ranges over fv(y)),

{so=ta:zetv(p)}U{p(sp:zetv(p)} CT
= ¢(tz: z€fv(p)) €T. (6.4)
In particular, for all closed terms s, ¢, and u of .#,
(s=t)eT = (t=s)€T, (6.5)
{s=t,t=u}CT = (s=u)eT. (6.6)
We now construct the desired model B of T'. The argument will have
these parts:
1. The definition of B.
2. The definition of F® for operation symbols F of ..
3. The definition of R® for predicates R of ..
4. The proof that B E ¢ for all atomic sentences o in T.
5
1.

. The proof that B E T.
By (6.3), (6.5), and (6.6), the relation F given by

tEu < (t=u)eT

is an equivalence relation on the set C of closed terms of .. Now we
may define B = C'/E. In general, if ¢ is an element (to,...,t,—1) of
C™, we may use the notation

t/E = (to/E,... ta1/E).

2. Given an n-ary operation symbol F' of . for some n in w, given
t in C™, we want to define

F3(t/E) = (Fto--to1)/E.

This is a valid definition, since if s/F = t/FE, then T contains the
equations

to=s0, ..., tph1=8p-1, Fto---typ1=Ftg---tn 1,
so that, by n applications of (6.4), T' contains the equation
Fto. . 'tn—l = FSO"'STL—]_-
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3. Next, given an n-ary predicate R in . for some n in w, we want
to define R® by the rule

t/E e R® < (Rty---t,1) €T; (6.7)

but again we must check that this definition is good. We are free to
make the definition

R% = {t/E: (Rto e 'tn—l) € T};
but to have (6.7), we must have
t/E: S/E & Rty--tp,_1€T — (RSO"‘Sn_l) eT.

We do have this by (6.4).
4. For all atomic sentences o of ., we show

BEo < ocel. (6.8)
If o is an equation s = t, then
BEog = s°=tF < sEt «— oeT,
while if o is Rty -+ -t,_1, then
BEo < tPcR® < t/FecR® — oceT.

5. Since for all sentences o and 7 of .77,

ol < -0 ¢T,
{o,7} CT = oATET,

and for all singulary formulas ¢ of .7,
drpeT <= forsometin C, ¢(t) €T,

we can conclude that (6.8) holds for arbitrary sentences o of .. In
particular, B E T. O

166 6. Compactness and Los’s Theorem



AC

Given a set I' of sentences of .¥ whose every finite subset has a
model, we shall embed I' in a set T" as in the last theorem in two
different ways, by the Henkin method and the ultraproduct method.
These methods differ specifically as follows.

The Henkin method. If A is a set of new constants, then by
Zorn’s Lemma, there will be a maximal subset T' of Sen(.#(A)) such
that

i) I CT,

ii) every finite subset of 7" has a model, and

iii) For every singulary ¢(z) of .#(A), for some closed term t of

7 (A), (6.2) holds.

If, further, |A| = max(|.”|, w), then T" will satisfy the remaining hy-
pothesis of the last theorem. In case . is countable, then 7' can be
found, without using the Axiom of Choice, by listing the sentences of
#(A) and deciding, one by one, whether a sentence or its negation
should belong to T'. Alternatively, 7'/~ can be found through the
compactness of the Stone space of the Lindenbaum algebra of (logical
equivalence classes of ) sentences of an appropriate signature.

The ultraproduct method. For every finite subset A of I', using
the Axiom of Choice if necessary, we pick a model Aa of A. The
universe of each A being Aa, we let

A= H An.

AP, (T)

Considering A as a set of new constants, we expand each Aa to a
structure Ax* of ¥ (A) by defining, for each a in A,

a2a" = an.
i) Letting % be an ultrafilter of 2(2(I')), we define
T ={ceSen(S(A): {Ae P,T): An*F o}t eU}.

Then T will be a complete theory with a canonical model; such
a model is called an ultraproduct of the structures 2Ax*.
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ii) If, further, % is chosen so as to contain every subset
{Ae Z,u(): 0 € A}

of Z4(T'), where o € T, then we shall have I' C T'.
We now work out the details.

6.3. Henkin's method

The following does not require the Axiom of Choice.

Theorem 156 (Countable Compactness). Suppose . is a countable
signature, and I' is a set of sentences of . whose every finite subset
has a model. Then I' has a model.

Proof. Let A be a set {a,: n € w} of constants not belonging to
. It is possible to define a surjective function n — o, from w to
Sen(.(A)). We shall recursively define a function n — I', from w
to Z(Sen(.7(A))) such that the union (J,c, I'n is a theory T' as in
Theorem 155.
We start by letting
T'p=T.

Then every finite subset of I'y has a model. Suppose I';, has been
defined so that

1) it is the union of I'y with a finite set, and

2) its every finite subset has a model.
Note that this is indeed the case when n = 0. If it is the case for some
n, then one of I'), U {oy,} and I';, U {—0,} has the same properties.
Indeed, only the second property could fail. If T',, U {o},} does not
have the property, then for some finite subset A of '}, there is no
model of AU {o,}. Thus in every model of A, the sentence —o,, is
true. If © is another finite subset of I';,, then A U © has a model, and
this will also be a model of ©® U {—=c}. Thus I'y, U {—o} is as desired.
In any case, we define I'), 1 as follows.

o If the set I';, U{—0,,} has the two desired properties, we let ', 41

be this set.
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e Suppose I'),U{—0,} does not have the properties, so that I',,U{c}
must have them.
— If o, is not existential, we let ', = Ty, U {0, }.
— If oy, is dz ¢ for some formula ¢, we let

FnJrl =I,U {Ell' 90} U {@ﬁk}, (6'9>

where k is the least ¢ such that ay, does not occur in any
sentence in I'y, U {3z ¢}. Since this set is assumed to be
finite, such ¢ exist.
Then I';,+1 has the desired properties that I';, is assumed to have.
By induction, all I';, do have the properties. We can now let

T = Urn.

new

If {70,...,7n—1} is a finite subset of T, then each 75 belongs to some
I'(x), and so they all belong to I'yax{f(k): k<n}, and therefore they
have a common model. In short, every finite subset of 7" has a model.
Also, for all sentences o of . (A), either o or = is in T'. Finally, by
construction, if 3x ¢ is in T, then ¢? is in T for some constant c. Thus
Theorem 155 applies, and so 7" has a model. In particular, this model
is a model of T'. O

In a variant of the foregoing proof, Theorem 155 is not used as it is.
We first assume that there is no finite bound on the sizes of models of
finite subsets of I'. Then we let 'y = T'U{a; # aj: i < j < w}. We
obtain I';, 41 from I'), as before, except that, if we make the definition
(6.9), then we have let k be the least ¢ such that ay does not occur in
any sentence in (I'y, U {3z ¢}) \ T'o. We define T" as before, but now
we can obtain a model of T" whose universe is just A.

In this alternative approach, The remaining case is handled differ-
ently. Suppose I has a finite subset Ag such that there is a finite upper
bound on the size of models of Ag. Since I' is countable, we can form
a chain

AgC A CAC---
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of finite subsets of I' whose union is I". Then there is a corresponding
chain

SN CHC-

of finite signatures such that A, C Sen(.#,,) for each n in w. For each
n in w then, there are only finitely many nonisomorphic structures of
.7, that are models of A,. We may assume that the universe of each
of them is a von Neumann natural number. As n varies, these models
of A, are (partially) ordered by the relation of being a reduct. That
is, if m < n and A E A,,, while B E A,

A<D <= A=DB | S,.

With this ordering, these structures compose a tree in the sense of
page 211. The tree is an infinite w-tree, so by Konig’s Lemma (Theo-
rem 189, page 212) it has an infinite branch; the union of this branch
is a model of I'.

Still without using the Axiom of Choice, we can obtain Compactness
for an uncountable signature, provided the signature itself is given to
us as being well ordered (otherwise we can apply the Well Ordering
Theorem, page 98, which uses the Axiom of Choice).

Theorem 157 (Well Ordered Compactness). Suppose . is a signa-
ture {sq: a < K} for some cardinal K, and T' is a set of sentences of
. whose every finite subset has a model. Then I' has a model.

Proof. Let A be a set {an: @ < k} of constants not belonging to
<. It is possible to define a surjective function a — o, from w to
Sen(.(A)). We shall recursively define a function o — I'y, from w to
P(Sen(.7(A))) such that the union (J,, ¢, I'n is a set T" as in Theorem
155. Suppose, for some a such that o < k, a subset I'g of Sen(.”(A))
has been defined whenever 8 < « so that

7<B<a = TI,Clg,

and also, whenever 3 < «, the set I'g is a subset A of Sen(.#(A)) such
that
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1) |[ANTy| <k, and
2) every finite subset of A has a model.
Then one of the two sets

U Ts U {os}, U Tsu {05}

B<a B<a

is also such a subset A of Sen(.#(A)). Now we can obtain Iy, from
U5<a I'g, just as before we obtained I',, 1 from I', in the previous
proof. O

As we observed above (page 163), a more algebraic formulation of
the Compactness Theorem is that every filter of Ling(.%) is T/~ for
some theory T'. To prove this, by the Boolean Prime Ideal Theorem,
it is enough to show that every ultrafilter is 7'/~ for some complete
theory T. We can proceed as follows, using Theorem 149 (page 153)
and its corollary.

Theorem 158 (Compactness). By the Boolean Prime Ideal Theorem,
for all signatures .7, the map injective map T — T/~ from So(7) to
Sto(Ling(.¥)) is surjective.

Proof. Suppose T is a subset of Sen(.#) such that
{07 0 €T} € Sto(Ling(-¥)).
We want to show I' has a model 2, since in that case
Th(A)/~={c":0 €T}

Let A be a set of constants not in .. It will be enough to embed
I' in a subset of Sen(.(A)) that satisfies the hypothesis of Theorem
155 (page 164). Such a subset of Sen(.#(A)) is precisely a set {0 €
Sen(.#(A)): 0~ € %}, where % is an element of Sto(Ling(.#)) that

belongs to the intersection

N <[(ﬁ3w oo [@(C)W) N~ (6.10)

pEFm,3 (S (A)) ceA
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Suppose there is an embedding ¢ + ¢, of Fmy,y (7 (4)) in A. Then
by the compactness of Sto(Ling(.#(A))), we have

N (B2 ¢ = @(cp))™1N [()I0™] # 2;

peFm,) (S (A)) oel

but the intersection here is a subset of the intersection in (6.10). Thus
it is enough to define A as (J, .., Ax, where

Ay = &, A12{0<p5 @EFm{I}(fﬂ)},
and

Apyo = {cp: ¢ € Fimpy (F (A1) N Fmgy (7 (Ag)) } - O

Thus the Compactness Theorem as such needs only the Boolean
Prime Ideal Theorem. We shall prove the converse as Theorem 168

(page 184).

6.4. Products

The following can be proved as a consequence of Theorem 158 and the
Tarski-Vaught Test (page 159). But it is also just a reformulation of
Theorem 155 (page 164).

Theorem 159. Let .¥ be a signature, and suppose T is a subset of
Sen(.) such that
1) {0~: 0 €T} € Sto(Ling(¥));
2) for all sentences o and T of ., ifc €T and o ~ T, then T € T';
3) for all singulary formulas o(x) of 7, for some closed term t of
<, (6.2) holds.
Then T s a complete theory with a canonical model.

We now establish what amounts to a special case of this. Supposing
</ is an indexed family (2(;: i € Q) of structures with a common
signature ., we let

A=1]J A (6.11)

1€Q
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An element (a;: i € w) of A may be written just as a. Understanding
A as a set of new constants, we can expand each 2; to a structure 2(;*
in the signature .’(A) so that, for each a in A,

a™ = a. (6.12)
Given o in Sen(.(A)), we define
o]l = {i € Q: A" Eo}.

We combine the 2; into a single structure as follows. The usual refer-
ence for the theorem is Lo$’s 1955 paper [44], although the theorem is
not given clearly there.

Theorem 160 (Los’s Theorem). Suppose <7 is an indexed family
(Qli: 1€ Q)

of nonempty structures of ., and A is as in (6.11). Let % be an
ultrafilter of 22(Y). There is an equivalence relation E on A given by

aFb < |la=b|y €.

By the Aziom of Choice, there is a structure B of . (A) with universe
A/E, such that, for all a in A,

a® ={be A:a Eb},

and for all o in Sen(.7(A)),

BFo = |oflsc%. (6.13)
Proof. We have
lo ATller = llolla N lI7lle, (6.14)
=0l =2\ o] (6.15)
Let
T ={o € Sen(S(A)): ||o||ls € %}. (6.16)
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By Theorem 146 (page 150), T/~ is an ultrafilter of Ling(.#(A)), since

ceT & 1€l = |olg €% N|7||x €%  |by (6.16)]

= |lollo Nl7lls € % [by Thm 146]
= |oAT|ls €X [by (6.14)]
= oATET [by (6.16)]

and

geSen(L(A)NT <= |o|lo € Q)% |by (6.16)]

— QN oo €% [by Thm 146]
& ||-ollo €% [by (6.15)]
& —oeT [by (6.16)].

Moreover, for every ¢ in Fmy,,(#(A4)), by the Axiom of Choice, we
can find @ in A such that, for each 7 in 2,

WEIxy <—= A F 1/)(&2) (6.17)
Then
13z Yl = llY(a)]l,
so T is as in the previous theorem. O

The structure 8 found in the theorem is an ultraproduct of the
indexed family o7 or (2;: ¢ € Q) and can be denoted by one of

[[e/%. [T2/% . (6.18)

1€Q
We may also denote an equivalence class {b € A: a E b} by
a/u .

If % is merely a filter of 22(Q2), the quotient in (6.18) is still defined,
but is called a reduced product of the indexed family.
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In the proof of Log’s Theorem, we need the Axiom of Choice only
in the last step, involving quantifiers. If the ultrafilter % is principal,
namely {X € Z(Q): i € X} for some i in Q, then B = 2,;*. Thus
Lo$’s Theorem by itself does not imply even the Boolean Prime Ideal
Theorem. However, these two theorems together imply the Axiom of
Choice (Theorem 171, page 188).

Meanwhile, we can formulate the Compactness Theorem as a weaker
version of Lo§’s Theorem (with the Boolean Prime Ideal Theorem):

Theorem 161 (Compactness). Suppose I' is a set of sentences of a
signature ., and every finite subset A of I' has a model Ax. Let

o = (An: A € Py(I)), A= J] Aa
AePy(T)

There is a complete theory of ./ (A) that includes T, namely
[0 € Sen(:#(A)): ol € %},
where % is an ultrafilter of (P (1)) that contains each of the sets
{A e Zy(): 0 €A},
where o € I

Proof. The indicated theory is the theory of the ultraproduct [ &/ /% .
O

6.5. Cardinality

By the theorem below, a non-principal ultrapower € of a countably
infinite structure 2 is uncountable. By the Downward Lowenheim—
Skolem Theorem (page 161), in a countable signature, there will then
be a countable structure 28 such that

A=<B <C.
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Indeed, B may be chosen to include A U {z} for some z in C' \ A.
Even though 2l is then a proper substructure of 93, these two may be
isomorphic. However, this is not the case when 2 is (N, +,-). Thus
countable non-standard models of arithmetic exist. A more illuminat-
ing construction of such models is given in §7.7 below.

The following is a special case of [31, Thm g.5.4(a)| (and is said to
be found in Frayne, Morel, and Scott [19]?).

Theorem 162. For all signatures .7, for all A in Str.», for all singu-
lary formulas ¢ of L (A), for all non-principal ultrafilters % of 2 (w),

w < [p@)] = |pA®/7)] = ().

In particular, if A is countable, then all infinite definable relations of
AL /9 have the cardinality of the continuum.

Proof. Suppose a € A® and a/% € o(A¥ /% ). then by Los§’s Theorem

le(a)lls € %.

Then we may assume ||¢(a)||z = w. That is, we can find o’ in p(A)®
such that a/% = da'/% . By the Axiom of Choice then, there is an
injection a/% + a' from p(AY /%) to @(A)®. This shows

lp(AC /% )] < ()]

For the reverse inequality when ¢(2() is infinite, it is enough to find a
function a — a* from p(A)® to itself such that

a#b = o /U |,

so that a — a*/% will be an embedding of p(2A)“ in p(AY/%). We
want

a#b = |a* #b| s €X.

I have a printout of this article, but have not sorted through all of its many basic
results to find this one. It should be noted that the article has a correction’
[20], which merely refines the account of Tarski’s contribution to the subject
(as well as taking some of the credit away from Frayne).
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Now, a # b means a,, # b, for some m in w. For each m in w, we
have w ~m € % . Thus it is enough if

am # by, = w~mC|a" # b,

that is,
m b & m<n = a*, #b",. (6.19)

For this, it is enough if, for each n in w, a*n is an injective function of
(ag,--.,an). So let u, be an injection from ¢(A)" ! to ¢(A) (which
exists because p(2l) is infinite), and define

a*n = pun(ao,...,a;). d

Let us try to generalize this argument, replacing w with an arbitrary
infinite index-set 2. Instead of elements m and n of w, we work with
elements ¢ and j of 2. We replace the element w ~\ m of the ultrafilter
of Z(w) with some element X; of the ultrafilter of Z2(£2). The old
condition m < n is now j € Xj, so that (6.19) becomes

ai#bi &]GX@ — a*j;éb*j,

and (ao,...,an), which is (an,: m < n), becomes (a;: j € X;). So a*;
should be an injective function of this. As before, it is enough if the
sets

{ieQ:jeX;}
are finite. An ultrafilter of Z(Q) is called regular if it has such
elements X; for all ¢ in €.

Theorem 163. There are regular ultrafilters of 2 () for every infi-
nite set ).

Proof. Let Q be an infinite set. Then (2 is equipollent with Z2,,(€2). So
it is enough to show that there are regular ultrafilters of Z2(Z(Q2)).
To do this, if i € 2 (€2), we need only define

Xi={j € Pu(Q):iC )
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Since X; N X; = Xju;, the X; do generate a filter of Z(Z,(€2)). The
filter is proper, since ¢ € X;, so none of the X; is empty. Moreover,

{ie Z2u(Q):jeX;}={ie Pu(Q):iCj}=2(j),

which is finite. So there are regular proper filters, and hence regular
ultrafilters, of Z(Z,(QQ)). O

Hence, in Theorem 162, w can be replaced with an arbitrary infinite
set.

6.6. Convergence of ultrafilters

There are a number of equivalent formulations of the definition of
compactness of a topological space.3 We shall use one of them to
understand Lo§’s Theorem (Theorem 160, page 173) more clearly as
being a refinement of the Compactness Theorem (as Theorem 161,
page 175), given the model theory of the previous chapter (and in
particular the Tarski—Vaught Test (page 159).

In a topological space, an open neighborhood of a point is an open
set that contains the point. Then a neighborhood of the point is a
set that includes an open neighborhood of the point. For an arbitrary
set ), a filter on the set Q is just a filter of the Boolean algebra

Lemma 14. The set of all neighborhoods of a point of a topological
space is a proper filter on the space.

A filter on a topological space

e clusters at a point of the space if the union of this filter with
the filter of neighborhoods of the point generates a proper filter
(that is, every set in the former filter has nonempty intersection
with every set of the latter filter);

3See for example Willard [62, Thm 17.4, p. 118].

178 6. Compactness and f.0$’s Theorem



e converges to a point of the space if the filter includes the filter
of neighborhoods of the point.

A point where a filter clusters is a cluster point of the filter.

A cluster point of a filter need not belong to the intersection of the
filter. For example, in R, every point of the interval [0, 1] is a cluster
point of the filter generated by (0,1).

The closure of a subset of a topological space is the smallest closed
set that includes the subset.

Lemma 15. A cluster point of a filter belongs to the closure of every
set in the filter.

Theorem 164. A topological space is compact if and only if every
proper filter on it has a cluster point.

Proof. Let (A, 7) be a topological space. Suppose first the space is
compact, and let .% be a proper filter on A. Then # N7 is closed under
taking finite intersections, and in particular all such intersections are
nonempty, so (|(:% N 7) must contain a point p, by the compactness
of 7. In particular, if F € 7 and p ¢ F, that is, if A~ F is an open
neighborhood of p, then F' ¢ %, so .# U{A \ F} generates a proper
filter.

Now suppose conversely that every filter on A has a cluster point,
and let .# be a subset of 7 whose every finite subset has nonempty
intersection. Then % generates a filter on A, and this filter clusters
at some point p. In this case, by the lemma, p € [ .Z#. ]

An ultrafilter with a cluster point converges to that point. Thus, on
a compact space, every ultrafilter converges.

Theorem 165. By the Prime Ideal Theorem, if every ultrafilter on a
topological space converges, the space is compact.

We shall want to allow the possibility that an ultrafilter on a sub-
space of a topological space converges to a point of the larger space.
For this, we can use the following observation.
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Lemma 16. If A and B are sets, and A C B, and % is an ultrafilter
on A, then the filter on B that % generates is

{(XCB: XNAc¥},
and this is an ultrafilter on B.

In the situation of the lemma, if B is actually a topological space,
we may say that % converges to a point of B if the ultrafilter on B
that % generates converges to the point.

Theorem 166. Suppose A and B are Boolean algebras, f is a homo-
morphism from A to B, and % is an ultrafilter of B. Then f~1[%] is
an ultrafilter of A.

Proof. If x and y are in f~1[%], then f(z Ay) = f(x) A f(y), which
isin %,sox Ny € f~Hu]. If z € A, then, since f(—z) = ~f(2), we
have

2 € fU] &= ~fR)eWU = [(:)¢U = 2¢ [[%]
O

Now we can expand the theorem that Stone spaces of Boolean alge-
bras are compact by considering also subspaces of Stone spaces.

Theorem 167. Suppose A is a Boolean algebra, U € Sto(A), Q C
Sto(A), and % is an ultrafilter on Q. Then % converges to U if and
only if, for all x in A,

Ueclt] = [f]lnQe.

The set
{reA:[zlnQe¥}

is an element of Sto(A), and therefore % converges to this point.

Proof. By the Stone Representation Theorem for Algebras (page 151),
the map = — [z] N Q from A to &2(Q) is a homomorphism of Boolean
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algebras, so by the last theorem, the given set is an ultrafilter U of A.
Then
Uer] <= z€U <= [z]NQe,

S0 % converges to U. O

Letting € be Sto(A) itself (and assuming the Prime Ideal Theo-
rem), we obtain a neat proof that Sto(A) is compact. Similarly, we
shall obtain the Compactness Theorem from ¥o$’s Theorem. In this
context, we take A to be Ling(.¥) and € to be the image of Sy(.¥)
under T+ T'/~.

Corollary 167.1. By the Prime Ideal Theorem, So(.%) is compact if
and only if, for every ultrafilter % on this space, there is B in Str o
such that, for every o in Sen(.¥),

BrEo < [0 e?. (6.20)
Proof. B E o <= Th(B)/~ € [07]. O

Now, each T in Sp(.¥’) has a model 7. Thus we obtain an indexed
family (Ar: T € So(.¥)) of structures of .7, and then we have

[c™]={T €So(S): 0 €T}
:{TGSO(y)ZQlT':O'}

= [l

We now have that (6.20) is equivalent to (6.13) in Lo§’s Theorem.
Therefore the compactness of So(.#) follows from this theorem if we
let

B= [] Ww/7.

TeSo()

Conversely, we shall derive Y.0o§’s Theorem from the Compactness
Theorem and the Tarski—Vaught Test—and the Axiom of Choice. Sup-
pose (2;: i € Q) is an indexed family of nonempty structures of .7.
We may assume that the map i — Th(2;) from Q to So(.¥) is injec-
tive. (Otherwise we could enlarge . to contain a nullary predicate P,
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for each ¢ in €2, and we could define P; to be true in 2; if and only if
i = j.) Then we may assume €2 is a subset of So(.).

We can define A as in (6.11) (on page 172) and expand each 2l; to a
structure 2(;* of .(A) as in (6.12). Now using the map i — Th(2l;*),
we may assume ) is a subset of So(.#(A)). Suppose % is an ultrafilter
on ). By the Compactness Theorem, % converges to some point
Th(€) of So(-#(A)). This means (6.20) holds, when B is €, for all o
in Sen(.(A)).

But the structure € has a substructure 8 whose universe B is
{a%: a € A}. Indeed, for every positive integer n, if F is an n-ary
operation symbol of ., and (a’: i < n) € A", let

b= (F%’(aj:j<n):ieﬂ).

Then € E Fa®---a™ 1 = b. Thus B is well defined and B C €.

Let ¥ (z) be a singulary formula of .#(A4), and as in the proof of
Log’s Theorem, using the Axiom of Choice, let a in A be such that,
for each ¢ in ©, (6.17) holds. Then

CEIry = €Ea).

By the Tarski-Vaught Test (page 159), B < €. Then (6.20) holds as
it is, which means Lo§’s Theorem holds.

6.7. Closed sets

Another way to think about .0§’s Theorem and the Compactness The-
orem is as follows. First note that, by Corollary 149.1 (page 154), for
all signatures ., the space So(.¥) of complete theories of T" is com-
pact if and only if its image under T' — T/~ is a closed subspace of

Sto(Ling(-¥)).

Lemma 17. If A and B are sets, and A C B, and % is an ultrafilter
on B, then the set
{(XNA: X e}

s a filter on A, and if it is a proper filter, it is an ultrafilter.
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Lemma 18. Suppose (B, T) is a topological space, and A C B.
1. A € 7 if and only if no ultrafilter on A converges to a point of
B~ A.
2. Suppose further that (B, T) is Hausdorff. Then A € 7 if and only
if every convergent ultrafilter on A converges to a point of A.

Proof. Suppose % is an ultrafilter on A that converges to a point
p of B~ A. For every open neighborhood U of p, we must have
UNAe€ %, and in particular U N A # @. Thus B . A cannot be an
open neighborhood of p, so A is not closed.

Conversely, if A is not closed, then B\ A has a point p whose every
open neighborhood contains a point of A. Let % be an ultrafilter on B
that includes the filter of neighborhoods of p. Then {X NA: X € %}
is a proper filter on A and therefore an ultrafilter, but it converges to
p. O

Thus So(.) is compact if and only if, on its image under T +— T'/~,
every ultrafilter converges to an element of this image. But Lo$’s
Theorem establishes this convergence, as before.
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7. Applications

7.1. The Prime Ideal Theorem

We establish now the mutual equivalence of the following.

1. The Boolean Prime Ideal Theorem (page 102).

2. The Prime Ideal Theorem (page 101).

3. The Tychonoff Theorem (page 129) restricted to Hausdorff spacesf]

(page 114).

4. The Compactness Theorem (page 171).

In 1954, Dana Scott 53] announced that the Boolean Prime Ideal
Theorem implies the Prime Ideal Theorem.' It is not clear what proof
he had in mind. Since the Boolean Prime Ideal Theorem implies the
Compactness Theorem (171), we can establish the result as follows.
The diagram of a structure was defined on page 156.

Theorem 168. The Compactness Theorem implies the Prime Ideal
Theorem.

Proof. Let . be the signature of commutative rings, let T be the
theory of nontrivial commutative rings in this signature, and let R = T'.
Let P be a new singulary predicate. Every finite subset I' of the
collection

T U diag(R) U { PO, —P1}
U{PaAPb= Pla—b):a€ R & b€ R}
U{P(ab) & PaV Pb:ac R & be R}

*Scott spoke at “the five hundred third meeting of the American Mathematical
Society. . . held at Yosemite National Park on Saturday, May 1, 1954.” Thanks
to Wilfrid Hodges for giving me the reference, which is not available on Math-
SciNet.
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of sentences of .#(R) U {P} has a model. Indeed, suppose A is the
set, of elements of R appearing in I". Then A generates a finite sub-
ring B of R, and by Theorem 89 (page 97), B has a maximal ideal
m, which is prime by Corollary 85.1 (page 94). Then B expands to
the model (B 4, m) of I'. By Compactness, the whole collection above
has a model (Sg,p), where & is a ring with prime ideal p, and (by
Theorem 150, page 156), R is a sub-ring of &. Then RN p is a prime
ideal of fA. O

By Theorems g5 and 96 (page 101), the Axiom of Choice and the
Maximal Ideal Theorem are equivalent. By Theorems 131 and 132
(page 129), the Axiom of Choice and the Tychonoff Theorem are
equivalent. We shall now establish that a weaker form of the Max-
imal Ideal Theorem, namely the Prime Ideal Theorem, is equivalent
to a weaker form of the Tychonoff Theorem. The remaining theorems
of this section are due to Los and Ryll-Nardzewski [42, 43].

Theorem 169. The Boolean Prime Ideal Theorem implies the Ty-
chonoff Theorem for Hausdorff spaces.

Proof. Suppose 7 is an indexed family (A;: i € ) of nonempty Haus-
dorff spaces. We first show that its product is nonempty. Let

- UT[A

IrcQier

Bi= U II4

{jycrceier

and if j € Q, let

The Bj generate a proper filter on B, since for all n in w, if o is an
injection from n into €2, then

zC HAa(i) C Boo) NN By(n-1)-

Using the Boolean Prime Ideal Theorem, we let % be an ultrafilter
that includes this filter. We shall derive from this an ultrafilter on
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each A;. If p € A;, let
Ci(p) ={a € B;: a; = p}.
Then for all p and ¢ in A;,

p#q = Ci(p)NCi(g) = 2.

Thus the map X — (J,cx Ci(p) from &(4;) to &(B) is a homomor-
phism h; of Boolean algebras. By Theorem 166 (page 180), h; “'[#%] is
an ultrafilter %; on A;. Since A; is compact, %; converges to a point
of A;; since A; is also Hausdorff, %; converges to a unique point a; of
A;. Then (a;: i€ Q) e[ «.

We finished our proof of the general Tychonoff Theorem by noting
that the product of nonempty closed subsets of the A; is nonempty.
To reach this point, we used Zorn’s Lemma. But when the A; are
Hausdorff, we need only the Boolean Prime Ideal Theorem. Indeed,
suppose now 2 is a family of closed subsets of [[.«/ with the finite
intersection property. Then 2~ generates a proper filter on [[.</,
and by Theorem g9 (page 102), this filter is included in an ultrafilter
% . (Note that this conclusion requires [[ &7 to be nonempty, so that
Z(]] <) is a nontrivial ring.) For each ¢ in €, the set

(m[X]: X € Q)

is an ultrafilter on A; (why?), so it converges to some a;, which is
unique since A; is Hausdorff. Then (a;: i € Q) € (2 . Therefore
[[ < is compact. O

Lemma 19. The Tychonoff Theorem for Hausdorff space implies that,
whenever o is a family (A;: i € Q) of nonempty compact Haus-
dorff spaces, and moreover there is a symmetric binary relation E on

Uicq Ai such that

e for all distinct i and j in 2, the subset {(z,y) € Aix Aj: z E y}
of A; x Aj is closed, and also,
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e for every finite subset Qg of Q, for some x in [[ <, for all distinct
it and j in Qo, x By,

then the latter condition holds when Qgy = 2.
Proof. If X C Q, let

T(X)= xGH;z%: /\ zi B xj
{i.gycx
i#]

By hypothesis, when X is finite, then T'(X) is nonempty. Moreover,

T(X)= () T{i.5),
s

so this is closed. An element of the intersection

() T(X)
XCO
| X |<w
would be the desired element of [].27; since this product is compact,
the desired element exists. O

Theorem 170. The Tychonoff Theorem for Hausdorff spaces implies
the Boolean Prime Ideal Theorem.

Proof. Let R be a Boolean ring, and let ) be the set of finitely gener-
ated nontrivial sub-rings of R. These will be just the nontrivial finite
sub-rings of R. Then (Spec(B): B € Q) is a family of nonempty com-
pact Hausdorff spaces: we have this without any special assumption,
by Theorem 89, page 97. Then F is as in the hypothesis of the lemma
when, if B and C are distinct elements of 2, and p € Spec(B) and
q € Spec(C),
pEq <<= pNnC=qNB.

Let (pp: B € 1) be as guaranteed by the lemma. Then (Jz.q b5 is a
prime ideal of R. [
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7.2. The Axiom of Choice

A function f on a set A of nonempty sets is a choice function if for
all bin A, f(b) € b. Then the Axiom of Choice is equivalent to the
statement that every set of nonempty sets has a choice function.

The following result was published by Howard in 1975 [33].

Theorem 171. The Boolean Prime Ideal Theorem and f.0$’s Theorem
together imply the Axiom of Choice.

Proof. Let A be a set of nonempty sets that does not have a choice
function. Let @ =(J AU A,? and let

R:{(:U,y)eUAxA:xey}U{(:r,x):erA}.

Then
(QR)EYyIzz Ry.

The subsets of A on which there is a choice function constitute a
proper ideal .# on A. Let % be an ultrafilter on €2 that includes the
dual filter {Q N X: X € #} on A. Then

[[@RrR/%Evy3zzRy.
1€Q

In particular, for the element ((i,4): i € Q) of Q%, there exists an
element (a;: i € Q) such that

{ieQa, Ri} e¥.
Let B={i € A: a; Ri}. Then {(i,a;): i € B} is a choice function on

B. However, by assumption, there is a choice function also on A \ B.
Hence there is a choice function on A. O

*Howard notes that we may assume the elements of A pairwise disjoint, and that
we may assume A and |J A are disjoint.
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7-3- Arrow’s Theorem

This section is inspired by Sasha Borovik’s article [6]. We consider an
index-set ) as a set of voters. Each voter ¢ in € is called on to assign
a linear ordering <; to a set A of candidates. These orderings are to
be used to assign a linear ordering < to A. This ordering < should be
a kind of average of the orderings <;. This suggests that we should
take an ultraproduct of the structures (A, <;). We shall see that, on
some reasonable assumptions, we must do this.

We want to determine < by first selecting a subset D of &2(2) such
that, for all x and y in A, we shall be able to require

{irz<;y}eD = z<y.

So D will be, so to speak, a collection of ‘winning coalitions’. If X € D,
then the members of X can determine how the candidates in A shall
be ordered (if all members of X agree). Then we must have, first of
all,

D+,
XeD = X°¢D.

We also require that additional votes for a particular ordering can only
help that ordering:

XeD & XCYCQO = YebD.
Hence in particular Q € D. We require voting to be decisive:
X¢D = X°eD.

If A consists of just two candidates, this is all we need. Then D
is not necessarily an ultrafilter on €2; for it need not be closed under
intersections. Indeed, in the ‘democratic’ case, if {2 has a finite number
2n — 1 of members, then D will be {X € Z(Q): |X| > n}; this is

definitely not closed under intersections unless n = 1.
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c<b<a

Figure 7.1.: An election with three candidates

But now suppose A contains three distinct candidates, a, b, and ¢;
and let

{i:a<ib}:A, {z’:b<ic}:B.

Suppose both A and B are in D. Then we must conclude a < b and
b < c and therefore a < ¢. We have now

ANBC{i:a<;c}, {i:a<;c}eD.

However, possibly
ANB={i:a<;c};

this is the case when—as is possible—

{ire<ia<;b}=ANB,
{i:b<ic<ia}:B\A,
{irc<;b<;a}=(AUB)".

See Figure 7.1. Thus we must have AN B € D. Therefore D is an
ultrafilter on Q. If € is finite, then D must be a principal ultrafilter:
that is, one voter decides everything, and the system is a dictatorship.

7-4. Completeness of theories

Using the Compactness Theorem, we can establish a complement to
Theorem 153 (page 161):
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Theorem 172 (Upward Lowenheim—Skolem). If2 is an infinite struc-j
ture with signature ., and max(|A|,|o|) < k, then there is a structure

B such that
A < B, |B| = k.

Proof. Let C be a set {co: @ < K} be a set of new constants, all
distinct. By Compactness, the set

Th(Aa) U{ca #cpg: a < f <K}

of sentences has a model ® 4. By construction, this model has
cardinality at least k. By the downward version of the theorem, ® has
an elementary substructure 8 of size x such that A C B. Since also
2A < 3, the structure B is as desired. ]

This theorem yields an easy test for completeness of theories. For
an infinite cardinal x, a theory is k-categorical if all of its models of
size k are isomorphic to one another.

Theorem 173 (Los—Vaught Test). If a theory T of a signature . has
models, but no finite models; |.7| < k; and T is k-categorical; then T
18 complete.

Proof. If T contains neither o nor —o, then both TU{-¢} and TU{o}
have models, which must be infinite. Then by the Léwenheim—Skolem—
Tarski theorems (both upward and downward forms may be needed),
each of the two sets has a model of cardinality x; but these two models
cannot be isomorphic to one another. ]

Algebraically closed fields are defined on page 226.
Theorem 174.

o The theory of algebraically closed fields of characteristic 0 is com-
plete.

e For all primes p, the theory of algebraically closed fields of char-
acteristic p is complete.
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Proof. None of these theories has no finite models. Every algebraically
closed field is determined up to isomorphism by its characteristic and
its transcendence-degree. If x is uncountable, then a field with tran-
scendence-degree k has cardinality x. Now the Lo$—Vaught Test ap-
plies. O

Similarly we have the following (see page 158 above):

Theorem 175. The theory of algebraically closed fields is model-com-
plete.

Proof. If T is this theory, K F T, and |K| < &, then T U diag(K) is
k-categorical, but has no finite models. O

We can also now prove the converse of the lemma on page 158 above.

Theorem 176. For all theories T, the models of Ty are precisely the
substructures of models of T.

Proof. Assuming 2 £ Ty, we want to show 7" U diag(2l) has a model.
By Compactness, and since diag(2l) is closed under conjunction, it is
enough to show T'U{¥(a)} has a model whenever ¥ is a quantifier-free
formula of . and 2 F J(a). If it has no model, then T' F —=(a),
so (since no entry of a is in .¥) T' F Vo —(x), and therefore A F
Va —(x), which is absurd. O

In particular, when T is just field-theory, then Ty is the theory of

integral domains, by Corollary 121.1 (page 123).

7.5. Elementary classes

In [44] Los$ defined ultraproducts (but not by that name) in order
to state the following algebraic test for being an elementary class of
structures.

Theorem 177. A subclass of Str.o is elementary if and only if it
contains:
e cvery structure that is elementarily equivalent to a member, and

192 7. Applications



o cvery ultraproduct of members.

Proof. The ‘only if’ direction is the easier. An elementary class is the
class of models of some theory T. If the class is I, and 2 € I, and
A=, then BET,s0B € L. If {A;:i€Q} CK, then A; ET in
each case, so every ultraproduct of the 2l; is a model of T, by Lo$’s
Theorem.

The more difficult direction is ‘if’. Suppose K is a non-elementary
subclass of Str». Then there is a model B of Th(K) that does not
belong to K. However, every element o of Th(8) has a model in I,
since otherwise —o would be in Th(K). Therefore every finite subset
A of Th(*B) has a model Aa in K (since otherwise the negation of
the conjunction of the members of A would be in Th(K)). By (the
proof of) the Compactness Theorem, some ultraproduct of (Aa: A €
Z»(Th(B))) is elementarily equivalent to B. O

7.6. Saturation

If V is a finite set of variables, a V-type is just a subset of Fmy (.*).
A V-type is complete if its image in Liny (.%) under ¢ — ¢~ is an
ultrafilter. Usually V' = {zo,...,2,—1}, and then V-types are called
n-types. In this case, a subset I' of Fmy () is a complete type if and
only if

e for all v in Fmy (.¥), exactly one of ¢ and - is in I, and
e for all finite subsets {¢o,...,om—1} of I, there is a model of

HIO .. 'E|:L‘n_1 ((po A A gon_l).

If M € Str», and A is a subset of M, then, slightly generalizing the
notation introduced on page 133, we denote by

M4

the structure 9, expanded in the obvious way to the signature . (A).
An n-type I of . (A) is consistent with 9 if, for all finite subsets
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{9007'”790771—1} Of F7
M E dxg -+ -drpn_1 (QO() AN /\(pn_l),

that is,
(3330 <o drp_ (900 JANRERIVAN (Pn—l)> € Th(mA)'

In this case, by Compactness, if ¢ is an n-tuple (¢;: i < n) of new
constants, then there is a model 91 of Th(Mar) U{p(c): ¢ € T'}. Then
we may assume My CN [ (M), and then

MN| 7.

We say T is realized in M [ .7 by (co™, -+, cn1™).
If 91 is considered as fixed, we may denote by

Sn(A)

the set of all complete n-types of .#(A) that are consistent with 1.
The elements of A are the parameters of elements of S,,(A).

For every infinite cardinal k, a structure is called k-saturated if it
realizes every type that is consistent with it and that has fewer than
k-many parameters. In particular, a structure is wi-saturated or
Ni-saturated if it realizes all types in countably many parameters.

Theorem 178. For every structure A with a countable signature, ev-
ery non-principal ultrapower A® /P of A is wi-saturated.

Proof. If ® is a type in countably many parameters, then & itself is
countable, so we can write it as {¢y: n € w}. Let a, satisfy poA---A
n in 2A. Then

E<n = AF g(am).

Therefore, if P is a non-principal prime ideal of Z(w), then (a,: n €
w)/P realizes ® in AY/P. O

There is a version [8, Thm 6.1.1, p. 384| of the foregoing for uncount-
able index-sets (or exponents) 2; but then P must have a countable
subset whose union is € (so one should show that such prime ideals
can be found).
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7-7- A countable non-standard model of arithmetic

By arithmetic we mean the theory of (w,+,-) or of (w,+,-,0,1,<);
it makes little difference, since

1) < is definable in (w,+,-) by the formula 3z z + z = y,

2) {0} is definable by Yy y + = =y,

3) {1} is definable by 0 < 2z AVy (0 =y Vx < y).

Similarly {n} is definable in (w, 4+, ) for all n in w.

Every ultrapower of (w,+,-) is a model of arithmetic. Every non-
principal ultrapower B (determined by a non-principal ultrafilter F' on
w) is a non-standard model of arithmetic, in the sense that it is not
isomorphic to (w, +,-), but contains an infinite element c¢. However,
% here must be uncountable by Theorem 162. As we noted before
this theorem, by the Downward Léwenheim—Skolem—Tarski Theorem
(Theorem 153), we can obtain a countable elementary substructure 2
of B that includes wU{c}, and then 2 will be an elementary extension
of (w,+,").

We can construct such a structure 2 more directly as follows. Let A
be the set of 0-definable singulary operations of (w,+,-). This means
f € Aif and only if the relation {(z, f(z)): z € w} is 0-definable (that
is, definable without parameters). We can consider A as a subset of
w®. Then a constant sequence (z,x,z,...) should be understood as
the constant function {(n,z): n € w} or n — x, which is in A. Thus
the diagonal map embeds w in A. Also A is closed under 4+ and -.
Therefore A is the universe of a substructure 2 of 9B. Also, if n € w,
and ¢ is an (n + 1)-ary formula, and f is an element (f,..., f*~!) of
A™ then A has an element g such that for all ¢ in w,

(W, +,-) F Iy o(f(0),y) = (w,+,)) Fo(f(i),9(0))-
Indeed, g can be such that g(i) is the least b such that (w,+,-) E

©(f(i),b), if such b exist; and otherwise g(i) = 0. Then ¢ is defined
by the formula

(e(f (@), 9) A (V2 ((f(2), 2) = y < 2))) V (V2 =p(f(2), 2) Ay = 0).
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It follows by the Tarski—Vaught Test (page 159) that
A < B;
therefore, since (w, +,-) C A, we have
(w,+,-) <2
Indeed, we now have that the following are equivalent:

BFE Iy o(f,y)
{i: (w,+,-) F Iy o(f(i),y)} € F,
{i: (w,+,)) Fo(f(i),9(i)} € F,
BFEo(f,9)

Now the Tarski-Vaught Test applies. This construction of 2 is appar-
ently due to Skolem.3

31 take it from Bell and Slomson [4, Ch. 12, §2].
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8. Completeness of proof systems

Recall from page 152 that a sentence true in all structures of its sig-
nature is called wvalid. It is easy in principle to show that a sentence
is not valid: just exhibit a model of its negation. But if a sentence is
valid, how can we show this? We cannot simply verify the sentence in
each structure of its signature, since there will be infinitely many of
these structures, and even to verify a universal sentence Vz ¢ in one
infinite structure requires checking infinitely many individual cases.

The method of formal proof is a way to establish the validity of
sentences.

We shall develop a proof-system in which every provable sentence
is valid. That is the easy part. The harder part is to show that,
if a sentence is not provable in our system, then its negation has a
model. Equivalently, every validity will have a formal proof in the
proof-system. This result is Gddel’s Completeness Theorem. A model
of the negation of an unprovable sentence can be obtained as an ultra-
product, which is why we consider the whole subject here.

Recall again from page 152 that a sentence with no models is a
contradiction. In our proof-system, there will be a notion of proving
some sentences with the use of other sentences as hypotheses. A set
of sentences from which a contradiction cannot be proved is consis-
tent (with respect to the proof-system). Godel’s methods generalize
to show that, at least in countable signatures, every consistent set of
sentences has a model. The Compactness Theorem for countable sig-
natures is a corollary of this result. Indeed, if a set I' of sentences has
no model, then by Gédel’s Completeness Theorem a contradiction can
be proved from I'. But proofs are finite, and so a contradiction can be
proved from a finite subset I'g of I'; and therefore I'g has no model.
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8.1. Formal proofs

It will be convenient to work, not only with sentences, but with arbi-
trary formulas. A formal proof is just a (finite) list of formulas such
that each formula on the list is either

1) an aziom, or

2) derivable from formulas earlier in the list by means of a rule of

inference.
We choose the axioms and rules of inference to serve our needs; taken
all together, they constitute a proof-system. In a formal proof in
such a system, the last formula is then said to be provable in the
system, or to be a theorem of the system. Note that in fact every
formula in a formal proof is provable, because every initial segment of
a formal proof is still a formal proof.

A proof-system is sound if each of its theorems that is a sentence
is valid; complete, if each validity is a theorem. In his doctoral
dissertation of 1930, Godel [24] defined a sound proof-system, obtained
from the Principia Mathematica [61] of Russell and Whitehead, and
showed that it was complete.

In formulas as defined on page 136, the logical symbols that can
appear are =, =, V, A, =, <, 3,V , variables, and parentheses. (The
other symbols come from the signature being used.) In fact we do not
need A\, =, < and 3, but can understand them as abbreviations:

© A for =(—p V =),

© =1 for —p V1,

¢ & for ~(=p V )V =(p V),
Jx ¢ for =V —p.

The first four of Godel’s axioms, or rather schemes of axioms, are
found on page 13, Chapter 1, of the Principia Mathematica. Recall
that, by our convention on symbolic precedence given on page 18,
V takes precedence over =, and of two instances of =, the one on
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the right takes precedence.’ By this convention then, the four axiom
schemes are as follows.

1) eV =g,

2) = oV,
3) VY=YV,
4) (p=v)=xVe=xV.
The remaining axiom schemes involve variables explicitly. Given a
formula ¢ and variables x and y, we use the expression

Py

to denote the result of replacing every free occurrence of x in ¢ with
y. We say that y is substitutable for x in ¢ if there is no subformula
Vy 1 of ¢ in which there is an occurrence of x that is free as an
occurrence in ¢. For example, suppose ¢ is Vy (v # y = = = y),
which is false when z # y. Then ¢ is Vy (y # y = y = y), which is
valid; but y is not substitutable for x in .

Two of Godel’s remaining axioms are found in Chapter g of the
Principia Mathematica (at *g9.2 and x9.25, pp. 138-40).2

5) Vo o= @3

6) Va (¥ V p) = 9V Vg, if z does not occur freely on 1.

*For Russell and Whitehead, the primitive Boolean connectives are V and —; the
expression ¢ = 1) can then be understood as an abbreviation of = V . As
Godel notes, after the first four axioms, there was a fifth, namely ¢V (¢ V x) =
¥V (¢ V x), but Bernays showed it to be redundant. For us, each of the four
axioms represents infinitely many axioms, since ¢, ¥, and x can be any formu-
las. It should be noted that Russell and Whitehead were involved in creating
formal logic; in their time, our way of understanding formulas was not yet fully
developed. For an amusing fictionalized account of Russell’s interactions with
Godel, see Logicomiz [15].

2Godel’s own reference is to the Principia Mathematica’s Chapter 10, where the
axioms are repeated, at *10.1 and *10.12, pp. 145-6. Go6del’s six axioms used
propositional variables where I put ¢, ¥, and x, and they used a functional
variable where I put ¥. Then in addition to the rules of inference given below,
there was a rule allowing propositional and functional variables to be replaced
by formulas in our sense.

3Godel gives a stronger form: Vo ¢ = ¢y, if y is substitutable for = in ¢, but we
do not need it: see Theorem 185.
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Another axiom scheme involves a change of bound variable:

7) ¢ — ¢, where ¢ has a subformula ¢ in which a variable = does
not occur freely, and there is a variable y not occurring in ¢ at
all, and ¢’ is the result of replacing each occurrence of = in
with y.

Equality is treated in two axiom schemes, found in Chapter 13 of the
Principia Mathematica (at *x13.15 and *13.101, pp. 177-8):

8) ==,

9) T =y = ¢ = ¢y, if y is substitutable for z in ¢.
The rules of inference are three:4

Detachment: From ¢ and ¢ = v may be inferred 1.5
Generalization: From 9 may be inferred Vz 9.

Change of Free Variable: From ¢ may be inferred ¢y, provided y is
substitutable for x in ¢.

In the Rule of Change of Free Variable as stated above, y is sub-
stituted for z; in the Rule of Generalization, z is generalized on.
A generalization of a formula ¢ is a formula is a sentence V& ¢ in
which all free variables of ¢ are generalized on. Then we can generalize
the notion of validity by saying that an arbitrary formula is valid if
some (and hence every) generalization of it is true in every structure
of its signature.

Theorem 179 (Soundness). Every provable formula is valid.

4See the previous footnote on Godel’s additional rule of inference. Godel appar-
ently expressed the axiom of change of bound variable together with the rule of
change of free variable as one rule, stated simply as, ‘Individual variables (free
or bound) may be replaced by others, so long as this does not cause overlapping
of the scopes of variables denoted by the same sign’ [24, p. 584]. Concerning
all of his rules of inference, Gédel notes, ‘Although Whitehead and Russell
use these rules throughout their derivations, they do not formulate all of them
explicitly.’

5Detachment is not Godel’s name for this rule; he (or more precisely his transla-
tor) calls it the Inferential Schema.
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Proof. Induction. The axioms are valid, and the rules of inference
preserve validity. O

We shall want to avoid writing down actual proofs, being content to
recognize that they must exist, because of results like the following.

Theorem 180 (Detachment). If ¢ and ¢ = 1 are provable, then so
s .

Proof. If x0,...,Xn-1,% and Xn, - .-, Xn+m—1, = @ are proofs, then
so is
XO)"'aXTL—l)XTM'"7Xn+m—la(pa(p:>w7¢‘ [

8.2. Propositional logic

A completeness theorem for propositional logic was already known be-
fore Godel’s completeness theorem.® Propositional formulas are,
strictly, not formulas as defined in §5.1.3 (page 136) above; but they
can be understood as formulas in which:

1) the place of atomic formulas is taken by propositional vari-

ables;

2) no quantification symbol 3 or V is used.
That is, for us, since we treat A, =, and < as abbreviations,

1) every propositional variable is a formula;

2) if F'is a propositional formula, so is —F;

3) if F and G are propositional formulas, so is (F'V G).
There are no individual variables in a propositional formula, but only
propositional variables. A structure for propositional logic assigns a
truth-value to each of these propositional variables. Then a proposi-
tional formula is true or false in the structure, according to the relevant
parts of the definition of truth of sentences (on page 138), which we
can express symbolically now as:

AE -0 <— AF o,

5Go6del’s reference for this is Bernays from 1926; but the theorem can be found
in Post’s 1921 article [49].
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AEoVT < AFEoc OR AET.

We may treat the truth-value true as 1, and false as 0. Then a proposi-
tional formula F' in an n-tuple (PO, ..., Pn_1) of propositional variables
determines an n-ary operation E on 27, where if e € 2", then F( )
is the truth-value of F' in any propositional structure that assigns the
value e; to P; when ¢ < n. This operation F can be described com-
pletely in a truth-table.

Theorem 181 (Propositional Completeness). The first four axiom-
schemes above (page 199), along with the inference-rule of Detachment,
constitute a (sound and) complete proof-system for propositional logic.

We are not going to prove this, since we already have an algorithm
for determining whether a formula is a propositional validity: just
write out its truth-table.”

Let us for the moment refer to atomic formulas and generalizations
as elementary formulas [54, p. 26|. In a formula, if every elemen-
tary subformula is replaced with a propositional variable, the result
is a propositional formula. Then we may refer to one formula ¢ as a
tautological consequence of a finite set I' of formulas if, when all
of these formulas are converted to propositional formulas, ¢ becomes
true in every structure in which the formulas of I' become true. A
formula is a tautology, simply, if it is a tautological consequence of
the empty set of formulas.

Theorem 182 (Tautology). If every formula in a finite set T' of for-
mulas is a theorem, and ¢ is a tautological consequence of I', then ¢
is a theorem.

Proof. Write T as {ty,...,%¥n—1}. Under the hypothesis, the formula

Vo= ...=>Yp1=>¢

"This is not a practical algorithm for long formulas; it may be more efficient to
check a proposed formal proof of a formula than to write out the truth table
of the formula. On the other hand, we have no algorithm for finding formal
proofs. Then again, the proof of the completeness theorem would supply an
algorithm.
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is a propositional validity, so it is a theorem. By the Detachment

Theorem, ¢ must be a theorem.

Theorem 183. The formula

O]

Ve (¢ = ¢) = Ve o= Ve

s always provable.

Proof. Suppose y does not occur in ¢ or ¢. Then the following for-

mulas are provable:

Vz (o =) = ¢ =1,
Voo = ¢,

Vo (¢ =) = Vo ¢ = 9,
Va (¢ = ) = VY p = 1y,
Yy (VY (o = ) = Vo ¢ = 1)y),
Vo (¢ = ¥) = Vy (Vo ¢ = y),
Va (¢ = ) = Vz p = Vy ¢y,
Vr (o = ) = Ve o = V.

Theorem 184. If xg, ..

Vg oo Vo1 (9 V) =19V Vg

18 provable.

[Axiom 5]

[Axiom 5|

[Tautology Theorem|

[Change of Free Variable|

| Generalization]

[Axiom 6]

[Axiom 6]

[Change of Bound Variable] [

., Tn_1 are not free in 9, then the formula

Vxn_l SO

Theorem 185. If each variable y; is substitutable for x; in @, then

the formulas

0 Tn—1

Vxo ... VTno1 Q= Qygoym_1 s

e Tp—1

zo
Pyo-ym—1 = 3T0

are provable.

8.2. Propositional logic
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Proof. 1. The following are instances of Axiom 5:

Vag ... Vep—1 o= Va1 ... Vo,—1 @,
Veyp ... Vep—1 o= Vao ... Vo,_1 @,

VI o VI, 1@ = VI,_1 @,
Vg ¢ = .

Then Vzy ... Vxy,—1 ¢ = ¢ is provable by the Tautology Theorem.
Since no z; is free in the subformula Vxq ... Vx,_1 ¢, by the Rule of
Change of Free Variable we can now prove

Zo " Tn—1

(Vxg ... Yop_1 ¢ = So)yomyn—l )

which is Vzg ... Vo,—1 ¢ = @y yr"), as desired.

2. From Axiom 5, using the tautology (1) = —x) = x = — in the
form
(Vo —p = —p)= =3z

(that is, Vo —p = —¢) = ¢ = =V —p), we obtain the axiom
= dz .

Now an argument like the previous one yields the claim. O

8.3. Sequents

If ¢ is a formula, then a formal proof from ¢ as a hypothesis is a
formal proof in the earlier sense, except

e ¢, like an axiom, may be introduced into the proof, but
e no free variable of  may be substituted for or generalized on.

If 4 is provable from ¢ in this sense, we may write

@ . (8.1)
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If ¢ is provable, simply, then we may express this by

F .

The restriction on the use of Generalization and Change of Variables
ensures that the following is true.

Theorem 186. If ¢ -1, then the formula p = 1 is valid.

Proof. Induction on . O

We may call an expression as in (8.1) a sequent. It will be useful
to note the following, so that we can work with sequents rather than
formal proofs themselves.

Theorem 187.
1. If F @ and ¢ =1, then .
2. If xF o and o F 1, then x F 4.

Proof. The first claim is easily obtained by concatenating two formal
proofs. Thus, if

190,...,1971,1,@

is a formal proof of ¢, and
nyev oy Vntm—1,%
is a formal proof of ¥ from ¢, then
B0y V1,00, -+, Yem—1, ¥

is a formal proof of .

For the second claim, a similar concatenation may not be a formal
proof from Y, if x has free variables that are not free in . For, in this
case, a particular proof of ¢ from ¢ might have involved substitution
for, or generalization on, some of these variables. But suppose

1907"'7197171’90
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is a formal proof of ¢ from y, and

"977,7 ey §n+mflad}

is a formal proof of ¢ from ¢, and the free variables of y that are not
free in ¢ are xg,...,xp—1. Let yo,...,yn—1 be distinct variables not
appearing at all in any of the formulas in the two formal proofs above,
and then, if £k < m, let

/ O Tn—1 o Tn—1—k
Untk’ be (Vntk)yoym1 > Yk be thyg.y, T 7y
The sequence
/ i
2977, 7-~-,29n+m71 ,1/)0

is a formal proof of vy from ¢ in which none of the x; appear. In
particular, none of these variables is substituted for or generalized on
in the proof. Therefore

/ /
1907"'77971—171977, 7-‘-719n+m—1 71/}0

is a formal proof of ¥g from x. Finally

’ﬁ()a s 71971—171971/7 s 7’l9n+m—1/7¢07 B 71/}771—17 w

is a formal proof of v from y. O

8.4. Completeness by ultraproducts

Suppose o is an arbitrary sentence. We want to show that either o is
provable, or else its negation has a model.® In fact this model will be
countable. For now, we make several simplifying assumptions:
1. For some positive integers p and ¢, for some p-tuple & and ¢g-tuple
y of variables, all distinct from one another, for some quantifier-
free formula ¢,
o is dJxVye.

8The ensuing argument is based mainly on that of Bell and Slomson [4, Ch.
12, §1]. These writers cite J.N. Crossley for the suggestion of introducing
ultraproducts to Gédel’s original argument. Church [10, §44] explicates Godel’s
original argument more faithfully.
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2. No operation symbols occur in .

3. The sign = of equality does not occur in .
The justification of these assumptions does not involve ultraproducts,
so it is relegated to §8.6, page 212.

We may assume that all variables come from a countable set V', and
that there is a bijection k — v from w onto V. The power VP being
also countable, we may suppose we have a bijection

k+— T
from w onto VP. Then there is an injection
k— Y

from w into V7 such that y; has no entries in common with xq - - - @y.
We now denote

Soﬁfyk by Pk
po V-V by g,
Vsck Vyk s VCCO Vyo 79]@ by Tk-

That is, 7 is a generalization of ¥y, and ¥, itself is defined recursively
in k, thus:

Yo is o, Upt1 18 Vg V opy1-
Lemma 2o0. In the notation above, for all k in w, the sentence
T = O
is provable.

Proof. We shall use induction. First, the following are provable:

70 = Yo, [Theorem 185
70 = %0, [Yo is ol
T = ¥, [Change of Free Variable|
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0 = Jy o, [Theorem 185
T0 = Vo Jy o, [Generalization]
T0 = 0. [ is Va Ty ¢

For the inductive step, we note first that since no entry of yx1 appears
in Y%, we have the theorems

Tht1 = YY1 Vgt1, [Theorem 185

Tht1 = YYrt1 (Vg V ©rs1), [Vr11 18 Ok V 0pp1]

Tea1 = Ok VVYkL1 Pkils [Theorem 184]

Tht1 = Uk V 31 YYkt1 ©k+1, |Theorem 185]

Tpr1 = U V 3z Yy ¢, [Change of Bound Variable|
Tpr1 = Y Voo, [0 is Jx Yy ¢]

Tht1 = Tk V 0. [Theorem 184]

Thus if 7, = o is a theorem, then so is 7411 = o. This completes the
induction. O

Theorem 188 (Completeness). In the notation above, if o is not
provable, then —o has a model.

Proof. If some 7, is provable, then so is o itself, by the lemma, and we
are done. So suppose that no 7y is provable. Then no ¥ is provable; so
it must not be a tautology. Since ¥y, is also quantifier-free, there must
be a truth-assignment on the set of its atomic subformulas that makes
¥y false. We can extend this to a truth-assignment Fj on the set of
all atomic formulas in variables from V with predicates occurring in
o. Now, for every k in w, we can understand V as the universe of a
structure 2 such that, for each n in w, for each n-ary predicate R
occurring in o,

R¥ = {u € V": Fi,(Ru) = 1}.

Here we rely on the assumption that none of the predicates R is =.
We now have
A F Ru < Fi(Ru) =1.
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Then by construction
A E 0.

If k£ < ¢, then, since ¥, = ¥, and hence ~y = —;, are theorems, we
have

Ay E 9.
Thus for all £ in w,
{jew: A EI} CE. (8.2)

Now let € be a non-principal ultraproduct of the structures (. Since
each of these structures has the same universe, namely V', each u in
V can be interpreted in € as its image (u: k € w) under the diagonal
map. Then for all £ in w,

¢ E 9,

and so
CE 1Pk

Since we have no operation symbols in our signature, every subset
of C' is the universe of a substructure of €. Let B be the image of
V under the diagonal map in C. Since ¢ is quantifier-free, and the
interpretations of all of the variables are now in B, we now have

B E -y,
and so, treating & and y now as tuples of variables again, we have
B F Iy ¢y, -
Since every element of B? is the interpretation of some x;, we conclude
B E Vo Jy —p,

that is, o is false in 8. O
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8.5. Completeness by Konig's Lemma

In his proof of the Completeness Theorem, G6del himself does not use
an ultraproduct explicitly in his argument, but from the structures
i, he can be understood to create the structure B as follows.? Let
(a: k € w) be a list of all of the atomic formulas appearing in the
formulas ¢g. The universe B of ‘B will be the set V' of variables
occurring in these formulas. We define 8 by determining in each
case whether ay, considered as a sentence, is to be true in 2. This
determination can be made recursively as follows.

For an arbitrary structure 20 and sentence o of its signature, the
interpretation o® of ¢ in A is, formally, a subset of A°, namely the
subset

{re A’ AEo}.

But AY has a unique element, which is @, also called 0. Thus A? itself
is {0}, which is 1, and £22(A°) = {0, 1}, which is 2. So ¢® is an element
of 2, and

AE o «— oM =1.

Suppose for some n in w an element (e : k < n) of 2" has been chosen

such that the set
{i cw: /\ alei = €k} (8.3)

is infinite. This set is the union of the two sets of the form

{i € w: /\ i =ep & ap¥ = e}, (8.4)

k<n

where e € 2. Hence at least one of these sets is infinite. If it is
infinite when e = 0, we let e, = 0. Otherwise the set must be infinite
when e = 1, so we let e, = 1. By recursion, we obtain an element
(en: m € w) of 2¢. Now we define

BEaqa, < e, =1.

91 am guided by Church’s version of Godel’s argument here. See below.
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It follows by induction that, for each n in w,

{i: /\ Oékmi = Oék%}| = w. (8.5)

k<n

The construction ensures B = —1J; as before. Indeed, suppose B F o
for some formula ¥ (interpreted in B as a sentence). Then the atomic
subformulas of ¥ belong to a finite set {a;: i < k}, so

{i: /\ Oékmi :Oék%} - {iE w: A ':19}

k<n

In particular, by (8.5), the set {i € w: A; F 9} must be infinite.
However, as in (8.2) we have also {i € w:2; F 9;} C j, and in
particular the set {i € w: 2A; F ¥} is finite. Thus B ¥ ;.

There is some arbitrariness in our definition of 9. If both of the
sets of the form in (8.4) are infinite, then e, could be either element
of 2; we arbitrarily let it be 1. Alternatively, if we had a nonprincipal
ultrafilter D on w, then we could just define

BEq, — {i:%i':ak}ED.

Thus we would return to the earlier ultraproduct construction. An
advantage of our alternative construction is that the Axiom of Choice
is not required.

Godel himself is not explicit about how he obtains 9. His editor
van Heijenoort detects an allusion to Konig’s Lemma. There are more
than one theorem called by this name, but probably what is meant is
the next theorem below [38, Lemma II.5.7, p. 69].

A tree is a (partially) ordered set such that, for every a in the set,
the subset {x: x < a} is well-ordered. The ordinal that is isomorphic
to this set is then the height of a. An element of the underlying set
of the tree is a node of the tree. If the height of the node a is 3, then
a successor of a is a node b with height 8 4+ 1 such that a < b. A
branch of the tree is a maximal linearly ordered set of nodes. The
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height of the tree is the supremum of the heights of its nodes. The
tree is an w-tree if its every element has finite height and finitely
many successors. Then an w-tree has height at most w.

Theorem 189 (Konig’s Lemma). Every infinite w-tree has an infinite
branch.

Proof. By the Axiom of Choice, we may assume that the set of succes-
sors of every member of the tree is well-ordered. We select an infinite
branch recursively by first letting ap be a node at height 0 such that
{z:ap < z} is infinite; then, assuming {z: ar < z} is infinite, we
let axy1 be the least successor of ay such that {z: axyq < z} is infi-
nite. O

This theorem applies to the present situation as follows. We start
with 2<% that is, Unew 2", ordered by inclusion, so that @ < b
if and only if a is an initial segment of b. In this way we obtain
the complete binary tree of height w. See Figure 8.1. This
has a sub-tree T' consisting of those (eq,...,e,—1) such that the set
{iew: Ayop o™ =ex} in (8.3) is infinite. This sub-tree T is infi-
nite because, by induction, it has nodes at each finite height. Then
Ko6nig’s Lemma applies, giving us an infinite branch of T'; the union
of this infinite branch is an element (e, : n € w) of 2% giving us ‘B as
before.

The general form of Kénig’s Lemma uses the Axiom of Choice; we
do not need this here, since the successors of every node (eg, ..., e,—1)
of T" are among (eq,...,en—1,0) and (eq,...,en—1,1), and the former
can be understood to precede the latter.

The present situation is simpler in another way too, since every
branch of T is infinite.

8.6. Arbitrary formulas

We have to justify the assumptions about ¢ made at the beginning of
§8.4.
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/
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Figure 8.1.: The complete binary tree of height w

8.6.1. Skolem normal form

Recall from page 18 that a quantifier is an expression Vo or dz in a
formula. These are universal and existential quantifiers, respectively.
(We currently understand 3z as an abbreviation of —=Vz—). A formula
is in prenex normal form if all of its quantifiers are at the front.

Theorem 190. For every formula ¢ there is a formula ¢ in prenex
normal form such that each of ¢ and ¢ is provable from the other.

Proof. Suppose ¢ and v are formulas, and y is a variable not occurring
freely in either of them, but substitutable for x in v). Then each of the
formulas

oV V1, Yy (¢ V 4y)
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is provable from the other. Indeed,

=Yz =y, [Ax.]

F (V=) = eV VT = oV, [Taut.|

FoVVT Y=V, [Det.]
eV VTP pViy, [Det.|
eV VTP Vy (pVy), [Gen.|

and conversely

Yy (p V) = oV VY Yy, [Ax.|
Yy (o Vb)) E oV Yy gy, [Det.|
Yy (e Vi) E oV VT . |Ch. of Var.]
Also each of
o AV 1P, Yy (¢ A y)

is provable from the other; for, the same proof that establishes Vy (¢ Vv
Yy) @V Va ¢ gives us, mutatis mutandis, Yy (¢ A y) = o AV P,
while

EVy (o Ay) = o Ay, [Ax.|

Yy (e Ay) B Ay, [Det.|
FeAYy =, [Taut.]

Yy (e AYy) E o, [Det.|
E o ANy = 4y, [Taut.|

Yy (o Aby) oy, [Det.]

Yy (e Ay) By ¥y, |Gen.|

Yy (¢ A ty) = Va1, [Ch. of Var.|
Fo=Vry=(pAVr), [Det.|

Yy (e Ay) B o AV 3. [Det.|
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NOW WE NEED SOMETHING LIKE if ¢ F ¥ then = F —¢, with
appropriate restrictions. ]

A sentence is in Skolem normal form if is in prenex normal form,
and moreover, no existential quantifier follows a universal quantifier.

Theorem 191. For every formula @, there is a sentence o in Skolem
normal form, possibly with new predicates, such that

e if o is valid, then so is @,

e if 7o has a model, then —¢ will be satisfied in that model (that
is, it will define a nonempty subset of that model).

Proof. A sentence in prenex normal form can be written as
dx Vy Q 9,

where Q is a string of quantifiers, and ¢ is quantifier-free. Introduce a
new predicate R and form the sentence

Jz (Vy (Q ¥ = Rxy) = Vy Rxy).

lent to

Jx (Jy (Q ¥ A =Rxy) V Vy Rxy),
dz Jy ((Q ¥ A —~Rxy) VVz Rxz),
dz Jy (Q (VA —~Rxy) VVz Rxz),
dz Jy Q (Y A ~Rxy) VVz Rxz),
Jz Jy Q Vz((9 A ~Rxy) V Rxz),

This last sentence is in prenex normal form, though perhaps not in
Skolem normal form. Still; the number of universal quantifiers that
precede existential quantifiers has decreased. So the process terminates
in a sentence that must be in Skolem normal form. ]
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8.6.2. Operation symbols

What we call relations, Godel calls functions; but he has no symbols
for what we call operations. If we use such symbols, we can deal with
them as follows. Suppose, for some n-ary operation symbol F', there is
an atomic subformula « of ¢ featuring a term F'tg - - - t,_1. Introducing
a new (n 4 1)-ary predicate Rp, we can replace the term F'tg---t,_1
in o with a new variable z, obtaining an atomic formula o/. We can
then replace « in o with the formula

dz (O/ AN Rpty--- tn_l.%'),
obtaining the formula ¢’. Then o is valid if and only if the formula
o' ANV 3y Vz (Rey A (Rzz = y = 2))

is valid. Now we have to show that o is provable from this last formula.

8.6.3. Equality

Suppose no operation symbol occurs in o, but the sign = of equality
does occur. We have to deal with the requirement that this sign is
interpreted in every structure as equality itself (and not merely an
equivalence relation). We introduce a new binary predicate =, and we
replace each occurrence of = in ¢ with this new predicate =, obtaining
a new sentence o’. Now let (Ry,...,Ry) be a list of all predicates
(including =) occurring in o/, and let o” be the sentence

o' ANz Vy (z=y = /\ (Rjzxj = Rjy;)).

j<m

(Here x; and y; are initial segments, of appropriate length, of  and
y respectively; and & and y are long enough to make this possible.)
Then o is valid if and only if ¢’ is valid. Also, if A £ ¢”, then =%
is an equivalence relation on A, and the set of equivalence classes is
the universe of a model of 0. Now we have to show that o is provable
from o”.
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9. Algebraic geometry

We shall assume the Axiom of Choice throughout this chapter. Also,
K will be a field, and L will be a field of which K is a subfield, that
is,

K C L.

In short, L/K will be a field-extension. For example, K might be Q,
and then L might be C. For some n in w, we shall let X denote an
n-tuple (X9,..., X" 1) of indeterminates, so that we can form the
ring K[X] of polynomials as on page 73. If n = 1, we write this field
as K[X];ifn=2, as K[X,Y].

9.1. The spectrum of a polynomial ring

Given a signature ., we have defined

e the class Stry of structures of . (page 46),

e the set Sen(.7) of sentences of . (page 138), and

e the relation F between them (page 136).
We shall now consider analogously

e the set L™ of n-tuples of elements of L,

e the set K[X] of polynomials over K, and

e the relation {(x, f) € L™ x K[X]: f(x) = 0} between them.
In particular, we shall be interested in the Galois correspondence in-
duced by this relation as in Theorem 105 (page 110). We shall write
the polarities constituting the Galois correspondence as

AHIK(A), Fb—>ZL(F),

respectively. As in the case of model theory, we may use variations of
this notation, letting

Ix(®) ={f € K[X]: f(x) =0}, Zp(f) ={z e L": f(x) =0},
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Figure g.1.: The zero-loci of Y — X? and {Y — X2)Y — X} in R?

so that, analogously to (5.2) on page 139,

Ix(A) = () Ix(=), Zi(F) = () Z(f).

xcA fer

The set Zp(F) is the zero-locus of F' in L™: see Figure g9.1. The
function A — Zr(A) is the zero-locus map. A course in so-called
analytic geometry is a study of zero-loci in R, in case n is 2 or 3, so
that K[X] can be written as R[X,Y] or R[X,Y, Z].

The zero-loci of the various subsets of K[X] are also called alge-
braic sets.® As the notation is supposed to recall, the definition of
Z1,(A) depends on L. We intend to overcome this dependence.

There is an analogue of logical equivalence, namely the relation

{(f,9) € KIX] x K[X]: Z1(f) = Z1(9)}-

We shall not be interested in this. The quotient Sen(.#)/~ is a
Boolean algebra (by Theorem 148, page 152) and therefore a Boolean
ring (by Theorem 145, page 147); but K[X] is already a ring, albeit
not a Boolean ring.

The set I (A) is the ideal of A in K[X]. this terminology is justi-
fied by the following, which is a partial analogue of parts of Theorems

138 and 149 (pages 139 and 153):

Theorem 192.
1. The zero-loci of subsets of K[X]| compose a topology on L™.

*More precisely, affine algebraic sets.
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2. The subsets I (x) of K[X]| are prime ideals.
3. The subsets Ix(A) of K[X] are radical ideals.

Proof. 1. Because

@ =17r(1), Zr(f)VZr(g) =Zr(f9),

the sets Zr,(f) compose a basis of a topology on L.
2. The additional observations

Z1(0) = L", Zr(f)NZ(g) CZL(f —9)

show that each Ix () is a prime ideal. Indeed, we can translate the
three equations and one inclusion as

1¢1k(x), fe€lg(x) OR g €lg(x) < fg € Ix(x),
0 € Ix(x), felg(x) & gelg(x) = f—g¢€lx(x).

3. Prime ideals are radical, and the intersection of radical ideals is
radical by Theorem 115 (page 117). O

Thus in particular the monoid (K[X],1, - ) is analogous with the
algebra (Sen(.¥), L, V) and hence with the monoid (Sen(.¥), L,V)/~.
In developing model theory, in place of the relation F, we could have
used ¥ (thus replacing pairs (A, o) with (2, —0)); then the monoid
(K[X],1,-) would be analogous to the monoid (Sen(.¥), T, A)/~, and
ideals Ix(A) of K[X] as aring would be analogous to ideals of Ling(.%)
as a Boolean algebra, rather than to filters as they are now.

The topology given by the theorem is the Zariski topology, or
more precisely the K-Zariski topology. The closed subsets of K[X],
that is, the ideals of subsets of L™, are radical ideals of K[X]. But we
do not know whether every radical ideal is closed. Equivalently (since
every radical ideal is an intersection of prime ideals by Theorem 117,
page 117), we do not know whether every prime ideal is closed.

Recall that, as defined on page 105, the spectrum Spec(R) of a com-
mutative ring R is the set of prime ideals of R, and (by Theorem 113,
page 114) it is a compact Kolmogorov space with basis consisting of
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the sets {p € Spec(R): a € p}, denoted by Z(a) (without a subscript),
where a € R. We now have the following partial analogue of part of
Theorem 143 (page 143):

Theorem 193. The map x — Ix(x) from L™ to Spec(K[X]) is con-
tinuous, and the image of L™ under this map is a Kolmogorov quotient
of L™ with respect to the map.

Proof. We use Theorem 142 (page 142). Let us refer to the map x
Ix(xz) as @. If f € K[X], then
OZ(f)] = {z € L": Ix(z) € Z(f)}
={xel": felk(x)}
={xel": f(x) =0}
=7Z(f);

thus @ is continuous. Also

2 (f)] = {lk(®): = € Z1(f)}
={Ix(z): f(z) =0}
= {IK(:E) xel™ & felg(x)}
®[L"] N {p € Spec(K[X]): f € p}
= ‘P[L”] Z(f);
so @ is closed onto its image. Finally,  and y in L™ are topologically
indistinguishable if and only if ®(x) = ®(y). O

The situation is as in Figure 9.2, a collapsed analogue of Figure 5.6
(page 154). The function & — I (x) injective on K", since if a € K"
then

Ig(a) = (X0 —a® ... X"t —gnh,

The map is not generally injective: if n =2, K =Q, and L is R or C,
then

Ig((m,m) = (X =Y) =Ix((e,e)).
The map is not generally surjective either: If L = Q% then (X —Y)
is not in its range, although I ({(z,z): v € Q*8}) = (X - Y).
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Ik (x)

Spec(K[X])

Figure g.2.: The spectrum of a ring of polynomials

Theorem 194. If K[X]ang embeds over K in L, then the map x
Ix(x) on L™ is surjective onto Spec(K[X]).

Proof. Suppose p € Spec(K[X]). If K[X]/p C L, and x is (X* +
p: k <n), then

Then the same is true if K[X]/p embeds over K in L, and x is the
image in L of (X¥ +p: k < n). Since K[X]/p is an integral domain
of transcendence degree no greater than n over K, it embeds over K
in K[X]"2. O

Thus we have an analogue of the Compactness Theorem (page 171),
the spectrum of a polynomial ring being analogous to the Stone space
of a Lindenbaum algebra.

9.2. Hilbert Basis Theorem

By Theorem 192, every zero-locus is the zero-locus of a radical ideal:

Zr(A) = Z.((A) = ZL(V(A)).
Theorem 195. If a and b are two ideals of K[X], then

Zr(a)UZp(b) =Zr(anb), (9.1)
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Proof. Easily Zr(a) UZr(b) C Zr(aNb). The reverse inclusion holds
because

V(anb) =V({fg: fea & geb}). [

The union of the zero-loci of an arbitrary collection of ideals need
not be the zero-locus of the intersection of the ideals. For example, if
K = Q (and L is some larger field) and

K
ag = (H(X—i)> =((X=1)- (X —k)),

=1

then Zp(a) = {1,...,k}, but ey ax = {0}. Thus

U ZL(CLk) =NCL= ZL({O}) =7y (m ak> .

keN keN

Theorem 196 (Hilbert Basis Theorem). For every n in w, by the
Aziom of Choice, every ideal of the polynomial ring K[X°,..., X" 1]
is finitely generated.

Proof. The claim implies, and is therefore equivalent to, an apparently
stronger claim, namely that every ideal (A) of K[X©,..., X" 1]is (Ap)
for some finite subset A of A. For, if (A) = (fo,..., fm—1), then each
fr is in (A®) for some finite subset A®) of A; and then we can let
Ag = Upep AW

The claim as also equivalent to the claim that every sequence (ay: k €]
w) of ideals of K[X?, ..., X""1] such that

apCaCaxC---

—that is, every increasing chain of ideals (indexed by w)—is eventu-
ally constant. For, the union of such a chain is an ideal b, and if this
ideal is finitely generated, then it has a generating set whose elements
all lie in some ay, and then this ideal is b. Conversely (or inversely), if
a were not finitely generated, then for all subsets {fx: k < £} of a we
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could find fy in ax (fr: k < £); thus we could form a strictly increasing
chain ((fx: k< 0): L € w).

We now have also a fourth form of our claim: every countably gener-
ated ideal of K[X©, ..., X" 1] is finitely generated. We turn to proving
the claim, in any convenient form.

The claim is trivially true when n = 0, since a field has only two
ideals: the trivial ideal and the improper ideal (1).

The claim is still easy when n = 1, because K[X] is a Euclidean
domain. That is, if f and g are in K[X] and are not both 0, we can use
the Euclidean algorithm (as on page 75) to find their greatest common
divisor—say h; and then (f,g) = (h). Hence if a = (fx: k € w), then
for each k in w we can find gi so that

(fo,-- fx) = (gr)-

In particular, gxy1 divides gi. Then min{deg(gx): k € w} = deg(g)
for some ¢, and consequently a = (gy).

When n > 2, we have not got the Euclidean algorithm; but we
can come close enough if we use induction. Suppose then that the
claim is true when n = m. Let a be an ideal of K[X?,..., X™]. We
shall form a sequence (fo, f1,...) of elements of a by recursion. Given
(fr: k < £), and using the Axiom of Choice, we let f;, if it exists,
be an element of a \ (fi: £ < ¢) of minimal degree as a polynomial
in X™ over K[X©,...,X™ !]. Then these degrees form an increasing
sequence:

degxm (fo) < degxm(f1) < degxm(fa) < -+

Let g be the leading coefficient of f (as a polynomial in X™ over
KX ..., X" 1];50 gr € K[X°,...,X™1]). By inductive hypothe-
sis, for some /£,

(gk: ke (,U) = (gkl k< 6)

Then in particular g, € (gx: k < £), so by Theorem 77 (page 85), for
some b* in K[X°,..., X™1],

ge=> " gi.

k<t
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Now let
h=> bk fi (Xm)r®),
k<t

where 7(k) = degxm (fr) — degym(fx). Then h € (f: k < ¥) and, as a
polynomial in X™ over K[XY,..., X™ ] has the leading coefficient
and degree of f,. But then f, — h has lower degree and belongs to
a~ (frx: k < ?); that is, f did not have minimal degree. Thus there is
no fy; that is, a = (fi: k < ?). O

A singly generated ideal is called principal. Then part of our proof
of the theorem gives the following;:

Porism 196.1. Every ideal of K[X] is principal.

Hence, although in the example above N is the union of zero-loci,
it cannot itself be a zero-locus; for, every zero-locus of polynomials in
one variable is the zero-locus of a single polynomial, so it is either the
whole field L or a finite subset of this.

The Hilbert Basis Theorem itself has the following:

Corollary 196.1. Fvery decreasing chain of closed subsets of L™ is
eventually constant. In particular, the Zariski topology is compact.

The corollary would imply the theorem, if we knew that that a C b
implied Zr(a) D Z(b), at least when a and b were radical ideals.
However, this implication can fail. For example, when L = R, then
(X2+1) is aradical ideal whose zero-locus is the same as the zero-locus
of (1), namely the empty set.

9.3. Specialization
We denote the fraction-field of K[X] by
K(X);

it is the field of rational functions in X over K.

224 9. Algebraic geometry



Suppose now a € L™ Then there is a homomorphism f — f(a)
from K[X]to L. (We could write the homomorphism also as X + a®.)
The range of this homomorphism is denoted by

Klal,
and the fraction-field of this ring is denoted by
K(a);

we may consider this field as a subfield of L. Then K[a] is the small-
est sub-ring of L that includes K U {ag,...,an—1}, and K(a) is the
smallest subfield of L that includes K U {aq,...,an—1}.
Let p be the kernel of the homomorphism f — f(a) from K[X] to
L. Then
Kla] 2 K[X]/p.

Also, f — f(a) is well-defined on the sub-ring K[X], of K(X), but
not on the complement. This complement is empty, if p = (0). If
p # (0), then a is said to be algebraically dependent over K, or
simply algebraic over K in case n = 1.

Theorem 197. If a is algebraic over K, then

Thus nontrivial prime ideals of K[X]| are mazimal.

Proof. If a € K, then K[a] = K = K(a). If a ¢ K, but is algebraic
over K, then bg +b1-a+--- 4+ b, -a™ = 0 for some b; in K, where
bop # 0 (and m > 0). Then

1 bl b2 bm —1
= | = = . o gm . ]
a <b0+b0 at +b0 @ )

Easily, K[X] is not a von Neumann regular ring. However, being an
integral domain, it is reduced. It is not a counterexample to Theorem
127 (page 127), because the prime ideal (0) is not maximal.
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The nontrivial prime ideals of K[X] are not generally maximal. For
example K[X,Y]/(X —Y) = K[X], which is an integral domain that
is not a field; so (X —Y) is a non-maximal prime ideal of K[X,Y].

The field K is algebraically closed if every element of a larger
field that is algebraic over K is already in K. (The notion was used
in Theorem 174, page 191.) An algebraic closure of K is an alge-
braically closed extension of K that has no proper algebraically closed
sub-extension.

Theorem 198. By the Aziom of Choice, every field K has an algebraic
closure. All algebraic closures of K are isomorphic over K.

We may therefore refer to the algebraic closure of K, denoting it by
K.

9.4. Hilbert Nullstellensatz

The closed subsets of K[X ] with respect to the Galois correspondence
between (L") and (K |[X]) defined on page 217—let us refer to
these closed subsets more precisely as L-closed, because we are going
to consider what happens when we change L. Again, by Theorem 192
(page 218), the L-closed subsets of K[X] are radical ideals, and so
they have the form of Ix(Zr(a)) for some radical ideal a of K[X]; and
then

@ C 1 (Zo(a). (9.2)
This is an equation if and only if a is L-closed. We noted in effect (on
page 224) that if L = R (and K is an arbitrary subfield of this), then
the radical ideal (X2 + 1) is not L-closed:

(X?+1) € (1) = Ix(Zr((X? + 1))).

However, as L grows larger, so does Z,(a); but then I (Z(a)) becomes
smaller. In fact

(X? 4+ 1) = Ix(Ze((X? + 1))).

We now are faced with the following:
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Question 1. For every radical ideal a of K[X], is there an extension
L of K large enough that

a=1xg(Zr(a))?

Question 2. Is there an extension L of K large enough that for all
ideals a of K[X] and all extensions M of K,

Ix(Zp(a)) C Ik (Zn(a))?

Note well that a and L are quantified in different orders in the two
questions, as Va 4L and dL Va respectively. But the conclusions are
different. So it is not immediate that an answer to one question yields
the answer to the other question. However, if the answer to Question
1 is indeed yes, then so is the answer to Question 2, if the different
fields L corresponding to the different ideals a are all included in one
large field. They are so included, since the class of fields has the joint
embedding property: If fy embeds K in Ly, and f; embeds K in
L1, then there is a field M, and there are embeddings g; of the L;
(respectively) in M, such that gg o fo = g1 o f1. See Figure 9.3.

/\
\/

Figure g.3.: Joint embedding property of fields
By contrast, even if Question 2 has a positive answer, it is not at all

clear that the answer to Question 1 must be positive.
We settle Question 1 first in a special case.
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Lemma 21. For all maximal ideals m of K[X], for all extensions L
of K in which K[X]/m embeds over K,

Proof. As formulated here, the lemma almost proves itself. We just
have to show Ix(Zr(m)) is a proper ideal. But the image of X in
K[X]/mis in the zero-locus of m. In particular, if L includes this field,
then Zr(m) is not empty, so Ix(Zz(m)) cannot be all of K[X]. O

Since K[X]/m is a field by Theorem 78 (page 86), one can show
that this field is algebraic over K (as in [41, Ch. IX| Cor. 1.2, p. 379]);
but we shall not need this. The lemma yields another another special
case of the desired general result:

Theorem 199. If K[X]alg C L, then by the Aziom of Choice, for all
ideals a of K[X] such that 1 (Zr(a)) is the improper ideal,

a= IK(ZL(U.)).

Proof. The claim is
Ix(Zp(a)=(1) = a=(1).

We prove the contrapositive. If a is a proper ideal of K[X], then by
the Maximal Ideal Theorem (101), it is included in some maximal ideal
m. The field K[X]/m can be understood as an algebraic extension of
K(X': i€ I) for some subset I of n, so it embeds in K(X)" 8. By the
lemma then, since Ix(Zr(m)) is a proper ideal, so is Ix(Zp(a)). O

Note that if Ix(Zr(a)) # (1), then Zy(a) # @. Thus every proper
ideal has non-empty zero-locus in a large-enough field. Nullstellensatz
means zero-locus theorem:

Theorem 200 (Nullstellensatz). If K[X,Y]*8 C L, then for all rad-
ical ideals a of K[X],
a= IK(ZL(CI)).
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Proof. Say f € Ix(Zr(a)). If x € Z(a), then f(x) = 0. This shows
ZL(aU {f - 1}) =, s0

Ig(Zo(aU{f—1})) = (1).

By the last theorem, aU{f — 1} too must generate the improper ideal
of K[X]. We want to be able to conclude f € a. To do so, we modify
the argument so far. We have f-Y € Ix(Z1(a)), if we consider a now
as a subset of K[X,Y]. As before, aU{f-Y — 1} must generate the
improper ideal of K[X,Y]. Now, by itself, a generates the ideal of
K[X,Y] whose elements are polynomials in Y with coefficients from
a. Hence there is some such polynomial g, and there is some h in
K[X,Y], such that

g+h-(f-Y—-1)=1
Substituting 1/f for Y, we get g(1/f) = 1; that is,

1

1
90+91‘?+-~'9m'f7m:1

for some g; in a, and hence
go- g [T g = T

This means f™ € a. Assuming a is radical, we have f € a. Thus
Ix(Zr(a)) C a and therefore Ix(Zr(a)) = a. O

We have now settled both Questions 1 and 2. This suggests that un-
derstanding algebraic sets can somehow be reduced to understanding
radical ideals of K[X]. Indeed, there is some extension L of K large
enough that we have a Galois correspondence between the K-closed
subsets of L™ and the radical ideals of K[X]. It is not particularly
important for what follows that this field L can be chosen as K?.
Nonetheless, it is true: Theorem 199 holds, merely under the hypoth-
esis K218 C L.

Theorem 201 (Hilbert’s Nullstellensatz, weak form). All proper ide-
als of K[X] have non-empty zero-loci in all extensions of K8,
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Proof. In the lemma, by the Hilbert Basis Theorem, m has the form
(fo,---, fe) for some f; in K[X]. Thus the formula

has a solution in K[X]/m and a fortiori in (K[X]/m)™&. The latter
field is an elementary extension of K8, by the model-completeness of
the theory of algebraically closed fields (Theorem 175 on page 192).
Therefore the formula has a solution here too. Thus as long as K218 C
L, we have Z(m) # 0. O

As an alternative to using the model-completeness of the theory of
algebraically closed fields, one can use the result mentioned above,
that K[X]/m is algebraic over K. In any case, the proof of Theorem
200 gives:

Corollary 201.1 (Hilbert’s Nullstellensatz, strong form). For all rad-
ical ideals a of K[X],

I (Zgae(a)) = a.
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10. Finite fields

10.1. Ultraproducts of finite structures

Suppose a theory T has arbitrarily large finite models. Then there is
a sequence (2y,,: m € w) of finite models of T" such that |A,,| > m in
each case. Consequently, the sentence

3(1’0,...,331%) /\ ﬂj‘z#JZ’]

1<j<m

is true in each 2, such that m < n. By Lo§’s Theorem then, the
sentence is true in every non-principal ultraproduct of the structures
;. In particular, this ultraproduct is infinite. Moreover, every sen-
tence that is true in each 2; is true in the ultraproduct; that is, the
ultraproduct is a model of the theory of the structures 2;. Thus the
ultraproduct is an infinite model of the theory of finite models of T'.
Such a structure might be called a pseudo-finite model of T. We
shall consider the case where T is the theory of fields.

10.2. Finite fields

Let us review the basic theorems about finite fields. Suppose K is
a field. There is a homomorphism 1 — 1 (or k — k- 1) from Z
to K. The kernel of this homomorphism is nZ for some positive n,
called the characteristic of K, char(K). Since Z/nZ must be an
integral domain (by Corollary 121.1, page 123), n is either 0 or prime.
If char(K) = 0, we may consider Q as a subfield of K; if char(K)
is a prime p, we consider Z/pZ, denoted by F,, as a subfield of K.
Respectively, Q or [F,, is the prime field of K.

Let K be a finite field of characteristic p. Then K is a vector-space
over I, of some finite dimension m, so K has order p™. The group
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K™ of units of K has order p"™ — 1, so its every element is a root of
2P =1 — 1. Then every element of K is a root of the polynomial

P — .

Since the formal derivative of this is —1, it has no repeated roots.
Thus its roots (in an algebraic closure Fpalg of F), that includes K) are
precisely the elements of K: we have

K = {z e F,8: 2?" = z}.

Conversely, for all m in N, since the map = + 2P is an automorphism
of F,%8  the set {z € F,"8: 27" = 2} (namely the fixed field of the
automorphism) is a subfield having order p™. This then is the unique
subfield of Fpalg of this order, and we can denote it by

Fpm.
The group F,m* of units of this field is cyclic. For again, it is a finite
abelian group of order p™ — 1 and is therefore a direct product

where each Gy is an {-group (a group whose elements have orders that
are powers of /; here and elsewhere in this chapter, ¢ is, like p, a prime
number). Since Gy is finite, for some positive integer n, every element
of Gy is a solution of

2" =1.

But in a field, this equation has no more than ¢” solutions. Therefore,
if » is minimal, G, must be cyclic of order ¢". Then the product Fpm*
is itself cyclic, of order p™ — 1.

The collection of finite subfields of Fpalg, ordered by inclusion, is
isomorphic, under the map F,» — m, to N as ordered by dividing.
That is,

Fpm ngn < m]n
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Figure 10.1.: The lattice (in part) of finite fields of characteristic p

See Figure 10.1. Indeed, if Fym C Fpn, then Fp» is a vector-space over
Fym, so its order is (p™)* for some k, and then n = mk, so m | n.
Conversely, if m | n, then

T —1|p" -1,
and therefore
A B P A

so Fpm C Fpyn
Finally,

F,%8 = U Fpn (10.1)

neN

(since every extension F,n /F, is certainly algebraic, while every finite
algebraic extension of F), is a finite field).

10.3. Galois groups

We have shown that for each prime p, for each m in N, there is a sub-
field Fpm of Fpalg , and this subfield is generated by (in fact it consists
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of) the roots of the polynomial zP" — ., which is separable. Therefore
the finite field-extension F,m /I, is normal and separable, that is, Ga-
lois. The order of its group of automorphisms is [Fpm : Fp], that is, m.
But the Frobenius automorphism of Fpalg, namely x — P or

Frob,

restricts to an automorphism of F,m of order m, since we have shown
in effect

k.

Fix(Frob*) = F,

Thus
Aut(Fpm /F)) = (Frob [ Fpm) = Z/mZ.

For any field K, let us write
Gal(K) = Aut(K*P/K),

the absolute Galois group of K. We want to determine Gal(F,). Sup-
pose o € Gal(F,). For every n in N, we have

and hence for some o(n) in Z
o | Fyn = (Frob | Fpn )7 ™.

All that matters here is the congruence-class of o(n) modulo n. Thus
we have an injective map

o (o(n): neN)

from Gal(F,) to [],,cn Z/nZ. The map is not surjective, but if m | n,
then since F,m C F,» we must have

o(n)=o(m) (mod m).

However, suppose an element (o(n): n € N) of [, . Z/nZ meets this

condition. For any z in F,*8 we can define an element o of Gal(F,)
by
o(m)

7 =P,
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where z € Fym. (Here 27 is of course the image of # under o.) This
definition of 7 is independent of the choice of m, since if also x € Fyn,
then

T € ]Fpgcd(m,n),

o(m) = o(ged(m,n)) =o(n) (mod ged(m,n))

and therefore

mpa(nz) _ xpa(gcd(m,n)) _ xpo'(n)
Thus
Gal(F,) = {(o(n): neN) € [[Z/nZ: N 7}(c(n)) = o(m)}
ieN m|n

where 77!, is the quotient-map = +nZ — x+mZ from Z/nZ to Z/mZ.
In particular, Gal(F,) has a certain ‘universal property’ with respect
to the system of groups Z/nZ and homomorphisms 7
1. Gal(Fp) is a group G from which there is a homomorphism hS
to Z/nZ for every n in N such that, if m | n, then

7 ohS =hG.

2. For every such group G, there is a unique homomorphism h from

G to Gal(IF,) such that, for each n in N,

hG = hSME) o .
See Figure 10.2. Therefore Gal(IF}) is called a limit of the given system
of groups and homomorphisms. This is the category-theoretic sense of
limit as given in, say, [16, p. 705] or [3]. Every set of groups, equipped
with some homomorphisms, has a limit in this sense, though the limit

might be empty.

The group Gal(F)) is called more precisely a projective limit or
an inverse limit of the system of groups Z/nZ with the quotient-
maps, because any two of these groups are quotients of a third. This
condition is not required for the existence of the limit.
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Gal(F,)

Gal(Fp)
n

Z/nZ Z/mZ

n
Tm

Figure 10.2.: The universal property of Gal(F),)

We give the finite groups Z/nZ the discrete topology, and their prod-
uct the product topology. This product is compact by the Tychonoff
Theorem (page 129). The image of Gal(F,) in this group is closed, so
it too is compact: it is called a pro-finite completion of the system
of finite cyclic groups.*

10.4. Pseudo-finite fields

Two examples of infinite models of the theory of finite fields are:
I Fo/m, 1 Fp /M, (10.2)
p prime neN

where in each case M is some non-principal maximal ideal. The first
example has characteristic 0; the second, characteristic p.

*Perhaps one should talk about convergent sequences here. ..
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By the ‘Riemann Hypothesis for curves’ as proved by Weil,*> for
every prime power ¢, for every curve C of genus g over F,, the number
of F-rational points of C is at least

1+q—2g9+/q.

In particular, if ¢ is large enough, then C' does have an F,-rational
point.

A field K is called pseudo-algebraically-closed or PAC if every
plane curve defined over K has a K-rational point. This condition en-
tails that every absolutely irreducible variety over K has a K-rational
point.3

The following are now true of every infinite model of the theory of
finite fields:

1. It is perfect.

2. It has exactly one extension of each degree (in some algebraic

closure).

3. It is pseudo-algebraically-closed.

This is not obvious, even given the results stated above; one must
show that these conditions are first-order, that is, the structures that
satisfy them make up an elementary class. By the definition of Ax [2],
a field with the first two of these properties is quasi-finite; with all
three of these properties, pseudo-finite. So every infinite model of
the theory of finite fields is (quasi-finite and) pseudo-finite. Ax proves
the converse. In particular, Ax proves that every pseudo-finite field is
elementarily equivalent to a non-principal ultraproduct of finite fields,
and indeed to one of the ultraproducts given above in (10.2). The
method is as follows; here I use Ax [2] and also Chatzidakis [g].

For every field K, the field Abs(K) of absolute numbers of K
consists of the algebraic elements of K (here algebraic means algebraic
over the prime field). The following is |2, Prop. 7/, §10, p. 261].

Lemma 22. For every field K of prime characteristic p, there is a

*See for example [26, Ex. V.1.10, p. 368] or [21, Thm 3.14, p. 35].
3See [21, ch. 10, pp. 129-131].
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mazimal ideal M of [], e Fpn such that

Abs(K) 2 Abs(] [ Fpr/M).
neN

Proof. Because Fpalg = UpenFpr as in (10.1) on page 233, we need

only choose M so that, for all m in N,
Fpm C K <= Fpm C [ Fpn /M.
neN

For each m in N, let f;,, be an irreducible element of F,[X] of degree
m. Then each zero of f,, generates F,m over IF,,. So we want M to be
such that

Fym € K <= f;, has a zero in H Fpn /M.
neN

Let F' be the ultrafilter on N corresponding to M, that is,

F={N~supp(f): fe M} ={{n: fn=0}: f € M}.
Then

fm has a zero in H Fpn /M <= {n: fm has a zero in Fjn } € F.
neN

Moreover,
fm has a zero in Fpn <= m | n.

So, combining all of our equivalences, we want to choose F' on N such
that
Fym CK <= {n:m|n}eF.

For each m in N, the subset
{k:k|m & IFkaK}

of N is a sublattice of the lattice of factors of m with respect to divisi-
bility: in particular, it contains the least common multiple of any two
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members. It also contains 1.4 Therefore it has a maximum element,
say g(m). The arithmetic function g is multiplicative:

ged(m,n) =1 = g(mn) = g(m) - g(n).

Now let
b = {: god(m, ) = g(m)}.

Then the function m +— b, is also multiplicative, in the sense that
ged(m,n) =1 = byy = by, N by, (10.3)
Indeed, suppose ged(m,n) = 1. Then or all z in N,
ged(mn, z) = ged(m, x) - ged(n, x),

and these factors are co-prime, being respectively factors of m and n.
But also g(mn) = g(m) - g(n), and these factors are co-prime, being
respectively factors of m and n. Therefore

ged(mn, z) = g(mn) <= ged(m,x) = g(m) & ged(n,z) = g(n).
So we have (10.3). Moreover, we have also
m<n = bpm C bym. (10.4)

For, we have
by = J 1Oy Elyh, i g(E") < 27,
{{"y: y € N}, if g(4") =0m,

and also
m<n = g({™) =min(¢", g(")).

Now we can just check that (10.4) holds in each of the three cases

glemy = e, < gy < 0, g(em) < o™,

4Thus it contains the least common multiple of every (finite) set of members,
including the empty set.
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So we have finally
b N by, = blcm(m,n)'

Thus, since each b,, is nonempty, the set of these generates a proper
filter on N. Let F' be an ultrafilter on N that contains all of the sets
b. We claim that this F' is as desired. Indeed,

o if Fym C K, so g(m) =m, then by, = {mz: x € N};

o if Fym ¢ K, so g(m) < m, then by, N {mz: z € N} = &.
Consequently the following are equivalent:

Fpm C K,
{mx: x € N} € F,
fm has a root in H Fyn /M,
neN
Fym C [ ] Fpr/M. O
neN

The lemma has a companion [2, Prop. 7|, namely that for every
quasi-finite field K of characteristic 0, there is a maximal ideal M of
[1, Fp such that

Abs(K) = Abs([ [ Fp/M),

but the proof is more difficult. Since all fields of characteristic 0 are
perfect, quasi-finiteness in this case just means having exactly one
extension of each degree. In this case the field of absolute numbers
has at most one extension of each degree. This is because, if « is
algebraic over Abs(K), then a has the same degree over K that it
has over Abs(K). For, the minimal polynomial of o over Abs(K) is a

product

H(X - ai)a

i<n
the «; being the conjugates of « over Abs(K'). The minimal polynomial
over K is a factor of this; so its coefficients are polynomial functions
of (some of) the conjugates of @ over Abs(K'). So the coefficients are
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algebraic (over Abs(K)); therefore the already belong to Abs(K), by
its definition.

We now want to prove [2, Thm 4, §8, p. 255|, that if F and F’ are
pseudo-finite fields, then

Abs(F) 2 Abs(F') = F=F'. (10.5)

With this and the foregoing lemma, we shall have that every pseudo-
finite field (at least in positive characteristic) is elementarily equivalent
to an ultraproduct of finite fields.

To establish (10.5), since Abs(F') is determined by Th(F), we can
replace F' and F’ (respectively) by elementarily equivalent fields. In
particular, we can replace them with ultrapowers with exponent w;
these ultrapowers are wi-saturated by Theorem 178 on page 194. Now
take a countable elementary substructure Fy of F'; this exists by the
downward Lowenheim—Skolem-Tarski Theorem, Theorem 153. One
shows [9, 5.10, Lemme de plongement| that this embeds in F’ under a
monomorphism ¢g. Then F” has an elementary substructure F{ that
includes the image of Fy; and F{j embeds in F' under a monomorphism
¢} that extends pp~!. Continuing, we obtain isomorphic elementary
substructures Fi, and F, of F' and F’ respectively. See Figure 10.3.
This establishes (10.5).

Throughout the chapter, K will be a field, and L will be a field of
which K is a subfield, that is,

KCL.
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o

1*;1 ®1 fFl]
hlE) ~— Ry

Fy 2 o[ Fo]

Figure 10.3.: Isomorphisms of pseudo-finite fields
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11. Schemes

Throughout this chapter, as in Chapter g (page 217), K will be a field,
and L will be a field of which K is a subfield, that is,

K C L.

Sources for the algebraic geometry of this chapter include Coombes
[12] and Hartshorne [26]. The main point is to look at the ultraprod-
uct scheme at the end; this work is based on the first of the three
MSRI/Evans Hall Lectures, given at the University of California at
Berkeley in the spring of 1998 by Angus Macintyre.*

11.1. Zero-loci

Throughout this section, let R = K[X]. In §9.4 (page 226), letting
f range over R, and letting  range over some L", where K C L, we
used the equation f(x) = 0 to establish a one-to-one correspondence
between the K-closed subsets of L™ and certain radical ideals of R.
By Hilbert’s Nullstellensatz (page 229), if L includes K8, then the
correspondence is between the K-closed subsets of L™ and (all of) the
radical ideals of R. The correspondence is inclusion-reversing. Thus
the set of radical ideals of R encodes the topological structure of L™
for L that include K28,

Suppose indeed K*8 C L, we are given a particular f in R. We
are interested in its zero-locus, the K-closed set Zr(f); and this now
corresponds to the prime ideal Ix(Zr(f)), which is v/(f). We should
should like to have a way of picking out this ideal among all of the
radical ideals of K[X], without having to refer to L"™. One way of

*These lectures used to be preserved on the MSRI website; but I could not find
them there, the last time I looked.
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doing this is simply to observe that /(f) is the intersection of all
radical ideals of K[X] that contain f. More is true, by Theorem 117

(page 117):
V(f) = {p € Spec(R): f € p}

:ﬂz(f).

We can also give a new proof of this, using the Nullstellensatz. Given
an ideal a of R, we have

(11.1)

T € ZL<C1) <— aC IK(CC),
and so

a €[ {p € Spec(R): a C p}
C(ix(x): x € L™ & a Clk(x)}
= ﬂ{lK(m)3 x€Z(a)}
=1k (Zr(a)).

The Nullstellensatz then makes the inclusions equalities, if a is radical;
in general,

Va= ﬂ{p € Spec(R): a C p}.

We may use the obvious notation

Z(a) = {p € Spec(R): a C p} = () Z(/),

fé€a

so that

Va=[)Z(a).

So if L is large enough in the sense of including K, then we have a
one-to-one correspondence between:

e closed subsets Zy,(a) of L™,

e radical ideals v/a of R;

e closed subsets Z(a) of Spec(R).
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We want to understand the sets Z(a) as being zero-loci like Zy (a). In
(11.1), the condition that f € p is equivalent to the condition that
f+p=0in R/p. Suppose we write f +p as f,. Asin (4.8) on page
128, we have an embedding

f = (fy: p € Spec(R))

H R/p.

peSpec(R)

of R in the product

Also
Z(f) = {p € Spec(R): f, = 0},

a zero-locus. To establish
Z(a)UZ(b) =Z(anb)

corresponding to (9.1) on page 221, we need that the functions p — f,
on Spec(R) take values in integral domains; and this is the case, since

fo € R/p.
It will be useful to have a notation for the open subsets of Spec(R).
If f € R, let us write

Uy =Z(f)° = {p € Spec(R): f ¢ p}.
If AC R, we let

Ua =72(A)° = |J Uy = {p € Spec(R): A Z p}.
feA

These are the open subsets of Spec(R), and each of them is U, for
some radical ideal a of R.

11.2. Regular functions

At the beginning of the last section, we considered the equation f(x) =
0, where f € K[X] and & € L™. We have generally f(x) € L, that is,
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f is a function from L™ to L. There can be other such functions. An
arbitrary function h from a subset S of L™ to L is regular (or more
precisely K-regular) at a point a of S if there is a neighborhood U
of a (in the Zariski topology over K, restricted to S) and there are
elements f and g of K[X] such that, for all  in U,

The function is regular, simply, if it is regular at all points of its
domain. The only regular functions on L" itself are the elements of
K[X]. However, let

So=7Zr(Y? - XHNZ(X), Si=2Zr(Y*-X?*)\Z(Y).

These are open subsets of their union. On Sy and S; respectively there
are regular functions hg and h; given by

Yy Xz
O(xvy) $27 l(xay) y

These two functions agree on Sg N Sy, since y? = 22 for all (z,y) in
that set (and even in SpU.S7). Thus hg U hy is a regular function h on
So U S1. However, there are no f and g in K[X,Y] such that, for all
(z,y) in So U S, h(z,y) = f(x,y)/9(z,y).

In the example, SoUS] is an open subset of the closed subset Z, (Y2 —
X3) of L2. For now, we shall look just at open subsets of the powers
L™ themselves.

If p is a prime ideal of K[X], and f and g in K[X] are such that
x — f(x)/g(x) is well-defined (and therefore regular) on L™ \ Zg(p),
this means f/g is a well-defined element of the local ring K[X],.

Now write R = K[X] as before, and let a be an arbitrary radical
ideal of R, so that U, is an open subset of Spec(R). We define shall
define a sub-ring, to be denoted by

0(Ua),
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of the product?®

I &

peUaq

See Figure 11.1. Elements of this product are functions on Ug; so as

Ry

Spec(R)

Figure 11.1.: A stalk of a sheaf (see p. 249)

before we have a notion of being regular: An element h of the product
is regular at a point p of U, if, for some open subset V' of U, that
contains p, there are f and g in R such that, for all q in V,

hqg = =.
Ty
Note that this requires g ¢ q. The ring &' (U,) consists of the elements
of HpEUu Ry, that are regular at all points of U,.
There is a simpler definition when a is a principal ideal (g). In this
case, one shows

O0(Uy)) Z{g": ke w} 'R,

because the map x/g" +— (x/g": p € U,)) from this ring to (U y))
is injective and surjective. See Hartshorne |26, Prop. I1.2.2, p. 71].

“Note well that the factors of the product are the localizations Ry, rather than,
say, the quotient-fields of the quotients R/p. However, in the other case that
we shall be interested in, where R is itself a product of fields, then the integral
domains R/p will already be fields, which are isomorphic to the localizations
Ry. See §4.6.
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If U and V are open subsets of R such that U 2 V, then the
restriction-map from HpEU Ry to Hpev Ry itself restricts to a map p¥
from O(U) to O(V). It h € O(U), we then write

pr(h) =h V.

The function U +— &(U) on the collection of open subsets of R, to-
gether with these homomorphisms pyy, is called a pre-sheaf of rings
on Spec(R) because:

0(2) ={0}, pp = ido, piy = piy © Py

(The notation pg implies U O V; so for the last equation we have
U DV D W.) We now have a situation that is ‘dual’ (because the
arrows are reversed) to that of the Galois group Gal(F,): see page 235.
For all p in Spec(R), Ry, has a certain ‘universal property’ with respect
to the system of rings &' (U) such that p € U:
1. Ry is aring A to which there is a homomorphism hY from &(U)
for such that, if U O V, then

hY o pY = nY.

2. For every such ring A, there is a unique homomorphism h to A
from R, such that

hYy = hohf, .

See Figure 11.2. Therefore R, is called a co-limit or direct limit of
the given system of rings. This limit can be obtained as a quotient of
the sum ZpeU O(U) by the smallest ideal that contains, for each pair
U and V such that U D V, every element x such that zy = p‘U/(xU),
and zy =0 if W is not U or V.

The pre-sheaf U — O(U) is further a sheaf of rings because it has
two additional properties:

1. f he O(U), and h [ V =0 for all V in an open covering of U,

then h = 0.
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h hi
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Pv

Figure 11.2.: The universal property of R,

2. If there is hy in (V) for every V in an open covering of U, and

by [ (VAW) = hy | (VW)

for all V' and W in this open covering, then for some h in &(U),
for each V in the open covering,

hy =h|V.

The local ring Ry is the stalk of the sheaf at p. In the fullest sense,
the spectrum of R is Spec(R) as a topological space equipped with
this sheaf. The sheaf is then the structure sheaf of the spectrum of

R.
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11.3. Generic points and irreducibility

This section is here for completeness, but will not be used later. Every
point a of L™ is called a generic point of Z,(Ix(a)); more precisely,
a is a generic point over K of Z;(Ix(a)). In the example on page 220,
(7, 71) and (e, e) are generic points of Z7,(X —Y') over Q.

In any case, if for some radical ideal a, the algebraic set Zr,(a) has
a generic point, then a must be prime. The converse may fail. For
example, Zz((X —Y)) has no generic point if L C Q*%. However, to
Theorem 193, we have the following

Corollary 201.2. If K(X)™& C L, then the zero-locus in L of every
prime ideal has a generic point.

A closed subset of L™ is called irreducible if it cannot be written
as the union of two closed subsets, neither of which includes the other.

Theorem 202. For all radical ideals a of K[X], if K¥& C L,
a is prime <= Zr(a) is irreducible.

Proof. If p is prime, and Z1,(p) = Zr(a) UZ(b) for some radical ideals
a and b, then (by Hilbert’s Nullstellensatz)

p=anhb,

so we may assume p = a and therefore Zy(a) D Zp(b).
Suppose conversely Zz(a) is irreducible, and fg € a. Then

Zr(a) = Zr(aU{f}) UZL(aU{g}),

so we may assume Zr(a) = Zr(a U {f}) and therefore (again by
Hilbert’s Nullstellensatz) f € a. O

For example, L™ itself is irreducible, since the zero-ideal of K[X] is
prime. Therefore the closure of every open subset is the whole space
L™. In any case, every closed set is the union of only finitely many
irreducible closed sets: this is by the corollary to the Hilbert Basis
Theorem (Theorem 196 on page 222). Hence every radical ideal of
K[X] is the intersection of just finitely many elements of Spec(K[X]).
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11.4. Affine schemes

For an arbitrary commutative ring R, every element f of R determines
a function p — f, on Spec(R), where f, is the element f +p of R/p.
However, the corresponding map

f = (fp: p € Spec(R)) (11.2)

from R to [[,cspec(r) £/ is injective if and only if R is reduced (The-
orem 117, page 117). For example, the kernel of this map contains
X + (X?) when R = K[X]/(X?). In general, the kernel is 1/{0}.

We may refer to the topology on Spec(R) as the Zariski topology.
Just as before, we obtain the sheaf U — &(U) of rings on Spec(R),
with stalks [?,. Continuing the example on page 246, we may let

R=K[X,Y]/(Y? - X?).
Let z and y be the images of X and Y respectively in R. Then
U(I,y) =U,U Uy,

and

peUmﬁ%eRp, peUy:>§eRp,

and if p € U, NU,, then y/2? and z/y are the same element of Ry.
Thus we obtain an element of &(U, ).

The spectrum of a ring is called an affine scheme. One point of
introducing this terminology is that a scheme, simply, is a topological
space with a sheaf of rings such that such that every point of the space
has a neighborhood that, with the restriction of the sheaf to it, is an
affine scheme. However, we shall not look at schemes in general. In
fact we shall look at just one affine scheme whose underlying ring is
not a polynomial ring.
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11.5. The ultraproduct scheme

Now let R be the product [[;cq K; of fields as above. As p ranges over
Spec(R), the quotients R/p are just the possible ultraproducts of the
fields K;. We want to investigate how these arise from the structure
sheaf of the spectrum of R. So, letting a be an ideal of R, we want to
understand &(Uy).

We can identify Spec(R) with Spec(Z(Q2)), and more generally, we
can identify ideals of R with ideals of 2(2). Because R, = R/p, we
may assume

0(U.) C [] R/».
peUa
Here we may treat a as an ideal of (), so U, can be thought of
as an open subset of Spec(#(£2)). Then, in the product [[ .y R/p,
the index p ranges over this open subset, but in the quotient R/p, the
index returns to being the corresponding ideal of R.

Let s € [[ ey, B/p. Every principal ideal in Ug is (2 {i}) for some

i in Q. In this case we have a € (Q \ {i}), that is,

iEUa.

Let us denote (2~ {i}) by p(¢). There is only one prime ideal of Z(2)
that does not contain {i}, namely p(z). Thus

Uy = {p(0)}.

In particular, s is automatically regular at p(i). We want to understand
when s is regular at not-principal ideals.
Still considering also the principal ideals, we have

Let sy(;) be sent to s; under this isomorphism, so whenever z in R is
such that x; = s;, we have

Sp(i) = T + p(z)
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By definition, we have s € 0(U,) if and only if, for all p in U, for
some subset Uy of a such that b ¢ p, for some z in R, for all q in Uy,

sg=z+q.

We may assume b is a principal ideal (A), where A € a~p. If gin Uy
here is the principal ideal p(j), so that j € A, we must have z; = s;.
More generally, g € U4 means A ¢ q, so A is g-large, and hence for all
x in R, z + q is determined by (z;: i € A). Thus we may assume

T = (Si: 1€ Q)
This establishes that &(Uq) is the image of R in [[,cy, R/p:
OUy) ={(z+p:peUy): z € R}

In particular, #(U,) is a quotient of R, that is, a reduced product of
the K;. More precisely,

ﬁ(Ua) = R/ba

where

b=()p=[)»

peUa agp
It follows that
0U,) = [] K. (11.3)
i€Ja
We can see this in two ways. For example, if p € Ug, so that a & p,

then |Ja ¢ p, that is, [J a is p-large. Therefore the image of x in €(Uy)
depends only on (z;: ¢ € [Ja). This shows that &(U,) is a quotient of

HieU o 1.
It is moreover the quotient by the trivial ideal. For, if i € | Ja, then
p(i) € Ug, so that z + p(i) depends only on z;, that is,
r+p(i) =0 < z; =0.

This gives us (11.3).
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Note that possibly Ja ¢ p, although a C p. Such is the case when
p is non-principal, but a is the ideal of finite sets. However, we always

have
Uaer = Ja) g»

Another way to establish (11.3) is to show

mp:(Q\Ua).

adp

X CONUa,anda ¢ p, then Ja ¢ p, so @~ Ja € p, and therefore
X € p. Inversely, if X ¢ @~ Ja, then X N{Ja has an element 7, so

that X ¢ p(i) and a Z p(7).

Because the stalk R, is always a direct limit of those &(U) such
that p € U, we have in the present situation that the ultraproduct
[Licq Ki/p is a direct limit of those products [ ], 4 K; such that A ¢ p.

Symbolically,
[T 5ip =tim{J] Ki: A ¢ v}
i€Q) i€A

Equivalently, the ultraproduct is the direct limit of those R/a such
that a is a principal ideal included in p:

[T &/ =im{ ] K:/(B): B ey},

1€0) 1€Q
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A. The German script

In his Model Theory of 1993, Wilfrid Hodges observes [31, Ch. 1, p. 21]:

Until about a dozen years ago, most model theorists named struc-
tures in horrible Fraktur lettering. Recent writers sometimes adopt
a notation according to which all structures are named M, M’, M*,
M, My, M; or occasionally N. I hope I cause no offence by using a
more freewheeling notation.

For Hodges, structures (such as we define in §2.6 on page 45 above) are
denoted by the letters A, B, C, and so forth; Hodges refers to their
universes as domains and denotes these by dom(A4) and so forth.
In his Model Theory: An Introduction of 2002, David Marker [46]
uses “calligraphic” letters to denote structures, as distinct from their
universes: so M is the universe of M, and N of N. I still prefer the
older practice of using capital Fraktur letters for structures:

A B ¢ D ¢ F & H T J K £ M
M O P QR 6 T YUYW WX Y 3

For the record, here are the minuscule Fraktur letters, which are some-
times used in this text for denoting ideals:

a b cdefgbh i j €I m
nopgqgevvstuovwermoy j

A way to write these letters by hand is seen on the page reproduced
below from a 1931 textbook [27] on the German language:
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g
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ipt

A. The German scr

Figure A.1.: The German alphabet
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