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B O O K V I I . 

D E F I N I T I O N S . 

1. An UNIT is that by virtue of which each of the things 
that exist is called one. 

2 . A N U M B E R is a multitude composed of units. 

3. A number is A PART of a number, the less of the 
greater, when it measures the greater; 

4. but PARTS when it does not measure it. 

5. The greater number is a MULTIPLE of the less when 
it is measured by the less. 

6. An E V E N N U M B E R is that which is divisible into two 
equal parts. 

7. An ODD N U M B E R is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 

8. An E V E N - T I M E S E V E N N U M B E R is that which is 
measured by an even number according to an even number. 

9. An E V E N - T I M E S O D D N U M B E R is that which is 
measured by an even number according to an odd number. 

10. An O D D - T I M E S ODD N U M B E R is that which is 
measured by an odd number according to an odd number. 



1 1 . A prime number is that which is measured by an 
unit alone. 

1 2 . Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 

1 3 . A composite number is that which is measured 
by some number. 

1 4 . Numbers composite to one another are those 
which are measured by some number as a common measure. 

1 5 . A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number is produced. 

1 6 . And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 

1 7 . And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 

18 . A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 

1 9 . And a cube is equal multiplied by equal and again 
by equal, or a number which is contained by three equal 
numbers. 

20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 

2 1 . Similar plane and solid numbers are those which 
have their sides proportional. 

22. A perfect number is that which is equal to its own 
parts. 
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DEFINITION I. 

Moms ecru', Kaff rjv CKCUTTOV TWV ovtwv tv kiyerau 

Iamblichus (fl. circa 3 0 0 A.D.) tells us (Comm. on Nicomachus, ed. Pistelli, 
p. 1 1 , 5 ) that the Euclidean definition of an unit or a monad was the definition 
given by "more recent" writers (01 vewrcpoi), and that it lacked the words 
" even though it be collective " (k&v o w r n / j a T i x w j j ) . H e also gives (ibid. 
p. 1 1 ) a number of other definitions. ( 1 ) According to " some of the Pytha­
goreans," " an unit is the boundary between number and parts " (fiovas icrrw 
ipifi/iov Kal ixopimv ptOoptov), " because from it, as from a seed and eternal 
root, ratios increase reciprocally on either side," i.e. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub­
divided) submultiple ratios with denominators continually increasing. ( 2 ) A 
somewhat similar definition is that of Thymaridas, an ancient Pythagorean, 
who defined a monad as "limiting quantity" (iripaivowa iroo-oTjjs), the 
beginning and the end of a thing being equally an extremity (ircpas). Perhaps 
the words together with their explanation may best be expressed by " limit of 
fewness." Theon of Smyrna (p. 1 8 , 6, ed. Hiller) adds the explanation that 
the monad is "that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(/xonjV) and rest." If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. ( 3 ) Some, ac­
cording to Iamblichus (p. 1 1 , 1 6 ) , defined it as the "form of forms" (ciooii' elSos) 
because it potentially comprehends all forms of number, e g . it is a polygonal 
number of any number of sides from three upwards, a solid number in all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a "Gat tung" of " M e n g e n " or as a "class of classes.") ( 4 ) Again an 
unit, says Iamblichus, is the first, or smallest, in the category of how many 
(»roo-dV), the common part or beginning of how many. Aristotle defines it as 
" the indivisible in the (category of) quantity," t o kcitol t o voaov dSiaipcrov 
(Metaph. 1 0 8 9 b 3 5 ) , irocoV including in Aristotle continuous as well as 
discrete quantity; hence it is distinguished from a point by the fact that it 
has not position : " O f the indivisible in the category of, and qud, quantity, 
that which is every way (indivisible) and destitute of position is called an 
unit, and that which is every way indivisible and has position is a point" 
(Metaph. 1 0 1 6 b 2 5 ) . ( 5 ) In accordance with the last distinction, Aristotle 
calls the unit " a point without position," orty/xij adtrot (Metaph. 1 0 8 4 b 2 6 ) . 
( 6 ) Lastly, Iamblichus says that the school of Chrysippus defined it in a con­
fused manner (avyKtxyp.ivui<i) as "multitude one (irKijOo? lv)," whereas it is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more popular one than those 
of his predecessors, 8tj/«ucV, as Nicomachus called Euclid's definition of an 
even number. 

The etymological signification of the word floras is supposed by Theon of 
Smyrna (p. 19 , 7 — 1 3 ) to be either ( 1 ) that it remains unaltered if it be 
multiplied by itself any number of times, or ( 2 ) that it is separated and isolated 
(ptp.ovd<r6ai) from the rest of the multitude of numbers. Nicomachus also 
observes (1. 8 , 2 ) that, while any number is half the sum ( 1 ) of the adjacent 
numbers on each side, ( 2 ) o f numbers equidistant on each side, the unit is 
most solitary (pxtmrarri) in that it has not a number on each side but only on 
one side, and it is half of the latter alone, i.e. of 2 . 



D e f i n i t i o n 2 . 

'Apl#p.OS Bi TO €K jU-OVCtOWV OVyKtiptVOV 7r\r}0oS. 

T h e definition of a number is again only one out ot many that are on 
record. Nicomachus (1. 7, 1) combines several into one, saying that it is 
" a defined multitude (wkijBm tapio-plvov), or a collection of units (pora'oW 
o-io-Tr)p.a), or a flow of quantity made up of units " ( t t o o - o t i / t o s \vpa c k povdoW 
o-vyKcip.€vov). Theon, in words almost identical with those attributed by 
Stobaeus (Eclogae, 1. 1, 8) to Moderatus, a Pythagorean, says (p. 18, 3—5): 
" A number is a collection of units, or a progression (7rpo7ro&o-p.o's) of mul­
titude beginning from an unit and a retrogression (a.va-rob'urp.os) ceasing at an 
unit." According to Iamblichus (p. 10) the description "collection of units" 
(povd&uiv o-u'o-TT/yiia) was applied to the how many, i.e. to number, by Thales, 
following the Egyptian view (xara t o Alyvn-TiaKov dpeo-xoi'), while it was 
Eudoxus the Pythagorean who said that a number was " a defined multitude" 
(ir\rj8o% dpi.o-p.lvov). Aristotle has a number of definitions which come to the 
same thing: "limited multitude" (TrXrjBos to iren-epao-pivov, Metaph. 1020 a 
13), "multi tude" (or "combinat ion") " o f units" or "multitude of indivi­
sibles " (ibid. 1053 a 30, 1039 a 12, 1085 b 22), "several ones" (iva TrAct'cu, 
Phys. 111. 7, 207 b 7), "multitude measurable by o n e " (Metaph. 1057 a 3) 
and " multitude measured and multitude of measures," the " measure " being 
unity, t o iv (ibid. 1088 a 5) . 

D e f i n i t i o n 3. 

Me'pos la-fiv dpifpos apSpov 6 l\dao-mv tov pt^oyos, orav Karaptrpy tov 
pul^ova. 

By a part Euclid means a submultiple, as he does in v. Def. 1, with which 
definition this one is identical except for the substitution of number (dpiOpds) 
for magnitude (pkyidoi); cf. note on v. Def. 1. Nicomachus uses the word 
"submultiple" (uVo7roAAaTrAdo-ios) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (1. 18, 2 ) : 
" The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly (irA^pownos)." Simi­
larly sub-double (uVooiirAdo-ios) is found in Nicomachus meaning half, and 
so on. 

D e f i n i t i o n 4. 

Mepy] Sc, orav pr] KarapcTprj. 

By the expression parts (peprj, the plural of p.tpos) Euclid denotes what we 
should call a proper fraction. That is, a part being a submultiple, the rather 
inconvenient term parts means any number of such submultiples making up 
a fraction less than unity. I have not, found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except 
in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which % is an illustration. 

http://dpi.o-p.lvov


V I I . D E F F . s—8] N O T E S ON D E F I N I T I O N S 2 — 8 2 8 1 

DEFINITION 5. 

IIoXXa7rXao"TOS 8c 6 pti^wv tov i\do~aovo<i, brav KaTapxTprJTat vvb tov £\do~o-ovos. 

The definition of a multiple is identical with that in v. Def. 2, except that 
the masculine of the adjectives is used agreeing with dpif)/xos understood 
instead of the neuter agreeing with pkySo% understood. Nicomachus (1. 18 , 
1) defines a multiple as being " a species of the greater which is naturally 
first in order and origin, being the number which, when considered in com­
parison with another, contains it in itself completely more than once." 

DEFINITIONS 6, 7. 

6. Apnos dpttfpds CORTY 6 8i\a 8tatpovp(vo<,. 
7. N€PIO-O"OS 8e 6 pLTj Siatpovptvo1; ST̂ A fj [6] povdSt 8ta<pcpu)V apriov dpiOpov. 

Nicomachus (1. 7, 2 ) somewhat amplifies these definitions of even and odd 
numbers thus. " T h a t is even which is capable of being divided into two 
equal parts without an unit falling in the middle, and that is odd which cannot 
be divided into two equal parts because of the aforesaid intervention (p*O-i-
RCTAI') of the unit." He adds that this definition is derived "from the popular 
conception " ( « T^S 8»;p.(o8ovs u7ro\>;T//«<"S). In contrast to this, he gives ( I . 7, 3 ) 
the Pythagorean definition, which is, as usual, interesting. " An even number 
is that which admits of being divided, by one and the same operation, into the 
greatest and the least (parts), greatest in size (IR̂ AIKOVIRN) but least in quantity 
(iroo-dnrrt)...while an odd number is that which cannot be so treated, but is 
divided into two unequal parts." That is, as Iamblichus says (p. 12 , 2 — 9 ) , an 
even number is divided into parts which are the greatest possible "parts," namely 
halves, and into the fewest possible, namely two, two being the first " num­
ber " or "collection of units." According to another ancient definition quoted 
by Nicomachus (1. 7, 4 ) , an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts of the same kind, i.e. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of different kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even " b y means of each other" 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and an even number that which differs by an 
unit from an odd number on each side. This alternative definition of an 
odd number is the same thing as the second half of Euclid's definition, " the 
number which differs by an unit from an even number." This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being differentiae of number, so that one 
should not be defined by means of the other (Topics vi. 4 , 1 4 2 b 7 — 1 0 ) . 

DEFINITION 8. 

'Apndicis dprios dpiBpoi io-Tiv 6 vtto apriov dptOpov PCRPOWPCI'OS Kara apTiov 
dpi8pov. 

Euclid's definition of an even-times even number differs from that given by 
the later writers, Nicomachus, Theon of Smyrna and Iamblichus; and the 
inconvenience of it is shown when we come to ix. 3 4 , where it is proved 



that a certain sort of number is both "even-times even" and "even-timesodd." 
According to the more precise classification of the three other authorities, the 
" even-times even " and the " even-times odd " are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub­
divisions the "even-times even " and the "even-times odd" form the extremes, 
and the " odd-times even " is as it were intermediate, showing the character 
of both extremes (cf. note on the following definition). The even-times even is 
then the number which has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the even-times even number is always 
of the form 2". Hence Iamblichus (pp. 2 0 , 21) says Euclid's definition of it 
as that which is measured by an even number an even number of times is 
erroneous. In support of this he quotes the number 2 4 which is four times 6 , 
or six times 4 , but yet is not " even-times even " according to Euclid himself 
(ot8i xar olvtov), by which he must apparently mean that 2 4 is also 8 times 3 , 
which does not satisfy Euclid's definition. There can however be no doubt that 
Euclid meant what he said in his definition as we have i t ; otherwise IX. 3 2 , 
which proves that a number of the form 2" is even-times even only, would be quite 
superfluous and a mere repetition of the definition, while, as already stated, 
IX. 3 4 clearly indicates Euclid's view that a number might at the same time 
be both even-times even and even-times odd. Hence the pdVus which some 
editor of the commentary of l'hiloponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is only 
measured by even numbers an even number of times, is evidently an interpo­
lation by some one who wished to reconcile Euclid's definition with the 
Pythagorean (cf. Heiberg, Euklid-studien, p. 2 0 0 ) . 

A consequential characteristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word SvvapK (generally 
power in the sense of square, or square root). He says (1. 8 , 6—7) that any 
part, i.e. any submultiple, of an even-times even number is called by an even-
times even designation, while it also has an even-times even value (it is 
dpTmKK dpTioowa/xor) when expressed as so many actual units. That is, the 

—th part of 2" (where m is less than « ) is called after the even-times even 
2 
number 2"', while its actual value (ovVapis) in units is 2"""", which is also an 
even-times even number. Thus all the parts, or submultiples, of even-times 
even numbers, as well as the even-times even numbers themselves, are con­
nected with one kind of number only, the even. 

DEFINITION 9. 

"ApTiaKis hi wtpio-<r6<i io-nv 6 virb apriov dpi6p.ov pcrpov/xcvos Kara, rrfpuro-bv 
dpiOpov. 

Euclid uses the term even-times odd (dprtdxis irtpio-o-ds), whereas Nicomachus 
and the others make it one word, even-odd (dprioiripirroi). According to the 
stricter definition given by the latter (1. 9, 1 ) , the even-odd number is related to 
the even-times even as the other extreme. I t is such a number as, when once 
halved, leaves as quotient an odd number; that is, it is of the form 2 ( 2 ^ * + 1 ) . 
Nicomachus sets the even-odd numbers out as follows, 

6, 1 0 , 1 4 , 18 , 2 2 , 2 6 , 3 0 , etc. 
In this case, as Nicomachus observes, any part, or submultiple, is called by a 
name not corresponding in kind to its actual value (Sv'fapw) in units. Thus, 
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in the case of 18 , the £ part is called after the even number 2, but its value is 
the odd number 9, and the J rd part is called after the odd number 3 , while its 
value is the even number 6 , and so on. 

The third class of even numbers according to the strict subdivision is the 
odd-even («pio-o-dpno?). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. They are therefore of 
the form 2 " + I ( 2 » + i ) , where n, m are integers. They are, so to say, inter­
mediate between, or a mixture of, the extreme classes even-times even and even-
odd, for the following reasons. ( 1 ) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends. ( 2 ) T h e numbers after which submultiples are 
called and their value (owapts) in units may be both of one kind, i.e. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For example 2 4 is an odd-even 
number; the | t h , TVth, J t h or £ parts of it are even, but the J r d part of it, 
or 8 , is even, and the ^th part of it, or 3 , is odd. ( 3 ) Nicomachus shows 
(1. 10 , 6 — 9 ) how to form all the numbers of the odd-even class. Set out two 
lines (a) of odd numbers beginning with 3 , (b) of even-times even numbers 
beginning with 4 , thus : 

( a ) 3 . 5 . 7. 9 . " 1 ' 3 . J 5 e l c -

(b) 4 , 8 , 16 , 3 2 , 6 4 , 1 2 8 , 2 5 6 etc. 
Now multiply each of the first numbers into each 6 f the second row. Let 
the products of one of the first into all the second set make horizontal rows; 
we then get the rows 

12, 2 4 , 4 8 , 9 6 , 1 9 2 , 3 8 4 , 7 6 8 etc. 

2 0 , 4 0 , 8 0 , 1 6 0 , 3 2 0 , 6 4 0 , 1 2 8 0 etc. 

2 8 , 5 6 , i i 2 , 2 2 4 , 4 4 8 , 8 9 6 , 1 7 9 2 etc. 

3 6 , 7 2 , 1 4 4 , 2 8 8 , 5 7 6 , 1 1 5 2 , 2 3 0 4 etc. 
and so on. 

Now, says Nicomachus, you will be surprised to see (fpavijo-frai croi tfaupao--
TIOS) that (a) the vertical rows have the property of the even-odd series, 6 , 1 0 , 
14 , 18 , 22 etc., viz. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(b) the horizontal rows have the property of the even-times even series 4 , 8 , 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their number be odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 

Let us now return to Euclid. His 9 t h definition states that an even-times 
odd number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a 1 0 t h 
definition which defines an odd-times even number; this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-times odd number would 
also be odd-times even, and, from the fact that Iamblichus notes this, we may 
fairly conclude that he found Def. 1 0 as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of ix. 3 3 
and ix. 3 4 as we have them present difficulties, ix. 3 3 says that " I f a num­
ber have its half odd, it is even-times odd only "; but, on the assumption that 
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both definitions are genuine, this would not be true, for the number would be 
odd-times even as well. ix. 3 4 says that " I f a number neither be one of those 
which are continually doubled from 2, nor have its half odd, it is both even-
times even and even-times odd." The term odd-times even (irtpuro-dKis apriov) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous. Iamblichus however (p. 2 4 , 7 — 1 4 ) quotes 
these enunciations differently. In the first he has instead of " even-times odd 
only " the words " both even-times odd and odd-times even "; and, in the second, 
for " both even-times even and even-times odd " he has " is both even-times 
even and at the same time even-times odd and odd-times even." In both 
cases therefore " odd-times even " is added to the enunciation as Iamblichus 
had i t ; the words ca'nnot have been added by Iamblichus himself because 
he himself does not use the term odd-times even, but the one word odd-even 
(irepio-trdpTioi). In order to get over the difficulties involved by Def. 10 and 
these differences of reading we have practically to choose between ( 1 ) accept­
ing Iamblichus' reading in all three places and ( 2 ) adhering to the reading of 
our M S S . in ix. 3 3 , 3 4 and rejecting Def. 1 0 altogether as an interpolation. 
Now the readings of our text of ix. 3 3 , 3 4 are those of the Vatican MS. 
and the Theonine M S S . as well; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of Iamblichus. 
Heiberg considers it improbable that Euclid would wish to maintain a point­
less distinction between even-limes odd and odd-times even, and on the whole 
concludes that Def. 1 0 was first interpolated by some ignorant person who 
did not notice the difference between the Euclidean and Pythagorean classi­
fication, but merely noticed the absence of a definition of odd-times even 
and fabricated one as a companion to the other. When this was done, it 
would be easy to see that the statement in ix. 3 3 that the number referred 
to is " even-times odd only " was not strictly true, and that the addition of 
the words "and odd-times even" was necessary in ix. 3 3 and ix. 3 4 as 
well. 

DEFINITION 1 0 . 

ncpwrtrdias oc Trepwrtros dptOpos iaTiv 6 vtto Trtpurvov aptOpoxi ptrpovpfvo1; 
Kara vipurabv dpidpdv. 

The odd-times odd number is not defined as such by Nicomachus and 
Iamblichus; for them these numbers would apparently belong to the com­

posite subdivision of odd numbers. Theon of Smyrna on the other hand 
says (p. 2 3 , 2 1 ) that odd-times odd was one of the names applied to prime 
numbers (excluding 2 ) , for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 

DEFINITION I I . 

IIpa>T05 api&pos iuTiv o povaoi povy pfTpovp.tvos. 
A prime number (wpuTos dp$px><:) is called by Nicomachus, Theon, and 

Iamblichus a "prime and incomposite (do-wpVros) number." Theon (p. 2 3 , 9 ) 
defines it practically as Euclid does, viz. as a number "measured by no number, 
but by an unit only." Aristotle too says that a prime number is not measured by 
any number (Anal. post. 11. 1 3 , 9 6 a 3 6 ) , an unit not being a number (Metaph. 
1 0 8 8 a 6 ) , but only the beginning of number (Theon of Smyrna says the same 
thing, p. 2 4 , 2 3 ) . According to Nicomachus (1. i t , 2) the prime number is a 



subdivision, not of numbers, but of odd numbers; it is "an odd number 
which admits of no other part except that which is called after its own name 
(TropwVv/xov «auT<3)." The prime numbers are 3 , 5 , 7 etc., and there is no 
submultiple of 3 except Jrd, no submultiple of 1 1 except yj th, and so on. In 
all these cases the only submultiple is an unit. According to Nicomachus 3 
is the first prime number, whereas Aristotle (Topics vm. 2, 157 a 3 9 ) regards 
2 as a prime number: "as the dyad is the only even number which is prime," 
showing that this divergence from the Pythagorean doctrine was earlier than 
Euclid. The number 2 also satisfies Euclid's definition of a prime number. 
Iamblichus (p. 3 0 , 27 sqq.) makes this the ground of another attack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the only even number which has no other part except an 
unit, while the subdivisions of the even, as previously explained by him (the 
even-times even, the even-odd, and odd-even), all exclude primeness, and he has 
previously explained that 2 is potentially even-odd, being obtained by 
multiplying by 2 the potentially odd, i.e. the unit; hence 2 is regarded by him 
as bound up with the subdivisions of even, which exclude primeness. Theon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (p. 2 3 , 1 4 — 2 3 ) , is also called odd-times odd; 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except 2, which therefore (p. 2 4 , 7 ) is oAA-likr 
(trtpio-o-otihris) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as odd-times odd. According to 
Iamblichus (p. 2 7 , 3 — 5 ) some called them euthymetric (e£f?i>p«TpiKos), and 
Thymaridas rectilinear (dBvypappiKos), the ground being that they can only be 
set out in one dimension with no breadth (a7rAar^s y a p iv rrj cVSeo-ti «'<p' iv 
pdvov Suo-rdpevos). T h e same aspect of a prime number is also expressed by 
Aristotle, who (Metaph. 1 0 2 0 b 3 ) contrasts the composite number with that 
which is only in one dimension (povov i<j> iv tar). Theon of Smyrna (p. 2 3 , 1 2 ) 
gives ypappixds (linear) as the alternative name instead of itOvypappucos. In 
either case, to make the word a proper description of a prime number we have 
to understand the word only ; a prime number is that which is linear, or 
rectilinear, only. For Nicomachus, who uses the form linear, expressly says 
(11. 13 , 6) that all numbers are so, i.e. all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or first, according to Nicomachus 
(1. 1 1 , 3 ) , because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle's 
second sense of 7rp<oTos "as not being composed of numbers" uis prj o-vyKtio-dai 
i( dpSpwv, Anal. Post. 11. 1 3 , 9 6 a 3 7 ) , and also, according to Iamblichus, 
because there is no number before it, being a collection of units (povdBmv 
o-vo-rripa), of which it is a multiple, and it appears first as a basis for other 
numbers to be multiples of. 

DEFINITION 12. 

l l p u J T o i irpos aAA.i/\ous dpi&poi turiv ol povdSi povy p«Tpoi f 01 koivw pirpw. 

By way of further emphasising the distinction between "p r ime" and 
"prime to one another," Theon of Smyrna (p. 2 3 , 6 — 8 ) calls the former 
"prime absolutely" (dirAus), and the latter "prime to one another and not 
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absolutely " or "not in themselves" (ov (cat? avrovt). The latter (p. 2 4 , 8 — 1 0 ) 
are " measured by the unit [sc. only] as common measure, even though, taken 
by themselves (<os irpos iavrovs), they be measured by some other numbers." 
From Theon's illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1. 1 1 , 1) and Iamblichus (p. 2 6 , 1 9 ) , on the other hand, the number which is 
" in itself secondary (oWtpos) and composite (o-wforo?), but in relation to 
another prime and incomposite," is a subdivision of odd- I shall call more 
particular attention to this difference of classification when we have reached 
the definitions of " composite " and " composite to one another"; for the 
present it is to be noted that Nicomachus (1. 1 3 , 1) defines a number prime to 
another after the same manner as the absolutely prime; it is a number which 
" is measured not only by the unit as the common measure but also by some 
other measure, and for this reason can also admit of a part or parts called by 
a different name besides that called by the same name (as itself), but, when 
examined in comparison with another number of similar character, is found 
not to be capable of being measured by a common measure in relation to the 
other, nor to have the same part, called by the same name as (any of) those 
simply (dirXus) contained in the o ther ; e.g. 9 in relation to 2 5 , for each of 
these is in itself secondary and composite, but, in comparison with one 
another, they have an unit alone as a common measure and no part is called 
by the same name in both, but the third in one is not in the other, nor is the 

fifth in the other found in the first." 

DEFINITION 1 3 . 

SvydcTos dpiOpoi ianv b dpi&pto twi /xerpovpevot. 
Euclid's definition of composite is again the same as Theon's definition 

of numbers "composite in relation to themselves," which (p. 2 4 , 1 6 ) are 
"numbers measured by any less number," the unit being, as usual, not 
regarded as a number. Theon proceeds to say that " of composite numbers 
they call those which are contained by two numbers plane, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
solid, as having the third dimension added to them." T o a similar effect is 
the remark of Aristotle (Metaph. 1 0 2 0 b 3 ) that certain numbers are 
" composite and are not only in one dimension but such as the plane and the 
solid (figure) are representations of (piprjpa), these numbers being so many 
times so many (iroo-aKis voo-ot), or so many times so many times so many 
(iroo-dxn iroo-dicis iroo-01) respectively." These subdivisions of composite 
numbers are, of course, the subject of Euclid's definitions 17 , 1 8 respectively. 
Euclid's composite numbers may be either even or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3 . 

DEFINITION 1 4 . 

2 w # € t o i 8c irpos aA.A17A.ous dpidpoC tUrw ol dpidpip T i n ptrpovpcvoi koivu 
pfVpU). 

Theon (p. 2 4 , 1 8 ) , like Euclid, defines numbers composite to one another as 
" those which are measured by any common measure whatever" (excluding 
unity, as usual). Theon instances 8 and 6 , with 2 as common measure, and 
6 and 9 , with 3 as common measure. 

http://aA.A17A.ous


As hinted above, there is a great difference between Euclid's classification 
of prime and composite numbers, and of numbers prime and composite 
to one another, and the classification found in Nicomachus (1. 1 1 — 1 3 ) and 
Iamblichus. According to the latter, all these kinds of numbers are sub­
divisions of the class of odd numbers only. As the class of even numbers is 
divided into three kinds, ( 1 ) the even-times even, ( 2 ) the even-odd, which 
form the extremes, and ( 3 ) the odd-even, which is, as it were, intermediate to 
the other two, so the class of odd numbers is divided into three, of which the 
third is again a mean between two extremes. The three a re : 

( 1 ) the prime and incomposite, which is like Euclid's prime number except 
that it excludes 2 ; 

( 2 ) the secondary arid composite, which is "odd because it is a distinct 
part of one and the same genus (Sid TO i£ ivbs koX tov airov yeVous Sra/sotpio-tfiu) 
but has in it nothing of the nature of a first principle (dpxoa&U); for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same name as itself, it possesses a part or parts called by another 
name." Nicomachus cites 9 , 15 , 2 1 , 2 5 , 2 7 , 3 3 , 3 5 , 3 9 . It is made clear that 
not only must the factors be both odd, but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite, a word of general signification. 

( 3 ) is that which is "secondary and composite in itself but prime and 
incomposite to another." The actual words in which this is defined have been 
given above in the note on Def. 1 2 . Here again all the factors must be odd 
and prime. 

Besides the inconvenience of restricting the term composite to odd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann (Die Algebra der Griechen, 1 8 4 2 , p. 1 9 4 ) , that 
subdivisions ( 2 ) and ( 3 ) overlap, subdivision ( 2 ) including the whole of 
subdivision ( 3 ) . The origin of this confusion is no doubt to be found in 
Nicomachus' perverse anxiety to be symmetrical; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the even. 
Iamblichus (p. 2 8 , 1 3 ) carries his desire to be logical so far as to point out 
why there cannot be a fourth kind of number contrary in character to ( 3 ) , 
namely a number which should be " prime and incomposite in itself, but 
secondary and composite to another " ! 

DEFINITION 15. 

*Apir?/xds dptdpbv Tro\\aTrXao-id£civ KiytTai, brav, doai tlcriv iv avTa) povdSts, 
TOffavraKis o-vvrtOy b 7roAAa7rAa0"ia£d/iei'Os, Kai ycvrrrai t i s . 

This is the well known primary definition of multiplication as an 
abbreviation of addition. 

DEFINITION 16. 

' O t o v Sc &vo dpiBpol 7roAAairAao-ido-aiTC9 dWijkovt i ro iuc i nva, 6 ycv6p,€VOi 
cTTiVeoos KaActrai, TrAeupai oe avrou 01 7roAAcnrAao-idowrcs dWyXovs dpiOpoi. 

The words plane and solid applied to numbers are of course adapted from 
their use with reference to geometrical figures. A number is therefore called 
linear (ypappiKot) when it is regarded as in one dimension, as being a length 



(/h^kos). When it takes another dimension in addition, namely breadth 
(a-AdVo?), it is in two dimensions and becomes plane (eViVtSos). The 
distinction between a plane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with dp&pos, in the 
latter case. So with a square and a square number, and so on. The most 
obvious form of a plane number is clearly that corresponding to a rectangle in 
geometry; the number is the product of two linear numbers regarded as sides 
(irXtvpai) forming the length and breadth respectively. Such a number is, as 
Aristotle says, " s o many times so many," and a plane is its counterpart 
(ptpr/pa). So Plato, in the Tfieaetetus ( 1 4 7 E — 1 4 8 B ) , says : " W e divided all 
numbers into two kinds, ( j ) that which can be expressed as equal multiplied 
by equal (rbv Swdptvov Xo-ov 10-dias yLyvto-Oat), and which, likening its form to 
the square, we called square and equilateral; ( 2 ) that which is intermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by equal, but is either less times more or more times less, being 
always contained by a greater and a less side, which number we likened to 
the oblong figure (irpopriKd o-xqpaTi) and callea an oblong number.... Such 
lines therefore as square the equilateral and plane number [i.e. which can 
form a plane number with equal sides, or a squarej we defined as length 
(prJKO'i); but such as square the oblong (here (Tfpopi)Ki)';) [i.e. the square of 
which is equal to the oblong] we called roots (Swdptis) as not being com­
mensurable with the others in length, but only in the plane areas (E7RI7RC8OIS), 
to which the squares on them are equal (d Siivamu)." This passage seems 
to make it clear that Plato would have represented numbers as Euclid does, 
by straight lines proportional in length to the numbers they represent (so far 
as practicable); for, since 3 and 5 are with Plato oblong numbers, and lines 
with him represent the sides of oblong numbers (since a line represents the 
" root," the square on which is equal to the oblong), it follows that the unit 
representing the smaller side must have been represented as a line, and 3 , the 
larger side, as a line of three times the length. But there is another possible way 
of representing numbers, not by lines of a certain length, but by points disposed 
in various ways, in straight lines or otherwise. Iamblichus tells us (p. 5 6 , 2 7 ) 
that " in old days they represented the quantuplicities of number in a more 
natural way (<pvo-iKu>Tepov) by splitting them up into units, and not, as in our 
day, by symbols" (o-up/3OAI<tais). Aristotle too (Metaph. 1 0 9 2 b 1 0 ) mentions 
one Eurytus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, "copying their shapes" 
(reading t o u t w , with Zeller) " with pebbles (Tats iprj<t>0K), just as those do who 
arrange numbers in the forms of triangles or squares." We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
a 's ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says Iamblichus (p. 5 6 , 2 6 ) , we shall call it rectilinear because it is 
without breadth and only advances in length (dVAaTws « r i pdvov t o /x^xos 
wpoturw). T h e prime number was called by Thymaridas rectilinear j>ar 
excellence, because it was without breadth and in one dimension only (i<f> tv 
pjdvov oWrdpci'os). By this must h i meant the impossibility of representing, 
say, 3 as a plane number, in Plato's sense, i.e. as a product of two numbers 
corresponding to a rectangle in geometry; and this view would appear to rest 
simply upon the representation of a number by points, as distinct from lines. 
Three dots in a straight line would have no breadth ; and if breadth were 
introduced in the sense of producing a rectangle, i.e. by placing the same 
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number of dots in a second line below the first line, the first plane number 
would be 4 , and 3 would not be a plane number at all, as Plato says it is. I t 
seems therefore to have been the alternative representation of a number by 
points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others symmetrically arranged below it shows a triangle, 
which is a figure in two dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of regular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first plane number, being a triangular number. T h e method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (11. 8 — 1 1 ) , who distinguishes the separate series of 
gnomons belonging to each, i.e. gives the law determining the number which 
has to be added to a polygonal number with n in a side, in order to make it 
into a number of the same form but with n + 1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 

l> 2> 3> 4) 5 ' " J that for squares 1, 3, 5 , 7 . . . ; that for pentagonal numbers 
1, 4 , 7, 1 0 . . . , and so on. T h e subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
plane number. 

Of plane numbers in the Platonic and Euclidean sense we have seen that 
Plato recognises two kinds, the square and the oblong (rrpo/iijKijit or €T€pop.ijieijt). 
Here again Euclid's successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide plane 
numbers with unequal sides into ( 1 ) o-tpo/u/Ktw, the nearest thing to squares, 
viz. numbers in which the greater side exceeds the less side by 1 only, or 
numbers of the form n (n + 1) , e.g. 1 . 2, 2. 3 , 3 . 4 , etc. (according to Nico­
machus), and ( 2 ) irpopjptew, or those whose sides differ by 2 or more, i.e. are of 
the form n (« + m), where m is not less than 2 (Nicomachus illustrates by 2 . 4 , 
3 . 6 , etc.). Theon of Smyrna (p. 3 0 , 8 — 1 4 ) makes wpo/ajxtn include irtpopAjKus, 
saying that their sides may differ by 1 or more; he also speaks of parallelogram-
numbers as those which have one side different from the other by 2 or more ; 
I do not find this latter term in Nicomachus or Iamblichus, and indeed it 
seems superfluous, as parallelogram is here only another name for oblong. 
Iamblichus (p. 7 4 , 2 3 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the frtpopJKrp number is the pro­
duct of any two different numbers multiplied together, and by not distinguishing 
the oblong (irpopj/iojt) from i t : " for his definition declares the same number 
to be square and also irtpopyKrp, as for example 3 6 , 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even." No importance need be attached to this exaggerated statement; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
fact use the word eYcpopijmjs of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that Iamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book I. and from the fact that he does not give 
the two subdivisions of plane numbers which are not square, but seems only 
to divide plane numbers into square and not-square. T h e argument that 
irtpopiJKtK numbers are a natural, and therefore essential, subdivision 
Iamblichus appears to found on the method of successive addition by which 
they can be evolved; as square numbers are obtained by successively adding 
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odd numbers as gnomons, so ETCPOPI/ITCIS are obtained by adding even numbers 
as gnomons. Thus 1 . 2 = 2, 2 . 3 = 2 + 4 , 3 . 4 = 2 + 4 + 6, and so on. 

DEFINITION 17. 

*OTAI> Sc Tpeis dptOpol 7roXXa7rXao-ido*AVTCS dXXiyXovs 7roidkri Tiva, 6 ytvofitvos 
CRREPEDS «mv, 7rXcupai 8c avrov 01 7roXXa7rXao-td<rajTcs dXX̂ XOUS dptOpoi. 

What has been said of the two apparently different ways of regarding a 
plane number seems to apply equally, mutatis mutandis, to the definitions of a 
solid number. Aristotle regards it as a number which is so many times so 
many times so many (iroo-dxis iroo-dxis iroaov). Plato finishes the passage about 
lines which represent the sides of square numbers and lines which are roots 
(8wdpe«), i.e. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, " And another 
similar property belongs to solids " (koX irepi TO. orcpcd dXXo TOIOOTOV). That is, 
apparently, there would be a corresponding term to root (Sdrapis)—practically 
representing a surd—to denote the side of a cube equal to a parallelepiped 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
straight lines: it corresponds in general to a parallelepiped and, when all 
the factors are equal, to a cube. 

But again, if numbers be represented by points, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyramids as well. The first 
number of this kind is 4 , since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
T h e length of the sides can be increased by 1 successively; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respectively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course, is one point representing unity. 
Nicomachus (11. 1 3 — 1 6 ) , Theon of Smyrna (p. 4 1 — 2 ) , and Iamblichus 
(P- 95> J S S (M.)> a u g i y e t h e different kinds of pyramidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 

1. First there is the equal by equal by equal (10-dias to-dias IO-OS), which is, 
of course, the cube. 

2. The other extreme is the unequal by unequal by unequal (dno-aKi? 
dvurd.Ki's aVio-09), or that in which all the dimensions are different, e.g. the 
product of 2 , 3 , 4 or 2, 4 , 8 or 3 , 5, 12 . These were, according to Nicomachus 
(11. 1 6 ) , called scalene, while some called them O-^H'O-KOI (wedge-shaped), others 
o-^ijKicr/tot (from o-<t>rj(, a wasp), and others /Suptcr/coi (altar-shaped). Theon 
appears to use the last term only, while Iamblichus of course gives all three 
names. 

3 . Intermediate to these, as it were, come the numbers "whose planes 
form CR«popi;Kci9 numbers" (i.e. numbers of the formv*(«+ 1 ) ) . These, says 
Nicomachus, are called parallelepipedal. 

Lastly come two classes of such numbers each of which has two equal 
dimensions but not more. 



4. I f the third dimension is less than the others, the number is equal by 
equal by less (JO-OKH ib-os c'Aarroi'dias) and is called a plinth (ttXivOk), e.g. 
8 . 8 . 3 . 

5. I f the third dimension is greater than the others, the number is equal 
by equal by greater (io-diat «ros ptifrWias) and is called a beam (oWs), e.g. 
3 . 3 . 7 . Another name for this latter kind of number (according to 
Iamblichus) was trtojKk (diminutive of cmfAij). 

Lastly, in connexion with pyramidal numbers, Nibomachus (11. 1 4 , 5 ) dis­
tinguishes numbers corresponding to frusta of pyramids. These are truncated 
(KO'AOVOOI), twice-truncated (oWAovpoi), thrice-truncated (rpucokovpoi) pyramids, 
and so on, the term being used mostly in theoretic treatises (iv a-vyypdppao-i 
poA.t<rra TOIS OtuipripMTiKoU). The truncated pyramid was formed by cutting 
off the point forming the vertex. The twice-truncated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 4 2 , 4 ) only 
mentions the truncated pyramid as "that with its vertex cut off" (r) rr)v 
Kopvtpriv aTroTiTpripivri), saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a straight line parallel to the base. 

DEFINITION 18. 

TcTpdyioi'os dpiBpoi iariv 6 10*0x19 io"os yj [6] vtto hvo uruiv dpiOpwv wtpt-
f)(op(vcn. 

A particular kind of square distinguished by Nicomachus and the rest was 
the square number which ended (in the decimal notation) with the same 
number as its side, e.g. 1, 2 5 , 3 6 , which are the squares of 1, 5 and 6 . These 
square numbers were called cyclic (kvkKikoi) on the analogy of circles in 
geometry which return again to the point from which they started. 

DEFINITION 19. 

Kvj3oS 0€ 6 uraxis UTOS ( W k K TJ [6] VTtO TptMV IfTtHV ApiOpun' TV(plC^opei'O?. 

Similarly cube numbers which ended with the same number as their sides, 
and the squares of those sides also, were called spherical (o-tftcupiKot) or recurrent 
(oVoKaTaoraTiKoi). One might have expected that the term spherical would be 
applicable also to the cubes of numbers which ended with the same digit as the 
side but not necessarily with the same digit as the square of the side also. 
E.g. the cube of 4 , i.e. 6 4 , ends with the same digit as 4 , but not with the 
same digit as 16 . But apparently 6 4 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6 , which end with the same digit if squared. A 
spherical number is in fact derived from a circular number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
cyclic and spherical applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so far dealt with were formed. 
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DEFINITION 20. 

'ApiBuol dvaXoyov turiv, orav o irp<uros tov Scvrcpov koI 6 TpiTos toC TtrapTov 
io-d/as g 7roXXa7rXdcrios i) t o avrd pt'pos ^ rd avrd pe'pij axrti'. 

Euclid does not give in this Book any definition of ratio, doubtless because 
it could only be the same as that given at the beginning of Book v., with 
numbers substituted for "homogeneous magnitudes" and " in respect of size" 
(mjXtKoVip-o) omitted or altered. We do not find that Nicomachus and the 
rest give any substantially different definition of a ratio between numbers. 
Theon of Smyrna says, in fact (p. 73, 1 6 ) , that " ratio in the sense of 
proportion (Xdyos 6 icar dvdXoyov) is a sort of relation of two homogeneous 
terms to one another, as for example, double, triple." Similarly Nicomachus 
says (n. 2 1 , 3 ) that " a ratio is a relation of two terms to one another," the word 
for " relation " being in both cases the same as Euclid's (cr^co-u). Theon of 
Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater 
inequality, less inequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
T h e names were TroXXajrXdo-ios, cVipdpios, tVtpepijs, iroXXairXao-uirifidpiOT, 
7roXXa7rXao-i€iripep7ys (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing wro or sub. 
After describing these particular classes of arithmetical ratios, Theon goes on 
to say that numbers still have ratios to one another even if they are different 
from all those previously described. We need not therefore concern ourselves 
with the various types; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid's definition of 
arithmetical proportion, for the greater is, in relation to the less, either one or 
a combination of more than one of the three things, ( 1 ) a multiple, ( 2 ) a 
submultiple, (3) a proper fraction. 

I t is when we come to the definition of proportion that we begin to find 
differences between Euclid, Nicomachus, Theon and Iamblichus. "Proportion," 
says Theon (p. 8 2 , 6 ) , " i s similarity or sameness of more ratios than one," 
which is of course unobjectionable if it is previously understood what a ratio 
i s ; but confusion was brought in by those (like Thrasyllus) who said that 
there were three proportions (dWXoyiat), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic means (jumoTipK). Hence it was necessary to explain, as Adrastus 
did (Theon, p. 1 0 6 , 1 5 ) , that of the several means " the geometric was called 
both proportion par excellence and primary...though the other means were 
also commonly called proportions by some writers." Accordingly we have 
Nicomachus trying to extend the term "proportion" to cover the various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 2 1 , 2 ) : " Proportion,/<zr excellence (icvpiW), is the bringing together 
(cniXX^if) to the same (point) of two or more ratios; or, more generally, (the 
bringing together) o f two or more relations (<r\itrtw), even though they be 
subjected not to the same ratio but to a difference or some other (law)." 
Iamblichus keeps the senses of the word more distinct. He says, like Theon, 
that "proportion is similarity or sameness of several ratios" (p. 9 8 , 1 4 ) , and 
that " i t is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par excellence, though it is now common to apply 
the name generally to all the remaining means as well " (p. 1 0 0 , 1 5 ) . Pappus 



remarks (ill. p. 7 0 , 1 7 ) , "A mean differs from a proportion in this respect that, if 
anything is a proportion, it is also a mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one harmonic." 
The last remark implies plainly enough that there is only one proportion 
(dWAoyta) in the proper sense. So, too, says Iamblichus in another place 
(p. 1 0 4 , 1 9 ) : " the second, the geometric, mean has been called proportion 
par excellence because the terms contain the same ratio, being separated 
according to the same proportion (dVd rbv airbv \6yov Sieo-iwts)." T h e 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called aWXoyta, the others, the arithmetic, the harmonic, etc., 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 8 2 , 1 0 ) 
distinguished the continuous (o-vvc\Vs) and the separated (h'lrjprip.ivrj), using the 
same terms as Aristotle (Eth. Nic. 1 1 3 1 a 3 2 ) . The meaning is of course 
clear: in the continuous proportion the consequent of one ratio is the ante­
cedent of the next ; in the separated proportion this is not so. Nicomachus 
(11. 2 i , 5 — 6 ) uses the words connected (o-vvnv.fn.ivri) and disjoined (oitt.cvyii.ivrj) 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
" proportional in order, or successively " (iirj% dvdXoyov). 

DEFINITION 21. 

'Opoioi CTTTVESOT K<u orepeoi dpiOpoi eunv ol dvdXoyov e^ovres r d s TrAcupds. 

Theon of Smyrna remarks (p. 3 6 , 1 2 ) that, among plane numbers, all 
squares are similar, while of irepopr/Kus those are similar "whose sides, that 
is, the numbers containing them, are proportional." Here irtpop-nK-ni must 
evidently be used, not in the sense of a number of the form n (n + 1) , but as 
synonymous with irpopijicrfs, any oblong number ; so that on this occasion 
Theon follows the terminology of Plato and (according to Iamblichus) of 
Euclid. Obviously, if the strict sense of irtpoprJKrp; is adhered to, no two 
numbers of that form can be similar unless they are also equal. We may 
compare Iamblichus' elaborate contrast of the square and the irtpop-nKrp. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 8 2 , 9 ) , be fitly called iSiopr/KJJS (Nicomachus uses TavropdxTjs) in 
contrast to irtpop.r]K-q%; and the ancients, according to him, called square 
numbers " the same " and " similar" (ra&rovs T« «ai dpotous), but inpop-qKti.% 
numbers " dissimilar and other " (dVopoidus K<U Barlpovs). 

With regard to solid numbers, Theon remarks in like manner (p. 3 7 , 2 ) 
that all cube numbers are similar, while of the others those are similar whose 
sides are proportional,- i.e. in which, as length is to length, so is breadth to 
breadth and height to height. 

DEFINITION 22. 

TcAcios dpidpds CCTIV 6 TOIS iavrov plpto-iv "<ros <ui'. 

Theon of Smyrna (p. 4 5 , 9 sqq.) and Nicomachus (1. 1 6 ) both give 
the same definition of a perfect number, as well as the law of formation of 
such numbers which Euclid proves in the later proposition, ix . 3 6 . They 
add however definitions of two other kinds of numbers in contrast with it, 
( 1 ) the over-perfect (uVcprtAijs in Nicomachus, iniprikiim in Theon), the 
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 1 2 , 
24 etc., the sum of the parts of 12 being 6 + 4 + 3 + 2 + 1 = 1 6 , and the 
sum of the parts of 2 4 being 12 + 8 + 6 + 4 + 3 + 2 + 1 = 3 6 , ( 2 ) the defective 
(CXXIJITJS) , the sum of whose parts is less than the whole, e.g. 8 or 14 , the 
parts in the first case adding up to 4 + 2 + 1, or 7 , and in the second case to 
7 + 2 + 1, or 10 . All three classes are however made by Theon subdivisions 
of numbers in general, but by Nicomachus subdivisions of even numbers. 

T h e term perfect was used by the Pythagoreans, but in another sense, of 
1 0 ; while Theon tells us (p. 4 6 , 1 4 ) that 3 was also called perfect "because 
it is the first number that has beginning, middle and extremity; it is also both 
a line and a plane (for it is an equilateral triangle having each side made up 
of two units), and it is the first link and potentiality of the solid (for a solid 
must be conceived of in three dimensions)." 

There are certain unexpressed axioms used in Book vn. as there are in 
earlier Books. 

T h e following may be noted. 

1. I f A measures B, and B measures C, A will measure C. 

2. I f A measures B, and also measures C, A will measure the difference 
between B and C when they are unequal. 

3 . I f A measures B, and also measures C, A will measure the sum of B 
and C. 

I t is clear, from what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vn.—ix. was no new thing but goes back, at 
least, to the Pythagoreans. I t is well known that the mathematics of Plato's 
Timaeus is essentially Pythagorean. I t is therefore a priori probable (if not 
perhaps quite certain) that Plato irvflayopifei even in the passage ( 3 2 A, B ) where 
he speaks of numbers " whether solid or square " in continued proportion, 
and proceeds to say that between planes one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by " planes " and " solids " Plato certainly meant square and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eucl. vm. n , 12 , that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean proportional numbers 1. 

1 It is true that similar plane and solid numbers have the same property (Eucl. v m . 18, 
19) ; but, if Plato had meant similar plane and solid numbers generally, I think it would 
have been necessary to specify that they were " similar," whereas, seeing that the Timaeus is 
as a whole concerned with regular figures, there is nothing unnatural in allowing tegular or 
equilateral to be understood. Further Plato speaks first of Jwd^EIS and fry/COI and then of 
"p lanes" (MTcda) and " s o l i d s " {oTepid) in such a way as to suggest that ovv&ntu cor­
respond to iTrLirtSa and Hyicoi to arepcd. Now the regular meaning of Svvafiis is square (or 
sometimes square root), and I think it is here used in the sense of square, notwithstanding 
that Plato seems to speak of three squares in continued proportion, whereas, in general, the 
mean between two squares as extremes would not be square but oblong. And, if Swd/ieit are 
squares, it is reasonable to suppose that the tynoi are also equilateral, i.e. the "so l ids" are 
cubes. I am aware that Th . Habler (Bibliotheca 'Mathematica, v m 3 , 1908, pp. 173—4) 
thinks that the passage is to be explained by reference to the problem of the duplication of 
the cube, and does not refer to numbers at all. Against this we have to put the evidence of 
Nicomachus (it. 24, 6) who, in speaking of " a certain Platonic theorem," quotes the very 
same results of Eucl. v m . 11 , 12. Secondly, it is worth noting that Habler's explanation is 
distinctly ruled out by Democritus the Platonist (3rd cent. A.D.) who, according to Proclus 



H I S T O R I C A L N O T E 2 9 5 

It is no less clear that, in his method and line of argument, Euclid was 
following earlier models, though no doubt making improvements in the ex­
position. The tract on the Sectio Canonis, KaraTopr) Karorot (as to the genuine­
ness of which see above, Vol. 1., p. 1 7 ) is in style and in the form of the 
propositions generally akin to the Elements. In one proposition ( 2 ) the author 
says "we learned (ipdOopw) that, if as many numbers as we please be in (con­
tinued) proportion, and the first measures the last, the first will also measure 
the intermediate numbers " ; here he practically quotes Elem. vm. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as hnpopim, the ratio, that is, of n + 1 to n, where 
n is any integer greater than unity. Now, fortunately, Boethius, De institutione 
musica, in. n (pp. 2 8 5 — 6 , ed. Friedlein), has preserved a proof by Archytas 
of this same proposition; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
(Bibliotheca Mathematica, vi ?, 1 9 0 5 / 6 , p. 2 2 7 ) . Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does). Let, he 
says, A, B be the " superparticularis proportio " (ivipopiov Sido-njua in Euclid). 
Take C, DE the smallest numbers which are in the ratio of A to B. [Here 
DE means D + E: and in this respect the notation is different from that o f 
Euclid who, as usual, takes a line DF divided into two parts at G, GF 
corresponding to E, and DG to D, in Archytas' notation. The step of taking 
C, DE, the smallest numbers in the ratio of A to B, presupposes Eucl. vn. 
3 3 . ] Then DE exceeds C by an aliquot part of itself and of C [cf. the 
definition of impopuK dpiOpos in Nicomachus, 1. 1 9 , 1 ] . Let D be the excess 
[i.e. E is supposed equal to C\ " I say that D is not a number but an unit." 

For, if D is a number and a part of DE, it measures DE; hence it 
measures E, that is, C. Thus D measures both C and DE, which is 
impossible ; for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl. vn. 2 2 . ] There­
fore D is an unit; that is, DE exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers C, DE. Therefore neither 
can any number be a mean between the original numbers A, B which are in 
the same ratio [this implies Eucl. vn. 2 0 ] . 

We have then here a clear indication of the existence at least as early as 
the date of Archytas (about 4 3 0 — 3 6 5 B . C . ) of an Elements of Arithmetic in 
the form which we call Euclidean; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in their turn. 

{In Platonis Timaeum commentaria, 149 c), said that the difficulties of the passage of the 
Timaeus had misted some people into connecting it with the duplication of the cube, 
whereas it really referred to similar planes and solids with sides in rational numbers. 
Thirdly, I do not think that, under the supposition that the Delian problem is referred to, 
we get the required sense. The problem in that case is not that of finding two mean 
proportionals between two cubes but that of finding a second cube the content of which 
shall be equal to twice, or k times (where k is any number not a complete cube), the content 
of a given cube (a3). Two mean proportionals are found, not between cubes, but between 
two straight lines in the ratio of 1 to k, or between a and ka. Unless k is a cube, there 
would be no point in saying that two means are necessary to connect 1 and k, and not one 
mean; for i]k is no more natural than ^jk, and would be less natural in the case where k 
happened to be square. On the other hand, if k is a cube, so that it is a question of finding 
means between cube numbers, the dictum of Plato is perfectly intelligible ; nor is any real 
difficulty caused by the generality of the statement that two means are always necessary to 
connect them, because any property enunciated generally of two cube numbers should 
obviously be true of cubes as such, that is, it must hold in the extreme case of two cubes 
which are prime to one another. 
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PROPOSITION I . 

Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, if the number 
which is left never measures the one before it until an unit is 
left, the original numbers will be prime to one another. 

For, the less of two unequal numbers AB, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one 
before it until an unit is left; 
I say that AB, CD are prime to one another, 
that is, that an unit alone measures AB, CD. 

For, if AB, CD are not prime to one another, 
some number will measure them. 

Let a number measure them, and let it be 
E; let CD, measuring BF, leave FA less than 
itself, 
let AF, measuring DG, leave GC less than itself, 
and let GC, measuring FH, leave an unit HA. 

Since, then, E measures CD, and CD measures BF, 
therefore E also measures BF. 

But it also measures the whole BA ; 
therefore it will also measure the remainder-/?/7'. 

But AF measures DG ; 
therefore E also measures DG. 
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But it also measures the whole DC • 
therefore it will also measure the remainder CG. 

But CG measures FH; 
therefore E also measures FH. 

But it also measures the whole FA ; 
therefore it will also measure the remainder, the unit AH, 
though it is a number: which is impossible. 

Therefore no number will measure the numbers AB, CD; 
therefore AB, CD are prime to one another. [vn. Def. 1 2 ] 

Q . E . D . 

It is proper to remark here that the representation in Books vn. to ix . o f 
numbers by straight lines is adopted by Heiberg from the MSS . The method 
of those editors who substitute points for lines is open to objection because it 
practically necessitates, in many cases, the use of specific numbers, which is 
contrary to Euclid's manner. 

" L e t CD, measuring BF, leave FA less than itself." This is a neat 
abbreviation for saying, measure along BA successive lengths equal to CD 
until a point F is reached such that the length FA remaining is less than 
CD; in other words, let BF be the largest exact multiple of CD contained 
in BA. 

Euclid's method in this proposition is an application to the particular 
case of prime numbers of the method of finding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
proposition. With our notation, the method may be shown thus. Supposing 
the two numbers to be a, b, we have, say, 

b)a(p 

it 
C)b(q 

?L 
d)c(r 

rd 

I f now a, b are not prime to one another, they must have a common 
measure e, where e is some integer, not unity. 

And since e measures a, b, it measures a -pb, i.e. e. 

Again, since e measures b, c, it measures b - qc, i.e. d, 

and lastly, since e measures c, d, it measures c-rd, i.e. 1: 

which is impossible. 

Therefore there is no integer, except unity, that measures a, b, which are 
accordingly prime to one another. 

Observe that Euclid assumes as an axiom that, if a, b are both divisible by 
c, so is a - pb. In the next proposition he assumes as an axiom that c will in 
the case supposed divide a + pb. 
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PROPOSITION 2 . 

Given two numbers not prime to one another, to find their 
greatest common measure. 

Let AB, CD be the two given numbers not prime to one 
another. 

Thus it is required to find the greatest A 

common measure of AB, CD. c 

If now CD measures AB—and it also E L 
measures itself—CD is a common measure of 1 
CD, AB. 1 

And it is manifest that it is also the greatest; 
for no greater number than CD will measure B D 

CD. 
But, if CD does not measure AB, then, the less of the 

numbers AB, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left; otherwise AB, CD will be 
prime to one another [vn. 1], which is contrary to the 
hypothesis. 

Therefore some number will be left which will measure 
the one before it. 

Now let CD, measuring BE, leave EA less than itself, 
let EA, measuring DF, leave EC less than itself, 
and let CF measure AE. 

Since then, CF measures AE, and AE measures DF, 
therefore CF will also measure DF. 

But it also measures itself; 
therefore it will also measure the whole CD. 

But CD measures BE ; 
therefore CF also measures BE. 

But it also measures EA ; 
therefore it will also measure the whole BA. 

But it also measures CD ; 
therefore CF measures AB, CD. 

Therefore CF is a common measure of AB, CD. 
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I say next that it is also the greatest. 
For, if CF is not the greatest common measure of AB, 

CD, some number which is greater than CF will measure the 
numbers AB, CD. 

Let such a number measure them, and let it be G. 
Now, since G measures CD, while CD measures BE, 

G also measures BE. 
But it also measures the whole BA ; 

therefore it will also measure the remainder AE. 
But AE measures DF; 

therefore G will also measure DF. 
But it also measures the whole DC; 

therefore it will also measure the remainder CF, that is, the 
greater will measure the less: which is impossible. 

Therefore no number which is greater than CFv/iW measure 
the numbers AB, CD ; 

therefore CF is the greatest common measure of AB, CD. 

PORISM. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. D.. 

Here we have the exact method of finding the greatest common measure 
given in the text-books of algebra, including the reductio ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus : 

We shall arrive, says Euclid, at some number, say d, which measures the one 
before it, i.e. such that c = rd. Otherwise the process would go on until we 
arrived at unity. This is impossible because in that case a, b would be prime 
to one another, which is contrary to the hypothesis. 

Next, like the text-books of algebra, he goes on to show that d will be some 
common measure of a, b. For d measures c; 
therefore it measures qc + d, that is, b, 
and hence it measures pb + c, that is, a. 

Lastly, he proves that d is the greatest common measure of a, b as follows. 
Suppose that e is a common measure greater than d. 
Then e, measuring a, b, must measure a-pb, or c. 

b)a(p 
pb 

C)b(q 
qc 
d)c(r 

rd 
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Similarly e must measure b - qc, that is, d: which is impossible, since e is 
by hypothesis greater than d. 

Therefore etc. 
Euclid's proposition is thus identical with the algebraical proposition as 

generally given, e.g. in Todhunter's algebra, except that of course Euclid's 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given odd numbers are prime or not 
prime to one another, and, if they are not prime to one anothei, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on ; this process " will finish either at an unit or at 
some one and the same number," by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to 21 and 4 9 , Nicomachus says, " I subtract the less from the 
greater; 2 8 is left; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 2 1 , 1 4 is left; from which I again 
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from 
7." The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending " at one and the same number." 

T h e proof of the Porism is of course contained in that part of the propo­
sition which proves that G, a common measure different from CF, must 
measure CF. T h e supposition, thereby proved to be false, that G is greater 
than CVdoes not affect the validity o f the proof that G measures CF in any 
case. 

PROPOSITION 3. 

Given three numbers not prime to one another, to find their 
greatest common measure. 

Let A, B, C be the three given numbers not prime to 
one another; 
thus it is required to find the greatest 
common measure of A, B, C. 

For let the greatest common measure, 
D, of the two numbers A, B be taken ; 

[vn. 2 ] 

then D either measures, or does not 
measure, C. 

First, let it measure it. 
But it measures A, B also; 

therefore D measures A, B, C; 
therefore D is a common measure of A, B, C. 

I say that it is also the greatest. 

O El F 



For, if D is not the greatest common measure of A, B, C, 
some number which is greater than D will measure the numbers 
A, B, C. 

Let such a number measure them, and let it be E. 
Since then E measures A, B, C, 

it will also measure A, B; 
therefore it will also measure the greatest common measure 
of A, B. [vn. 2, Por.] 

But the greatest common measure of A, B is D; 
therefore E measures D, the greater the less: which is 
impossible. 

Therefore no number which is greater than Z?will measure 
the numbers A, B, C; 

therefore D is the greatest common measure of A, B, C. 

Next, let D not measure C; 
I say first that C, D are not prime to one another. 

For, since A, B, C are not prime to one another, some 
number will measure them. 

Now that which measures A, B, C will also measure A, 
B, and will measure D, the greatest common measure of A, B. 

[vn. 2, Por.] 
But it measures C also ; 

therefore some number will measure the numbers D, C; 
therefore D, C are not prime to one another. 

Let then their greatest common measure E be taken. 
[vn. 2] 

Then, since E measures D, 
and D measures A, B, 
therefore E also measures A, B. 

But it measures C also ; 
therefore E measures A, B, C; 
therefore E is a common measure of A, B, C. 

I say next that it is also the greatest. 

For, if E is not the greatest common measure of A, B, C, 
some number which is greater than E will measure the 
numbers A, B, C. 

Let such a number measure them, and let it be F. 



Now, since ^measures A, B, C, 
it also measures A, B ; 
therefore it will also measure the greatest common measure 
of A, B. [vn. 2, Por.] 

But the greatest common measure of A, B is D ; 
therefore F measures D. 

And it measures C also ; 
therefore F measures D, C; 
therefore it will also measure the greatest common measure 
of D, C. [vn. 2, Por.] 

But the greatest common measure of D, C is E ; 
therefore F measures E, the greater the less: which is 
impossible. 

Therefore no number which is greater than E will measure 
the numbers A, B, C; 
therefore E is the greatest common measure of A, B, C. 

Euclid's proof is here longer than we should make it because he 
distinguishes two cases, the simpler of which is really included in the other. 

Having taken the greatest common measure, say d, of a, b, two of the 
three given numbers a, b, c, he distinguishes the cases 

(1) in which d measures c, 
(2) in which d does not measure c. 
In the first case the greatest common measure of d, c is d itself; in the 

second case it has to be found by a repetition of the process of vn. 2. In 
either case the greatest common measure of a, b, c is the greatest common 
measure of d, c. 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if d does not measure c, d and c must necessarily have a greatest 
common measure. This he does by means of the original hypothesis that 
a, b, c are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, bis a measure 
of d, and therefore any common measure of a, b, c is a common measure of 
d, c; hence d, c must have a common measure, and are therefore not prime to 
one another. 

T h e proofs of cases (1) and (2) repeat exactly the same argument as we 
saw in VII. 2, and it is proved separately for d in case (1) and e in case (2), 
where e is the greatest common measure of d, c, 

(a) that it is a common measure of a, b, c, 
(/8) that it is the greatest common measure. 

Heron remarks (an-Nairizi, ed. Curtze, p. 191) that the method does 
not only enable us to find the greatest common measure of three numbers; 
it can be used to find the greatest common measure of as many numbers 

Q. E. D. 



as we please. This is because any number measuring two numbers also 
measures their greatest common measure; and hence we can find the G.C.M. 
of pairs, then the G.C.M. of pairs of these, and so on, until only two numbers 
are left and we find the G.C.M. of these. Euclid tacitly assumes this extension 
in vn . 33, where he takes the greatest common measure of as many numbers 
as we please. 

PROPOSITION 4. 

Any number is either a part or parts of any number, the 
less of the greater. 

Let A, BC be two numbers, and let BC be. the less ; 
I say that BC is either a part, or parts, of A. 

For A, BC are either prime to one another 
or not. 

First, let A, BC be prime to one another. 
Then, if BC be divided into the units in it, 

each unit of those in BC will be some part of A ; 
so that BC is parts of A. 

Next let A, BC not be prime to one another; 
then BC either measures, or does not measure, A. 

If now BC measures A, BC is a part of A. 
But, if not, let the greatest common measure D of A, BC 

be taken ; [vn. 2] 
and let BC be divided into the numbers equal to D, namely 
BE, EE, EC. 

Now, since D measures A, D is a part of A. 
But D is equal to each of the numbers BE, EE, EC; 

therefore each of the numbers BE, EE, EC is also a part of A; 
so that BC is parts of A. 

Therefore etc. 
Q. E. D. 

The meaning of the enunciation is of course that, if a, b be two numbers 
of which b is the less, then b is either a submultiple or some proper fraction of a. 

(1) If a, b are prime to one another, divide each into its units; then b 
contains b of the same parts of which a contains a. Therefore b is " parts " or 
a proper fraction of a. 

(2) If a, b be not prime to one another, either b measures a, in which 
case b is a submultiple or " part" of a, or, if g be the greatest common 
measure of a, b, we may put a = mg and b = ng, and b will contain n of the 
same parts (g) of which a contains m, so that b is again "parts," or a proper 

fraction, of a. 



PROPOSITION 5. 

If a number be a part of a number, and another be the 
same part of another, the sum will also be the same part of the 
sum that the one is of the one. 

For let the number A be a. part of BC, 
and another, D, the same part of another EF that A is of BC; 
I say that the sum of A, D is also the same 
part of the sum of BC, EF that A is of BC. 

For since, whatever part A is of BC, D 
is also the same part of EF, 
therefore, as many numbers as there are in 
BC equal to A, so many numbers are there 
also in EF equal to D. 

Let BC be divided into the numbers equal to A, namely 
BG, GC, 
and EF into the numbers equal to D, namely EH, HF; 
then the multitude of BG, GC will be equal to the multitude 
of EH, HF. 

And, since BG is equal to A, and EH to D, 
therefore BG, EH are also equal to A, D. 

For the same reason 
GC, HF are also equal to A, D. 

Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to A, D. 

Therefore, whatever multiple BC is of A, the same multiple 
also is the sum of BC, EF of the sum of A, D. 

Therefore, whatever part A is of BC, the same part also 
is the sum of A, D of the sum of BC, EF. 

Q. E. D. 

I f a=-b, and c = -d, then 
n n 

a + c=l(6 + d). 

The proposition is of course true for any quantity of pairs of numbers 
similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vn. 9, 10. 



A 
C D 

G H H 
B E 

PROPOSITION 6. 

If a number be parts of a number, and another be the same 
parts of another, the sum will also be the same parts of the sum 
that the one is of the one. 

For let the number AB be parts of the number C, 
and another, DE, the same parts of another, 
F, that AB is of C; 
I say that the sum of AB, DE is also the 
same parts of the sum of C, F that AB is 
of C. 

For since, whatever parts AB is of C, 
DE is also the same parts of F, 
therefore, as many parts of C as there are 
in AB, so many parts of F are there also in DE. 

Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of AG, GB will be equal to the multitude 
oiDH, HE. 

And since, whatever part AG is of C, the same part is 
DH of F also, 
therefore, whatever part AG is of C, the same part also is the 
sum of AG, DH of the sum of C, F. [vn. 5] 

For the same reason, 
whatever part GB is of C, the same part also is the sum of 
GB, HE of the sum of C, F. 

Therefore, whatever parts AB is of C, the same parts also 
is the sum of AB, DE of the sum of C, F. 

Q. E. D. 

If a = — 0, ana c= — a, 
n n 

then a + c = — (b + d). 

More generally, if 
n 

!•— b, c^-d, « = - f, 
n n n 

then (a + c+ e + g + . ,.) = -(b + d+/+ A + ...). 



In Euclid's proposition m<n, but the generality of the result is of course 
not affected. This proposition and the last are complementary to v. i, which 
proves the corresponding result with multiple substituted for "pari" or 
"parts." 

PROPOSITION 7. 

If a number be that part of a number, which a number 
subtracted is of a number subtracted, the remainder will also 
be the same part of the remainder that the whole is of the 
whole. 

For let the number AB be that part of the number CD 
which AE subtracted is of CF subtracted ; 
I say that the remainder EB is also the same part of the 
remainder FD that the whole AB is of the whole CD. 

A E B 

G C F D 

For, whatever part AE is of CF, the same part also let 
EB be of CG. 

Now since, whatever part AE is of CF, the same part 
also is EB of CG, 
therefore, whatever part AE is of CF, the same part also is 
ABoiGF. [vn. 5] 

But, whatever part AE is of CF, the same part also, by 
hypothesis, is AB of CD ; 
therefore, whatever part AB is of GF, the same part is it of 
CD also ; 
therefore GF is equal to CD. 

Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 

Now since, whatever part AE is of CF, the same part 
also is EB of GC, 
while GC is equal to FD, 
therefore, whatever part AE is of CF, the same part also is 
EBoiFD. 

But, whatever part AE is of CF, the same part also is AB 
of CD; 



therefore also the remainder EB is the same part of the 
remainder FD that the whole AB is of the whole CD. 

Q. E. D. 

If a = -b and c = -d, we are to prove that 

a result differing from that of VII. 5 in that minus is substituted for plus. 
Euclid's method is as follows. 

Suppose that e is taken such that 

a-c = -e. (1) 
n v ' 

Now c = -d. 
n 

Therefore a = i (d + e), [vn. 5] 

whence, from the hypothesis, d+e = b, 
so that e = b-d, 
and, substituting this value of e in (1), we have 

a-c = -(b-d). 

PROPOSITION 8. 

If a number be the same parts of a number that a number 
subtracted is of a number subtracted, the remainder will also 
be the same parts of the remainder that the whole is of the 
whole. 

For let the number AB be the same parts of the number 
CD that AE subtracted is of CF 
subtracted ; c if p 
I say that the remainder EB is G M K N H 

also the same parts of the re- ' 1 1 

mainder FD that the whole AB ^ £ g § 
is of the whole CD. 

For let GH be made equal to AB. 
Therefore, whatever parts GH is of CD, the same parts 

also is AE of CF. 
Let GH be divided into the parts of CD, namely GK, KH, 

and AE into the parts of CF, namely AL, LE; 
thus the multitude of GK, KH will be equal to the multitude 
of AL, LE. 



Now since, whatever part GK is of CD, the same part 
also is AL of CF, 
while. CD is greater than CF, 
therefore GK is also greater than AL. 

Let GM be made equal to AL. 
Therefore, whatever part GK is of CD, the same part also 

is GM of CF; 
therefore also the remainder MK is the ;ame part of the 
remainder FD that the whole GK is of the whole CD. [vn. 7] 

Again, since, whatever part KH is of CD, the same part 
also is EL of CF, 
while CD is greater than CF, 
therefore HK is also greater than EL. 

Let KN be made equal to EL. 
Therefore, whatever part KH is of CD, the same part 

also is KN of CF; 
therefore also the remainder NH is the same part of the 
remainder FD that the whole KH is of the whole CD. 

[vn. 7] 
But the remainder MK was also proved to be the same 

part of the remainder FD that the whole GK is of the whole 
CD; 
therefore also the sum of MK, NH is the same parts of DF 
that the whole HG is of the whole CD. 

But the sum of MK, NH is equal to EB, 
and HG is equal to BA ; 
therefore the remainder EB is the same parts of the remainder 
FD that the whole AB is of the whole CD. 

Q. E. D. 

If a = — b and c=—d, (m<n) 

then a — c = — (b - d). 

Euclid's proof amounts to the following. 

Take e equal to - b, and / e q u a l to - d. 
ft n 

Then since, by hypothesis, b > d, 
*>/, 

and, by VII. 7, e-f=~(b-d). 



Repeat this for all the parts equal to e a n d / that there are in a, b respec­
tively, and we have, by addition (a, b containing m of such parts respectively), 

m(e-f) = "~(b-d). n 
But m{e—f)-a-c. 

Therefore a — c=m-(b-d\. 
n v 

The propositions vn . 7, 8 are complementary to v. 5 which gives the 
corresponding result with multiple in the place of " part" or " parts." 

PROPOSITION 9. 

If a number be a part of a number, and another be the 
same part of another, alternately also, whatever part or parts 
the first is of the third, the same part, or the same parts, will 
the second also be of the fourth, 

For let the number A be a part of the number BC, 
and another, D, the same part of another, EF, 
that A is of BC; 
I say that, alternately also, whatever part or B 

parts A is of D, the same part or parts is BC 1 G 
of EF also. AL 

For since, whatever part A is of BC, the 
same part also is D of EF, 
therefore, as many numbers as there are in BC equal to A, 
so many also are there in EF equal to D. 

Let BC be divided into the numbers equal to A, namely 
BG, GC, 
and EF into those equal to D, namely EH, HF; 
thus the multitude of BG, GC will be equal to the multitude 
oiEH.HF. 

Now, since the numbers BG, GC are equal to one another, 
and the numbers EH, HF are also equal to one another, 
while the multitude of BG, GC is equal to the multitude of 
EH, HF, 
therefore, whatever part or parts BG is of EH, the same 
part or the same parts is GC of HF also ; 
so that, in addition, whatever part or parts BG is of EH, 
the same part also, or the same parts, is the sum BC of the 
sum EF. [vn. 5, 6] 



PROPOSITION 10. 

If a number be parts of a number, and another be the 
same parts of another, alternately also, whatever parts or part 
the first is of the third, the same parts or the same part will 
the second also be of the fourth. 

For let the number AB be parts of the number C, 
and another, DE, the same parts of another, 
F; 
I say that, alternately also, whatever parts or 
part AB is of DE, the same parts or the 
same part is C of F also. 

For since, whatever parts AB is of C, 
the same parts also is DE of F, 
therefore, as many parts of C as there are 
in AB, so many parts also of F are there in DE. 

Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of AG, GB will be equal to the multitude 
oiDH, HE. 

Now since, whatever part AG is of C, the same part also 
is DH oiF, 
alternately also, whatever part or parts A G is of DH, 
the same part or the same parts is C of F also. [vn. 9] 

For the same reason also, 
whatever part or parts GB is of HE, the same part or the 
same parts is C of F also ; 

But BG is equal to A, and EH to D; 
therefore, whatever part or parts A is of D, the same part or 
the same parts is BC of EE also. 

Q. E. D. 

If a = - b and c = — d, then, whatever fraction (" part" or " parts") a is of 
n n 

c, the same fraction will b be of d. 
Dividing b into each of its parts equal to a, and d into each of its parts 

equal to c, it is clear that, whatever fraction one of the parts a is of one of the 
parts c, the same fraction is any other of the parts a of any other of the parts c. 

And the number of the parts a is equal to the number of the parts c, viz. «. 
Therefore, by vn . 5, 6, na is the same fraction of nc that a is of c, i.e. b is 

the same fraction of d that a is of c. 



so that, in addition, whatever parts or part AB is of DE, 
the same parts also, or the same part, is C of F. [vn. 5, 6} 

Q. E. D. 

If a = — b and c = —d, then, whatever fraction a is of c, the same fraction 
n n 

is b of d. 
T o prove this, a is divided into its m parts equal to b\n, and c into its 

m parts equal to djn. 
Then, by vn. 9, whatever fraction one of the m parts of a is of one of the 

m parts of c, the same fraction is n of d. 
And, by vn. 5, 6, whatever fraction one of the m parts of a is of one of 

the m parts of c, the same fraction is the sum of the parts of a (that is, a) of 
the sum of the parts ot c (that is, c). 

Whence the result follows. 
In the Greek text, after the words " so that, in addition " in the last line 

but one, is an additional explanation making the reference to vn . 5, 6 clearer, 
as follows: " whatever part or parts A G is of DH, the same part or the 
same parts is GB of HE a l so ; 
therefore also, whatever part or parts A G is of DH, the same part or the same 
parts is AB of DE also. [vn. 5, 6] 

But it was proved that, whatever part or parts AG is of DH, the same 
part or the same parts is C of F z\%a ; 
therefore also " etc. as in the last two lines of the text. 

Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 

PROPOSITION I I . 

If, as whole is to whole, so is a number subtracted to a 
number subtracted, the remainder will also be to the remainder 
as whole to whole. 

As the whole AB is to the whole CD, so let AE subtracted 
be to CF subtracted; 
I say that the remainder EB is also to the remainder 
FD as the whole AB to the whole CD. 

Since, as AB is to CD, so is AE to CF, 
whatever part or parts AB is of CD, the same part 
or the same parts is AE of CF also ; [vn. Def. 20] 

Therefore also the remainder EB is the same 
part or parts of FD that AB is of CD. [vn. 7, 8] 

Therefore, as EB is to FD, so is AB to CD. [vn. Def. 20] 
Q. E. D. 

It will be observed that, in dealing with the proportions in Props. 1 1 — 1 3 , 
Euclid only contemplates the case where the first number is " a part" or 
"par ts" of the second, while in Prop. 13 he assumes the first to be " a part" 
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or "parts" of the third also; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the third also. 
Y e t the figures in Props. 11 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the figures in these propositions, it is 
necessary to take account of the other possibilities involved in the definition 
of proportion (vn. Def. 20), that the first number may also be a multiple, or 
a multiple plus " a part" or " parts " (including once as a multiple in this case), 
of each number with which it is compared. Thus a number of different cases 
would have to be considered. The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, if necessary, in order 
to make " a part" or " parts " literally apply. 

If a : b = c : d, (a > c, b > d) 
then (a-c) :(b-d) = a :b. 

This proposition for numbers corresponds to v. 19 for magnitudes. The 
enunciation is the same except that the masculine (agreeing with apifyio's) 
takes the place of the neuter (agreeing with /xcy«0os). 

The proof is no more than a combination of the arithmetical definition of 
proportion (vn. Def. 20) with the results of vn. 7, 8. The language of propor­
tions is turned into the language of fractions by Def. 20 ; the results of vn. 7, 8 
are then used and the language retransformed by Def. 20 into the language of 
proportions. 

PROPOSITION 12 . 

If there be as many numbers as we please in proportion, 
then, as one of the antecedents is to one of the consequents, so 
are all the antecedents to all the consequents. 

Let A, B, C, D be as many numbers as we please in 
proportion, so that, 

as A is to B, so is C to D; 
I say that, as A is to B, so are A, C to B, D. 

For since, as A is to B, so is C to D, A| B| C 
whatever part or parts A is of B, the same part 
or parts is C of D also. [vn. Def. 20] 

Therefore also the sum of A, C is the same 
part or the same parts of the sum of B, D that A is of B. 

[vn. s, 6] 

Therefore, as A is to B, so are A, C to B, D. [vn. Def. 20] 
If a : a' = b : b' = c : d m 

then each ratio is equal to (a + b + c+ . . .) : (a' +b'-tV+ . . . ) . 
The proposition corresponds to v. 12, and the enunciation is word for word 

the same with that of v. 12 except that apifytds takes the place of fUydos. 
Again the proof merely connects the arithmetical definition of proportion 

(vn. Def. 20) with the results of vu . 5, 6, which are quoted as true for any 
number of numbers, and not merely for two numbers as in the enunciations of 
vn. 5. 6-



A 

— ~ e — F 

For, since, as A is to B, so is D to E, 
therefore, alternately, 

as A is to D, so is B to E. [vn. 13] 

PROPOSITION 13. 

If four numbers be proportional, they zuill also be propor­
tional alternately. 

Let the four numbers A, B, C, D be proportional, so that, 
as A is to B, so is C to D ; 

I say that they will also be proportional alternately, so that, 
as A is to C, so will B be to D. 

For since, as A is to B, so is C to D, 
therefore, whatever part or parts A is of B, 
the same part or the same parts is C of D also. 

[vn. Def. 20] 
Therefore, alternately, whatever part or 

parts A is of C, the same part or the same 
parts is B of D also. [vn. 10] 

Therefore, as A is to C, so is B to D. [vli. Def. 20] 
Q. E. D. 

If a : b = c : d, 
then, alternately, a : c = b : d. 

The proposition corresponds to v. 16 for magnitudes, and the proof 
consists in connecting VII, Def. 20 with the result of vn. 10. 

PROPOSITION 14. 

If there be as many numbers as we please, and others equal 
to them in multitude, which taken two and two are in the same 
ratio, they will also be in the same ratio ex aequali. 

Let there be as many numbers as we please A, B, C, 
and others equal to them in multitude D, E, F, which taken 
two and two are in the same ratio, so that, 

as A is to B, so is D to E, 
and, as B is to C, so is E to F; 
I say that, ex aequali, 

as A is to C, so also is D to F. 



Again, since, as B is to C, so is E to F, 
therefore, alternately, 

as B is to E, so is C to F. [vn. 13] 

But, as B is to E, so is A to Z?; 
therefore also, as A is to Z?, so is C to 

Therefore, alternately, 
as A is to C, so is Z? to F. [id.] 

If a : b = d : e, 
and b : c = e :f, 

then, aequali, a : c = d :f; 
and the same is true however many successive numbers are so related. 

The proof is simplicity itself. 
By vn. 13, alternately, a : d = b : e, 

and b : e = c : f. 
Therefore a : d = c :f 

and, again alternately, a : c = d :/. 
Observe that this simple method cannot be used to prove the corresponding 

proposition for magnitudes, v. 22, although v. 22 has been preceded by the 
two propositions in that Book corresponding to the propositions used here, 
viz. v. 16 and v. 11 . The reason of this is that this method would only prove 
v. 22 for six magnitudes all of the same kind, whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vn. 19 that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases; e.g., he often uses v. 11 in these pro­
positions of Book vn., v. 9 in vn. 19, v. 7 in the same proposition, and so on. 
Thus Heiberg would apparently suppose Euclid f o use v. 11 in the last step 
of the present proof (Ratios which are the same with the same ratio are also the 
same with one another). I think it preferable to suppose that Euclid regarded 
the last step as axiomatic; since, by the definition of proportion, the first 
number is the same multiple or the same part or the same parts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six numbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 

PROPOSITION I 5. 

If an unit measure any number, and another number measure 
any other number the same number of times, alternately also, 
the unit ivill measure the third number the same number of 
times that the second measures the fourth. 



For let the unit A measure any number BC, 
and let another number D 
measure any other number EF —— - + +—? 
the same number of times ; 0 

I say that, alternately also, the \ K L F 
unit A measures the number 
D the same number of times that BC measures EF. 

For, since the unit A measures the number BC the same 
number of times that D measures EF, 
therefore, as many units as there are in BC, so many numbers 
equal to D are there in EF also. 

Let BC be divided into the units in it, BG, GH, HC, 
and EF'\x\to the numbers EK, KL, LF equal to D. 

Thus the multitude of BG, GH, HC will be equal to the 
multitude of EK, KL, LF. 

And, since the units BG, GH, HC are. equal to one another, 
and the numbers EK, KL, LF are also equal to one another, 
while the multitude of the units BG, GH, HC is equal to the 
multitude of the numbers EK, KL, LF, 
therefore, as the unit BG is to the number EK, so will the 
unit GH be to the number KL, and the unit HC to the 
number LF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents; [vn. 12] 
therefore, as the unit BG is to the number EK, so is BC to 
EF. 

But the unit BG is equal to the unit A, 
and the number EK to the number D. 

Therefore, as the unit A is to the number D, so is BC to 
EF. 

Therefore the unit A measures the number D the same 
number of times that BC measures EF. Q. E. D. 

If there be four numbers 1, m, a, ma (such that 1 measures m the same 
number of times that a measures ma), 1 measures a the same number of 
times that m measures ma. 

Except that the first number is unity and the numbers are said to measure 
instead of being a part of others, this proposition and its proof do not differ 
from vn. 9 j in fact this proposition is a particular case of the other. 



• 

PROPOSITION 16. 

If two numbers by mtdtiplying one another make certain 
numbers, the numbers so produced will be equal to one another. 

Let A, B be two numbers, and let A by multiplying B 
make C, and B by multiplying 
A make D ; A 

I say that C is equal to D. B 
For, since A by multiply- c — — — 

ing B has made C, o 
therefore B measures C ac- — E 
cording to the units in A. 

But the unit E also measures the number A according to 
the units in it; 

therefore the unit E measures A the same number of times 
that B measures C. 

Therefore, alternately, the unit E measures the number B 
the same number of times that A measures C. [vn. 15] 

Again, since B by multiplying A has made D, 
therefore A measures D according to the units in B. 

But the unit E also measures B according to the units 
in it; 

therefore the unit E measures the number B the same 
number of times that A measures D. 

But the unit E measured the number B the same number 
of times that A measures C; 

therefore A measures each of the numbers C, D the same 
number of times. 

Therefore C is equal to D. q. E. U. 
•». The numbers so produced. The Greek has oi ycvb/utot ii avTuni, " the (numbers) 

produced from them." B y "from them" Euclid means "from the original numbers," though 
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out 
the words. 

This proposition proves that, if any numbers be multiplied together, the order 
of multiplication is indifferent, or ab = ba. 

It is important to get a clear understanding of what Euclid means when 
he speaks of one number multiplying another, vu . Def. 15 states that the 
effect of "a multiplying b" is taking a times b. We shall always represent 
"a times b" by ab and "b times a" by ba. This being premised, the proof 
that ab = ba may be represented as follows in the language of proportions. 



By vn. Def. 20, 1 : a = b : ab. 
Therefore, alternately, 1 : b = a : ab. [VII. 13] 
Again, by vn . Def. 20, 1 : b = a : ba. 

Therefore a : ab = a : ba, 
or ab = ba. 

Euclid does not use the language of proportions but that of fractions or 
their equivalent measures, quoting vn. 15, a particular case of vn. 13 
differently expressed, instead of vn. 13 itself. 

PROPOSITION 17. 

If a number by multiplying two numbers make certain 
numbers, the numbers so produced will have the same ratio 
as the numbers multiplied. 

For let the number A by multiplying the two numbers B, 
C make D, E; 
I say that, as B is to C, so is D to E. 

For, since A by multiplying B has made D, 
therefore B measures D according to the units in A. 

— F 

But the unit F also measures the number A according to 
the units in it; 
therefore the unit F measures the number A the same number 
of times that B measures D. 

Therefore, as the unit F is to the number A, so is B to D. 
[vn. Def. 20] 

For the same reason, 
as the unit F is to the number A, so also is C to E; 
therefore also, as B is to D, so is C to E. 

Therefore, alternately, as B is to C, so is D to E. [vn. 13] 
Q. E. D. 

b : c=ab : ac. 
In this case Euclid translates the language of measures into that of 

proportions, and the proof is exactly like that set out in the last note. 
By vn. Def. 20, 1 : a = b : ab, 

and 1 : a = c : ac. 
Therefore b : ab = c : ac, 

and, alternately, b: c = ab : ac. [vn. 13] 
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I 

PROPOSITION 18. 

If two numbers by multiplying any number make certain 
numbers, the numbers so produced will have the same ratio as 
the multipliers. 

For let two numbers A, B by multiplying any number C 
make D, £; 
I say that, as A is to B, so is D 3 * 
to 2?. D 

For, since .<4 by multiplying 
C has made D, 
therefore also C by multiplying A has made /? . [vn. 16] 
For the same reason also 
C by multiplying B has made E. 

Therefore the number C by muk.plying the two numbers 
A, B has made D, E. 

Therefore, as A is to B, sa is D to E. [vn. 17] 

It is here proved that a :b = ac :bc. 
The argument is as follows. 

ac = ca. [vn. 16] 
Similarly be = cb. 

And a : b = ca : cb; [vn. 17] 
therefore a : b -- ac : be. 

• 

PROPOSITION 19. 

If four numbers be proportional, the number produced from 
the first and fourth will be equal to the number produced from 
the second and third; and, if the number produced from the 
first and fourth be equal to that produced from the second and 
third, the four numbers will be proportional. 

Let A, B, C, D be four numbers in proportion, so that, 
as A is to B, so is C to D; 

and let A by multiplying D make E, and let B by multiply­
ing C make F; 
I say that E is equal to F. 

For let A by multiplying C make G. 



Since, then, A by multiplying C has made G, and by 
multiplying D has made E, 
the number A by multiplying the two 
numbers C, D has made G, E. 

Therefore, as C is to D, so is G to E. 
[vn. 17] 

But, as C is to D, so is A to B; 
therefore also, as ^4 is to B, so is 6" 
to E. 

Again, since A by multiplying C 
has made G, 
but, further, 2? has also by multiplying 
C made E, 
the two numbers ^4, B by multiplying a certain number C 
have made C7, F. 

Therefore, as A is to B, so is £ to E. [vn. 18] 
But further, as A is to B, so is C to E also; 

therefore also, as G is to Zf, so is G to 
Therefore G has to each of the numbers E, F the same 

ratio; 
therefore E is equal to F. [cf. v. 9] 

Again, let E be equal to F; 
I say that, as A is to B, so is C to Z>. 

For, with the same construction, 
since E is equal to F, 
therefore, as G is to E, so is G to F. 

But, as £ is to E, so is C to Z>, 
and, as (7 is to F, so is A to Z?. 
Therefore also, as A is to i?, so is C to Z>. 

[cf. v. 7] 

[vn. 17] 

[vn. 18] 

If 

Q. E. D. 

a : b = c : d, 
then ad= be; and conversely. 

The proof is equivalent to the following. 
(1) ac:ad=c:d [vn. 17] 

= a : b. 
But a:b = ac:bc. [vn. 18] 
Therefore ac : ad=ac : be, 

or ad = be. 



(2) Since ad=bc, 
ac : ad = ac : be. 

But ac : ad=c : d, [vn. 17] 
and ac : bc = a : b. [vu. i&] 

Therefore a : b = c : d. 
As indicated in the note on vn. 14 above, Heiberg regards Euclid as 

basing the inferences contained in the last step of part (1) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he regarded the inferences as obvious and 
not needing proof, in view of the definition of numbers which are in pro­
portion. E.g., if ac is the same fraction ("par t" or "parts") of ad that ac is 
of be, it is obvious that ad must be equal to be. 

Heiberg omits from his text here, and relegates to an Appendix, a 
proposition appearing in the manuscripts V, p, <p to the effect that, if three 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in the first hand, B has 
it in the margin only, and Campanus omits it, remarking that Euclid does 
not give the proposition about three proportionals as he does in vi . 17, since 
it is easily proved by the proposition just given. Moreover an-Nairizi quotes 
the proposition about three proportionals as an observation on vn . 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 

PROPOSITION 20. 

The least numbers of those which have the same ratio with 
them measure those which Itave the same ratio the same number 
of times, the greater the greater and the less the less. 

For let CD, EF be the least numbers of those which have 
the same ratio with A, B; 
I say that CD measures A the same number 
of times that EF measures B. 

Now CD is not parts of A. 
For, if possible, let it be so; 

therefore EF is also the same parts of B 
that CD is of A. [vn. 13 and Def. 20] 

Therefore, as many parts of A as there 
are in CD, so many parts of B are there also 
in EF. 

Let CD be divided into the parts of A, namely CG, GD, 
and EF'vcAo the parts of B, namely EH, HF; 
thus the multitude of CG, GD will be equal to the multitude 
of EH, HF. 



Now, since the numbers CG, GD are equal to one another, 
and the numbers EH, HF are also equal to one another, 
while the multitude of CG, GD is equal to the multitude of 
EH, HF, 
therefore, as CG is to EH, so is GD to HF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. [vn. 12] 

Therefore, as CG is to EH, so is CD to EF. 
Therefore CG, EH are in the same ratio with CD, EF, 

being less than they : 
which is impossible, for by hypothesis CD, EF are the least 
numbers of those which have the same ratio with them. 

Therefore CD is not parts of A ; 
therefore it is a part of it. [vn. 4] 

And EF is the same part of B that CD is of A ; 
[vn. 13 and Def. 20] 

therefore CD measures A the same number of times that EF 
measures B. 

Q. E. D. 

If a, b are the least numbers among those which have the same ratio 
(i.e. if a/b is a fraction in its lowest terms), and c, d are any others in the same 
ratio,.i.e. if 

a : b = c : d, 

then a = - c and b = - d, where « is some integer. 
n n 

The proof is by reductio ad absurdum, thus. 
[Since a <c, a is some proper fraction ("par t" or "parts") of c, by vn . 4.] 

Now a cannot be equal to — c, where m is an integer less than n but 
n 

greater than 1. 

For, if a = -c, b=-dalso. [vn, 13 and Def. 20I 
n n J 

Take each of the m parts of a with each of the m parts of b, two and two ; 

the ratio of the members of all pairs is the same ratio — a : — b. 
r m m 

Therefore 
- a : - b = a : b. [vn. 12] 
m m L J 

But — a and ^ b are respectively less than a, b and they are in the same 

ratio: which contradicts the hypothesis. 



Hence a can only be " a part" of c, or 

a is of the form - c, 
n 

and therefore b is of the form - d. 
n 

Here also Heiberg omits a proposition which was no doubt interpolated 
by Theon (B, V, p, <f> have it as vn . 22, but P only has it in the margin 
and in a later hand; Campanus also omits it) proving for numbers the ex 
aequali proposition when " the proportion is perturbed," i.e. (cf. enunciation 
of v. 22) if 

a:b = e:f, (1) 
and b : c = d : e, (2) 
then a : c = d :/. 

T h e proof (see Heiberg's Appendix) depends on VII. 19. 
From (1) we have a / = be, 

and from (2) be = cd. [vn. 19] 
Therefore o / = cd, 

and accordingly a : c-d :f. [vn. 19] 

PROPOSITION 21 . 

Numbers prime to one another are the least of those which 
have the same ratio with them. 

Let A, B be numbers prime to one another; 
I say that A, B are the least of 
those which have the same ratio 1 | E 

with them. _ c l D 

A B 
For, if not, there will be some > 

numbers less than A, B which are 
in the same ratio with A, B. 

Let them be C, D. 
Since, then, the least numbers of those which have the 

same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, [vn. 20] 
therefore C measures A the same number of times that D 
measures B. 

Now, as many times as C measures A, so many units let 
there be in E. 

Therefore D also measures B according to the units in E. 



And, since C measures A according to the units in E, 
therefore E also measures A according to the units in C. 

[vn. 16] 
For the same reason 

E also measures B according to the units in D. [vn. 16] 
Therefore E measures A, B which are prime to one 

another : which is impossible. [vn. Def. 12] 
Therefore there will be no numbers less than A, B which 

are in the same ratio with A, B. 
Therefore A, B are the least of those which have the same 

ratio with them. 
Q. E. D. 

In other words, if a, b are prime to one another, the ratio a : b is " in its 
lowest terms." 

The proof is equivalent to the following. 
If not, suppose that c, d are the least numbers for which 

a : b = c : d. 
[Euclid only supposes some numbers c, d in the ratio of a to b such that 
c <a, and (consequently) d < b. It j s however necessary to suppose that 
c, d are the least numbers in that ratio in order to enable vn . 20 to be 
used in the proof.] 

Then [vn. 20] a = me, and b = md, where m is some integer. 
Therefore a = em, b = dm, [vu. 16] 

and m is a common measure of a, b, though these are prime to one another 
which is impossible. [vn. Def. 12 

Thus the least numbers in the ratio of a to b cannot be less than a, 
thetnselves. 

Where I have quoted vn. 16 Heiberg regards the reference as being to 
vn . s 5. I think the phraseology of the text combined with that of Def. 15 
suggests the former rather than the latter. 

PROPOSITION 22. 

The least numbers of those which have the same ratio with 
them are prime to one another. 

Let A, B be the least numbers of those which have the 
same ratio with them; 
I say that A, B are prime to one B 

another. 
Q 

For, if they are not prime to one D 

another, some number will measure E 

them. 
Let some number measure them, and let it be C. 



And, as many times as C measures A, so many units 
let there be in D, 
and, as many times as C measures B, so many units let there 
be in E 

Since C measures A according to the units in D, 
therefore C by multiplying D has made A. [vn. Def. 15] 

For the same reason also 
C by multiplying E has made B. 

Thus the number C by multiplying the two numbers D, 
E has made A, B ; 
therefore, as D is to E, so is A to B; [vn. 17] 
therefore D, E are in the same ratio with A, B, being less 
than they : which is impossible. 

Therefore no number will measure the numbers A, B. 
Therefore A, B are prime to one another. 

Q. E. O. 

I f a j 44* " I n its lowest terms," a, b are prime to one another. 
Again the proof is indirect. 
If a, b are not prime to one another, they have some common measure c, 

and 
a = mc, b = nc. 

Therefore m : n = a : b. [vn. 17 or 18] 
But m, n are less than a, b respectively, so that a : b is not in its lowest 

terms: which is contrary to the hypothesis. 
Therefore etc. 

PROPOSITION 23. 

If two numbers be prime to one another, the number which 
measures the one of them will be prime to the remaining 
number. 

Let A, B be two numbers prime to one another, and let 
any number C measure A ; 
I say that C, B are also prime to one another. 

For, if C, B are not prime to one another, 
some number will measure C, B. 

Let a number measure them, and let it be D. 
Since D measures C, and C measures .4, 

therefore D also measures A. A B c D 

But it also measures B; 



therefore D measures A, B which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers C, B. 
Therefore C, B are prime to one another. 

Q. E. D. 

If a, mb are prime to one another, b is prime to a. For, if not, some 
number d will measure both a and b, and therefore both a and mb: which is 
contrary to the hypothesis. 

Therefore etc. 

PROPOSITION 24. 

If two numbers be prime to any number, their product also 
will be prime to the same. 

For let the two numbers A, B be prime to any number C, 
and let A by multiplying B make D ; 
I say that C, D are prime to one another. 

For, if C, D are not prime to one another, 
some number will measure C, D. 

Let a number measure them, and let it 
be E. 

Now, since C, A are prime to one 
another, 
and a certain number E measures C, 
therefore A, E are prime to one another. [vn. 23] 

As many times, then, as E measures D, so many units let 
there be in F; 
therefore F also measures D according to the units in E. 

[vn. 16] 
Therefore E by multiplying F has made D. [vn. Def. 15] 
But, further, A by multiplying B has also made D ; 

therefore the product of E, F is equal to the product of A, B. 
But, if the product of the extremes be equal to that of the 

means, the four numbers are proportional; [vn. 19] 
therefore, as E is to A, so is B to F, 

But A, E are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, [vn. 21] 
and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 



number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent; [vn. 20] 
therefore E measures B. 

But it also measures C; 
therefore E measures B, C which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers C, D. 
Therefore C, D are prime to one another. 

Q. E, D. 

1. their product. 6 $ airQy yct>6nevot, literally " the (number) produced from them," 
will henceforth be translated as " their product." 

If a, b are both prime to c, then ab, c are prime to one another. 
The proof is again by reductio ad absurdum. 
If ab, c are not prime to one another, let them be measured by a and be 

equal to md, nd, say, respectively. 
Now, since a, c are prime to one another and d measures c, 

a, d are prime to one another. [vn. 23] 
But, since ab = md, 

d : a = b : m. [vn. 19] 
Therefore [vn. 20] d measures b, 

or b = pd, say. 
But c = nd. 

Therefore d measures both b and c, which are therefore not prime to one 
another: which is impossible. 

Therefore etc. 

PROPOSITION 25. 

If two numbers be prime to one another, the product of one 
of them into itself will be prime to the remaining one. 

Let A, B be two numbers prime to one another, 
and let A by multiplying itself make C: 
I say that B, C are prime to one another. 

For let D be made equal to A. 
Since A, B are prime to one another, 

and A is equal to D, 
therefore D, B are also prime to one another. 

Therefore each of the two numbers D, A is 
prime to B; 
therefore the product of D, A will also be prime to B. [vn. 24] 



But the number which is the product of D, A is C. 
Therefore C, B are prime to one another. Q. E. D. 

I . t h e p r o d u c t of one of t h e m in to itself. T h e Greek, 6 4K TOV cvbt abruv yctipuvos, 
literally "the number produced from the one of them," leaves "multiplied into itself" to be 
understood. 

i f a, b are prime to one another, 
a1 is prime to b. 

Euclid takes d equal to a, so that d, a are both prime to b. 
Hence, by vn . 24, da, i.e. a a, is prime to b. 
The proposition is a particular case of the preceding proposition; and the 

method of proof is by substitution of different numbers in the result of that 
proposition. 

PROPOSITION 26. 

If two numbers be prime to two numbers, both to each, their 
products also will be prime to one another. 

For let the two numbers A, B be prime to the two 
numbers C, D; both to each, 
and let A by multiplying B A c 

make E, and let C by multi- B D 

plying D make F; E 

I say that E, F are prime to F 

one another. 
For, since each of the numbers A, B is prime to C, 

therefore the product of A, B will also be prime to C. [vn. 24] 
But the product of A, B is E ; 

therefore E, C are prime to one another. 
For the same reason 

E, D are also prime to one another. 
Therefore each of the numbers C, D is prime to E. 
Therefore the product of C, D will also be prime to E. 

[vn. 24] 
But the product of C, D is F. 
Therefore E, F are prime to one another. Q. E. D. 

If both a and b are prime to each of two numhers c, d, then ab, cd will be 
prime to one another. 

Since a, b are both prime to c, 
ab, c are prime to one another. [vn. 24] 

Similarly ab, d are prime to one another. 
Therefore c. d are both prime to ab, 
and so therefore is cd. [vn. 24] 



PROPOSITION 27. 

If two numbers be prime to one another, and each by 
multiplying itself make a certain number, the products will be 
prime to one another; and, if the original numbers by multi­
plying the products make certain numbers, the latter will also 
be prime to one another [and this is always the case with the 
extremes]. 

Let A, B be. two numbers prime to one another, 
let A by multiplying itself make C, and by 
multiplying C make D, 
and let B by multiplying itself make E, and 
by multiplying E make F; 
I say that both C, E and D, F are prime 
to one another. 

For, since A, B are prime to one another, 
and A by multiplying itself has made C, 
therefore C, B are prime to one another. [vn. 25] 

Since then C, B are prime to one another, 
and B by multiplying itself has made E, 
therefore C, E are prime to one another. [id.] 

Again, since A, B are prime to one another, 
and B by multiplying itself has made E, 
therefore A, E are prime to one another. [id.] 

Since then the two numbers A, C are prime to the two 
numbers B, E, both to each, 
therefore also the product of A, C is prime to the product of 
B, E. [vn. 26] 

And the product of A, C is D, and the product of B, E 
isF. 

Therefore D, F are prime to one another. 
Q. E. D. 

If a, b are prime to one another, so are a\ b3 and so are d*, b3; and, 
generally, a", bn are prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
any powers are suspected and bracketed by Heiberg because (i) in wipi T O W 
aKpovs the use of axpoi is peculiar, for it can only mean " the last products," 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia-



tion, though he adds to the proof a remark that the proposition is true of any, 
the same or different, powers of a, b. Heiberg concludes that the words are 
an interpolation of date earlier than Theon. 

Euclid's proof amounts to this. 
Since a, b are prime to one another, so are a1, b [vn. 25I, and therefore 

also a", b>. [vn. 25] 
Similarly [vn. 25] a, b* are prime to one another. 
Therefore a, a' and b, V satisfy the description in the enunciation of 

vn. 26. 
Hence a3, b3 are prime to one another. 

PROPOSITION 28. 

If two numbers be prime to one another, the sum will also 
be prime to each of them ; and, if the sum of two numbers be 
prime to any one of them, the original numbers will also be 
prime to one another. 

For let two numbers AB, BC prime to one another be 
added; 
I say that the sum AC is also prime A B O 
to each of the numbers AB, BC. 

0 
For, if CA, AB are not prime to 

one another, 
some number will measure CA, AB. 

Let a number measure them, and let it be D. 
Since then D measures CA, AB, 

therefore it will also measure the remainder BC. 
But it also measures BA ; 

therefore D measures AB, BC which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers CA, AB; 
therefore CA, AB are prime to one another. 

For the same reason 
AC, CB are also prime to one another. 

Therefore CA is prime to each of the numbers AB, BC. 
Again, let CA, AB be prime to one another; 

I say that AB, BC are also prime to one another. 
For, if AB, BC are not prime to one another, 

some number will measure AB, BC. 



Let a number measure them, and let it be D. 
Now, since D measures each of the numbers AB, BC, it 

will also measure the whole CA. 
But it also measures AB ; 

therefore D measures CA, AB which are prime to one another: 
which is impossible. [vu. Def. 12] 

Therefore no number will measure the numbers AB, BC. 
Therefore AB, BC are prime to one another. 

Q. E. D. 

If a, b are prime to one another, a + b will be prime to both a and b; and 
conversely. 

For suppose (a + b), a are not prime to one another. They must then 
have some common measure d. 

Therefore d also divides the difference (a + b) - a, or b, as well as a; and 
therefore a, b are not prime to one another: which is contrary to the 
hypothesis. 

Therefore a + b is prime to a. 
Similarly a + b is prime to b. 
The converse is proved in the same way. 
Heiberg remarks on Euclid's assumption that, if c measures both a and b, 

it also measures a ± b. But it has already (vn. I, 2) been assumed, more 
generally, as an axiom that, in the case supposed, c measures a ±pb. 

not measure. 
Let A be a prime number, and let it not measure B; 

I say that B, A are prime to one another. 

Let C measure them. 
Since C measures B, 

and A does not measure B, 
therefore C is not the same with A. 

Now, since C measures B, A, 
therefore it also measures A which is prime, though it is not 
the same with i t : 
which is impossible. 

For, if B, A are not prime to one 
another, 
some number will measure them. c 

A 
B 



Therefore no number will measure B, A. 
Therefore A, B are prime to one another. 

Q. E. D. 

If a is prime and does not measure b, then a, b are prime to one another. 
The proof is self-evident. 

PROPOSITION 30. 

If tivo numbers by multiplying one another make some 
number, and any prime number measure the product, tt ivill 
also measure one of the original numbers. 

For let the two numbers A, B by multiplying one another 
make C, and let any prime number 
D measure C ; A 

I say that D measures one of the B 

numbers A, B. c 
For let it not measure A. 0 

Now D is prime ; E 
therefore A, D are prime to one 
another. [vn. 29] 

And, as many times as D measures C, so many units let 
there be in E. 

Since then D measures C according to the units in E, 
therefore D by multiplying E has made C. [vn. Def. 15] 

Further, A by multiplying B has also made C; 
therefore the product of D, E is equal to the product of 
A, B. 

Therefore, as D is to A, so is B to E. [VM. 19] 
But D, A are prime to one another, 

primes are also least, [vn. 21] 
and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent; [vn. 20] 
therefore D measures B. 

Similarly we can also show that, if D do not measure B, 
it will measure A. 

Therefore D measures one of the numbers A, B. 
Q. E. D. 



If c, a prime number, measure ab, c will measure either a or b. 
Suppose c does not measure a. 
Therefore c, a are prime to one another. [vn. 29] 
Suppose ab = me. 

Therefore c : a = b : m. [vn. 19] 
Hence [vn. 20, 21] e measures b. 
Similarly, if c does not measure it measures a. 
Therefore it measures one or other of the two numbers a, b. 

PROPOSITION 31 . 

Any composite number is measured by some prime number. 

Let A he a. composite number ; 
I say that A is measured by some prime number. 

For, since A is composite, 
s some number will measure it. A 

Let a number measure it, and let it B 
be B. c 

Now, if B is prime, what was en­
joined will have been done. 

10 But if it is composite, some number will measure it. 
Let a number measure it, and let it be C. 
Then, since C measures B, 

and B measures A, 
therefore C also measures A. 

15 And, if C is prime, what was enjoined will have been 
done. 

But if it is composite, some number will measure it. 
Thus, if the investigation be continued in this way, some 

prime number will be found which will measure the number 
20 before it, which will also measure A. 

For, if it is not found, an infinite series of numbers will 
measure the number A, each of which is less than the other: 
which is impossible in numbers. 

Therefore some prime number will be found which will 
25 measure the one before it, which will also measure A. 

Therefore any composite number is measured by some 
prime number. 



PROPOSITION 32. 

Any number either is prime or is measured by some prime 
number. 

Let A be & number; 
I say that A either is prime or is measured by some prime 
number. 

If now A is prime, that which was A 
enjoined will have been done. 

But if it is composite, some prime number will measure it. 
[vn- 31] 

Therefore any number either is prime or is measured by 
some prime number. 

Q. E. D. 

PROPOSITION 33. 

Given as many numbers as we please, to find the least of 
those which have the same ratio with them. 

Let A, B, C be the given numbers, as many as we please; 
thus it is required to find the least of 

5 those which have the same ratio with 
A, B, C. 

A, B, C are either prime to one 
another or not. 

Now, if A, B, C are prime to one I 
10 another, they are the least of those H . 

which have the same ratio with them. K L M 
[vn. 21] 

But, if not, let D the greatest common measure of A, B, C 
be taken, [vu. 3] 

8. if B is prime, what was enjoined will have been done, i.e. the implied 
problem of finding a prime number which measures A. 

18. some prime number will be found which will measure. In the Greek the 
sentence stops here, but it is necessary to add the words " the number before it, which will 
also measure A" which are found a few lines further down. It is possible that the words 
may have fallen out of P here by a simple mistake due to SfjLoioriXevrov (Heiberg). 

Heiberg relegates to the Appendix an alternative proof of this proposition, 
to the following effect. Since A is composite, some number will measure it. 
Let B be the least such number. I say that B is prime. For, if not, B is 
composite, and some number will measure it, say C; so that C is less than B. 
But, since C measures B, and B measures A, C must measure A. And C is 
less than B: which is contrary to the hypothesis. 



and, as many times as D measures the numbers A, B, C 
is respectively, so many units let there be in the numbers 

E, F, G respectively. 
Therefore the numbers E, E, G measure the numbers A, 

B, C respectively according to the units in D. [vn. 16] 
Therefore E, E, G measure A, B, C the same number of 

20 times; 
therefore E, E, G are in the same ratio with A, B, C. 

[vn. Def. 20] 
I say next that they are the least that are in that ratio. 
For, if E, F, G are not the least of those which have the 

same ratio with A, B, C, 
25 there will be numbers less than E, F, G which are in the 

same ratio with A, B, C. 
Let them be H, K, L ; 

therefore H measures A the same number of times that the 
numbers K, L measure the numbers B, C respectively. 

3° Now, as many times as H measures A, so many units let 
there be in M; 
therefore the numbers K, L also measure the numbers B, C 
respectively according to the units in M. 

And, since H measures A according to the units in M, 
35 therefore M also measures A according to the units in H. 

[vn. 16] 
For the same reason 

M also measures the numbers B, C according to the units in 
the numbers K, L respectively ; 

Therefore M measures A, B, C. 
40 Now, since H measures A according to the units in M, 

therefore H by multiplying M has made A. [vn. Def. 15] 
For the same reason also 

E by multiplying D has made A. 
Therefore the product of E, D is equal to the product of 

45 H, M. 
Therefore, as E is to H, so is M to D. [vn. 19] 
But E is greater than H; 

therefore M is also greater than D. 
And it measures A, B, C: 



Given any numbers a, b, c, to find the least numbers that are in the 
same ratio. 

Euclid's method is the obvious one, and the result is verified by reductio 
ad absurdum. 

We will, like Euclid, take three numbers only, a, b, c. 
Let g, their greatest common measure, be found [vn. 3], and suppose that 

a = mg, i.e. gm, [vu. 16] 
b = ng, i.e. gn, 

It follows, by vn. Def. 20, that 
m : n \ p = a : b : c. 

m, ft, p shall be the numbers required. 
For, if not, let x, y, z be the least numbers in the same ratio as a, b, c, 

being less than m, tt, p. 
Therefore a = kx (or xk, VII. 16), 

b = ky (or yk), 
c = kz (or zk), 

where k is some integer. [vn. 20] 
Thus mg = a = xk. 
Therefore m:x = k:g. [vn. 19] 
And m > x; therefore k > g. 
Since then k measures a, b, e, it follows that g is not the greatest common 

measure: which contradicts the hypothesis. 
Therefore etc. 
It is to be observed that Euclid merely supposes that x, y, z are smaller 

numbers than m, n, p in the ratio of a, b, c; but, in order to justify the next 
inference, which apparently can only depend on vn . 20, x, y, z must also be 
assumed to be the least numbers in the ratio of a, b, c. 

The inference from the last proportion that, since m > x, k>gis supposed 
by Heiberg to depend upon vn . 13 and v. 14 together. I prefer to regard 
Euclid as making the inference quite independently of Book v. E.g., the 
proportion could just as well be written 

x : m=g : k, 
when the definition of proportion in Book VII. (Def. 20) gives all that we want, 
since, whatever proper fraction x is of m, the same proper fraction is g of k. 

5° which is impossible, for by hypothesis D is the greatest 
common measure of A, B, C. 

Therefore there cannot be any numbers less than E, E, G 
which are in the same ratio with A, B, C. 

Therefore E, F, G are the least of those which have the 
55 same ratio with A, B, C. 

Q . E . D . 

17. the n u m b e r s E , F , G m e a s u r e the n u m b e r s A , B , C r e s p e c t i v e l y , 
literally (as usual) "each of the numbers E, F, G measures each of the numbers A, 
B, C" 



PROPOSITION 34. 

Given two numbers, to find the least number which they 
measure. 

Let A, B be the two given numbers ; 
thus it is required to find the least number which they 
measure. 

Now A, B are either prime to one A B 

another or not. c 

First, let A, B be prime to one 0 

another, and let A by multiplying B 
make C; E F 

therefore also B by multiplying A has 
made C. ^ [vn. 16] 

Therefore A, B measure C 
I say next that it is also the least number they measure. 
For, if not, A, B will measure some number which is less 

than C. 
Let them measure D. 
Then, as many times as si measures D, so many units let 

there be in E, 
and, as many times as B measures D, so many units let there 
be in F\ 
therefore A by multiplying E has made D, 
and B by multiplying F has made D ; [vn. Def. 15] 
therefore the product of A, E is equal to the product of B, F. 

Therefore, as A is to B, so is F x.o E. [vu. 19] 
But A, B are prime, 

primes are also least, [vn. 21] 
and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the less 
the less ; [vn. 20] 
therefore B measures E, as consequent consequent. 

And, since A by multiplying B, E has made C, D, 
therefore, as B is to E, so is C to D. [vu. 17] 

But B measures E; 
therefore C also measures D, the greater the less : 
which is impossible. 



Therefore A, B do not measure any number less than C; 
therefore C is the least that is measured by A, B. 

Next, let A, B no* be prime to one another, 
and let F, E, the least numbers of those which have the same 
ratio with A, B, be taken ; [vu. 33] 
therefore the product of A, E is equal to the product of B, F. 

[vu. 19] 
And let A by multiplying E 

make C; A § 
therefore also B by multiplying F F g 
has made C, , 
therefore A, B measure C. o 

I say next that it is also the least Q H 
number that they measure. 

For, if not, A, B will measure some number which is less 
than C. 

Let them measure D. 
And, as many times as A measures D, so many units let 

there be in G, 
and, as many times as B measures D, so many units let there 
be in H. 

Therefore A by multiplying G has made D, 
and B by multiplying H has made D. 

Therefore the product of A, G is equal to the product of 
B,H\ 
therefore, as A is to B, so is H to G. [vn. 19] 

But, as A is to B, so is F to E. 
Therefore also, as F is to E, so is H to G. 
But F, E are least, 

and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vn. 20] 
therefore E measures G. 

And, since A by multiplying E, G has made C, D, 
therefore, as E is to G, so is C to D. [vn. 17] 

But E measures G ; 
therefore C also measures D, the greater the less : 
which is impossible. 



B y v u . 33, m = -

b 
n = -

g-
Hence the L.C.M. is —. 

g 

, where g is the G.C.M. of a, b. 

Therefore A, B will not measure any number which is less 
than C. 

Therefore C is the least that is measured by A, B. 
Q . E . D . 

This is the problem of finding the least common multiple of two numbers, 
as a, b. 

I. If a, b be prime to one another, the L . C . M . is ab. 

For, if not, let it be d, some number less than ab. 

Then d=ma = nb, where m, n are integers. 

Therefore a : b = n : m, [vu. 19] 

and hence, a, b being prime to one another, 

b measures m. [vn. 20, 21] 

But b : m = ab : am [vn. 17] 
= ab:d. 

Therefore ab measures d: which is impossible. 

I I . If a, b be not prime to one another, find the numbers which are the 
least of those having the ratio of a to b, say m, n; [vn. 33] 

then a : b = m : n, 

and an = bm (=<r,say); [vn. 19] 

c is then the L .CM. 

For, if not, let it be d c), so that 

ap = bq = d, where / , q are integers. 

Then a : b = q : p, [vn. 19] 

whence m : n = q : p, 

so that n measures / . [vu. 20, 21] 

And n : p = an : ap = c : d, 

so that c measures d: 

which is impossible. 

Therefore etc. 
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PROPOSITION 35. 

If two numbers measure any number, the least number 
measured by them will also measure the same. 

For let the two numbers A, B measure any number CD, 
and let E be the least that they 
measure; A

 F 

I say that E also measures CD. 
For, if E does not measure E 

CD, let E, measuring DE, leave CF less than itself. 
Now, since A, B measure E, 

and E measures DF, 
therefore A, B will also measure DF. 

But they also measure the whole CD ; 
therefore they will also measure the remainder CF which is 
less than E: 
which is impossible. 

Therefore E cannot fail to measure CD ; 
therefore it measures it. 

Q. E. D. 

The least common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides a 
and b, it also divides a -pb. 

PROPOSITION 36. 

Given three numbers, to find the least number which they 
measure. 

Let A, B, C be the three given numbers ; 
thus it is required to find the least 
number which they measure. A • 

Let D, the least number mea- B 
sured by the two numbers A, B, c 
be taken. [vn. 34] o 

Then C either measures, or E 
does not measure, D. 

First, let it measure i t 



But A, B also measure D ; 
therefore A, B, C measure D. 

I say next that it is also the least that they measure. 
For, if not, A, B, C will measure some number which is 

less than D. 
Let them measure E. 
Since A, B, C measure E, 

therefore also A, B measure E. 
Therefore the least number measured by A, B will also 

measure E. [vn. 35] 
But D is the least number measured by A, B; 

therefore D will measure E, the greater the less : 
which is impossible. 

Therefore A, B, C will not measure any number which is 
less than D; 

therefore D is the least that A, B, C measure. 
Again, let C not measure D, 

and let E, the least number measured by . 
C, D, be taken. [vn. 34] 

Since A, B measure D, c 

and D measures E, 0 
therefore also A, B measure E. E 

But C also measures E; F 

therefore also A, B, C measure E. 
I say next that it is also the least that they measure. 
For, if not, A, B, C will measure some number which 

is less than E. 
Let them measure F. 
Since A, B, C measure F, 

therefore also A, B measure F; 
therefore the least number measured by A, B will also 
measure F. [vn. 35] 

But D is the least number measured by A*B; 
therefore D measures F. 

But C also measures F; 
therefore D, C measure F, 
so that the least number measured by D, C will also measure F. 



But E is the least number measured by C, D; 
therefore E measures F, the greater the less : 
which is impossible. 

Therefore A, B, C will not measure any number which is 
less than E. 

Therefore E is the least that is measured by A, B, C. 
Q . E . D . 

Euclid's rule for finding the L .CM . of three numbers a, b, c is the rule with 
which we are familiar. The U C H . of a, b is first found, say d, and then the 
L.C.M. of d and c is found. 

Euclid distinguishes the cases (1) in which c measures d, (2) in which c 
does not measure d. We need only reproduce the proof of the general case 
(2). The method is that of reductio ad absurdum. 

Let e be the L.C.M. of d, e. 
Since a, b both measure d, and d measures e, 

a, b both measure e. 
So does c. 
Therefore e is some common multiple of a, b, c. 
If it is not the least, let / b e the L .CM. 
Now a, b both measure / ; 

therefore d, their L.C.M., also measures f. [vu. 35] 
Thus d, c both measure / ; 

therefore e, their L .CM . , measures / : [vu. 35] 
which is impossible, since / < e. 

Therefore etc. 
The process can be continued ad libitum, so that we can find the L.C.M., 

not only of three, but of as many numbers as we please. 

PROPOSITION 37. 

If a number be measured by any number, the number which 
is measured will have a part called by the same name as the 
measuring number. 

For let the number A be measured by any number B; 
I say that A has a part called by the same 
name as B. A 

For, as many times as B measures A, B 

so many units let there be in C. c 

Since B measures A according to the D 

units in C, 
and the unit D also measures the number C according to the 
units in it, 



therefore the unit D measures the number C the same number 
of times as B measures A. 

Therefore, alternately, the unit D measures the number B 
the same number of times as C measures A ; [vn. 15] 
therefore, whatever part the unit D is of the number B, the 
same part is C of A also. 

But the unit D is a part of the number B called by the 
same name as it; 
therefore C is also a part of A called by the same name as B, 
so that A has a part C which is called by the same name as B. 

Q . E . D . 

measures a, then j th of a is a whole number. 

Let a = m. b. 
Now m = m . 1. 
Thus i , m, b, a satisfy the enunciation of v u . 15 ; 

therefore m measures a the same number of times that 1 measures b. 

But 1 is \ th part of b; 

therefore m is T th part of a. 

PROPOSITION 38. 

If a number have any part whatever, it will be measured 
by a number called by the same name as the part. 

For let the number A have any part whatever, B, 
and let C be a number called by the same 
name as the part B ; 
I say that C measures A. A~ 

For, since B is a part of A called by 8 

the same name as C, 0 

and the unit D is also a part of C called 
by the same name as it, 
therefore, whatever part the unit D is of the number C, 
the same part is B of A also ; 
therefore the unit D measures the number C the same number 
of times that B measures A. 



Let D, E, F be numbers called by the same name as the 
parts A, B, C, 
and let G, the least number measured by D, E, F, be taken. 

[vn. 36] 
Therefore G has parts called by the same name as D, E, F. 

[vn. 37] 
But A, B, C are parts called by the same name as D, E, F; 

therefore G has the parts A, B, C. 
I say next that it is also the least number that has. 

Therefore, alternately, the unit D measures the number B 
the same number of times that C measures A. [vn. 15] 

Therefore C measures A. 
Q. E. D. 

This proposition is practically a restatement of the preceding proposition-
It asserts that, if b is — th part of a, 

m 

i.e.,if b=-a, 
m 

then m measures a. 

We have b = -a, 

and 1 = — m. 
m 

Therefore 1, m, b, a, satisfy the enunciation of vu. 15, and therefore m 
measures a the same number of times as 1 measures b, or 

1 
m = -ba. 

PROPOSITION 39. 

To find the number which is the least that will have given 
parts. 

Let A, B, C be the given parts ; 
thus it is required to find the number which is the least thai 
will have the parts A, B, C. 

A 1 c 
o 



For, if not, there will be some number less than G which 
will have the parts A, B, C. 

Let it be H. 
Since H has the parts A, B, C, 

therefore H will be measured by numbers called by the same 
name as the parts A, B, C. Tvn. 38] 

But D, E, F are numbers called by the same name as the 
parts A, B, C; 
therefore H is measured by D, E, F. 

And it is less than G: which is impossible. 
Therefore there will be no number less than G that will 

have the parts A, B, C. 
Q . E . D . 

This again is practically a restatement in another form of the problem of 
finding the L . C M . 

T o find a number which has - th, T th and - th parts. 

Let d be the L .CM . of a, b, c. 
Thus d has ^ th , | t h and ^ th parts. [vn. 37] 

If it is not the least number which has, let the least such number be e. 
Then, since e has those parts, 

e is measured by a, b, c; and e < d: 
which is impossible. 



B O O K V I I I . 

PROPOSITION I. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the numbers are the least of those which have the same ratio 
with them. 

Let there be as many numbers as we please, A, B, C, D, 
in continued proportion, 
and let the extremes of them A E — 
A, D be prime to one another; B F 

I say that A, B, C, D are the 0 G 

least of those which have the D H 

same ratio with them. 
For, if not, let E, F, G, H be less than A, B, C, D, and 

in the same ratio with them. 
Now, since A, B, C, D are in the same ratio with E, F, 

and the multitude of the numbers A, B, C, D is equal to the 
multitude of the numbers E, F, G, H, 
therefore, ex aequali, 

and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 

G, H, 

as A is to D, so is E to H. [vn. 14] 

But A, D are prime, 
primes are also least, [vu. 21] 

the consequent the consequent. [vu. 20] 



Therefore A measures E, the greater the less : 
which is impossible. 

Therefore E, F, G, H which are less than A, B, C, D 
are not in the same ratio with them. 

Therefore A, B, C, D are the least of those which have 
the same ratio with them. 

Q. E. D. 

What we call a geometrical progression is with Euclid a series of terms "in 
continued proportion" («£js dvaKoyov). 

This proposition proves that, if a, b, c, ... k are a series of numbers in 
geometrical progression, and if a, k are prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

The proof is in form by reductio ad absurdum. We should no doubt 
desert this form while retaining the substance. If a', b', c1, ... k' be any other 
series of numbers in G.P. with the same common ratio as before, we have, 
ex aequali, 

a : k = a' : k', [vn. 14] 
whence, since a, k are prime to one another, a, k measure a', k respectively, so 
that a, k are greater than a, k respectively. 

PROPOSITION 2. 

To find numbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 

Let the ratio of A to B be the given ratio in least 
numbers; 
thus it is required to find numbers in continued proportion, 
as many as may be prescribed, and the least that are in the 
ratio of A to B. 

A c 
B D 

E 

F G 

H 

K 

Let four be prescribed ; 
let A by multiplying itself make C, and by multiplying B let 
it make D; 
let B by multiplying itself make E; 
further, let A by multiplying C, D, E make F, G, H, 
and let B by multiplying E make K. 



Now, since A by multiplying itself has made C, 
and by multiplying B has made D, 
therefore, as A is to B, so is C to D. [vn. 17] 

Again, since A by multiplying B has made D, 
and B by multiplying itself has made E, 
therefore the numbers A, B by multiplying B have made the 
numbers D, E respectively. 

Therefore, as A is to B, so is D to E. [vn. 18] 
But, as A is to B, so is C to D ; 

therefore also, as C is to Z>, so is D to Zf. 
And, since A by multiplying C, D has made Z", (7, 

therefore, as C is to D, so is Z"to £. [vu. 17] 
But, as C is to D, so was A to Z? ; 

therefore also, as y4 is to B, so is Z" to G. 
Again, since A by multiplying D, E has made G, H, 

therefore, as D is to E, so is G to ZZ. [vu. 17] 
But, as D is to E, so is ^4 to B. 
Therefore also, as A is to B, so is G to ZZ. 
And, since A, B by multiplying Zf have made ZZ, K, 

therefore, as A is to B, so is ZZ to A". [vu. 18] 
But, as ^ is to B, so is F to 6", and £ to ZZ. 
Therefore also, as F is to G, so is G to ZZ, and H Ko K; 

therefore C, D, E, and F, G, ZZ, A ' are proportional in the 
ratio of A to B. 

I say next that they are the least numbers that are so. 
For, since A, B are the least of those which have the 

same ratio with them, 
and the least of those which have the same ratio are prime 
to one another, [vn. 22] 
therefore A, B are prime to one another. 

And the numbers A, B by multiplying themselves re­
spectively have made the numbers C, E, and by multiplying 
the numbers C, E respectively have made the numbers F, K; 
therefore C, E and F, K are. prime to one another respectively. 

[vn. 27] 

But, if there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 



they are the least of those which have the same ratio with 
them. [vm. 1] 

Therefore C, D, E and F, G, H, K are the least of those 
which have the same ratio with A, B. Q. E. D. 

POKISM. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 

T o find a series of numbers in geometrical progression and in the least 
terms which have a given common ratio (understanding by that term the ratio 
of one term to the next). 

Reduce the given ratio to its lowest terms, say, a : b. (This can be done 
by vn . 33.) 

Then a", a""1*, a""2*2, . . . alb'-i, ab*-\ b" 
is the required series of numbers if (« + 1) terms are required. 

That this is a series of terms with the given common ratio is clear from 
vn. 17, 18. 

That the G.P. is in the smallest terms possible is proved thus. 
a, b are prime to one another, since the ratio a : b is in its lowest terms. 

[vn. 22] 
Therefore a2, b3 are prime to one another; so are a3, 6* and, generally, 

a", b*. [vn. 27] 
Whence the G.P. is in the smallest possible terms, by vni . 1. 
The Porism observes that, if there are n terms in the series, the 

extremes are (n - i)th powers. 

PROPOSITION 3. 

If as many numbers as we please in continued proportion 
be the least of those which have the same ratio with them, the 
extremes of them are prime to one another. 

Let as many numbers as we please, A, B, C, D, in con­
tinued proportion be the least of those which have the same 
ratio with them; 



I say that the extremes of them A, D are prime to one 
another. 

For let two numbers E, F, the least that are in the ratio 
of A, B, C, D, be taken, [vu. 33] 
then three others G, H, K with the same property ; 
and others, more by one continually, [ vm. 2] 
until the multitude taken becomes equal to the multitude of 
the numbers A, B, C, D. 

Let them be taken, and let them be L, M, N, O. 
Now, since E, F are the least of those which have the 

same ratio with them, they are prime to one another, [vu. 22] 
And, since the numbers E, F by multiplying themselves 

respectively have made the numbers G, K, and by multiplying 
the numbers G, K respectively have made the numbers L, O, 

[vm. 2, Por.] 

therefore both G, A'and L, O are prime to one another, [vu. 27] 
And, since A, B, C, D are the least of those which have 

the same ratio with them, 
while L, M, JV, 0 are the least that are in the same ratio with 
A, B, C, D, 
and the multitude of the numbers A, B, C, D is equal to the 
multitude of the numbers L, M, N, O, 
therefore the numbers A, B, C, D are equal to the numbers 
L, M, JV, O respectively ; 
therefore A is equal to L, and D to O. 

And L, 0 are prime to one another. 
Therefore A, D are also prime to one another. 

Q . E . D . 

The proof consists in merely equating the given numbers to the terms of 
a series found in the manner of v m . 2. 

If a, b, c, ... k (n terms) be a geometrical progression in the lowest terms 
having a given common ratio, the terms must respectively be of be form 

a " - \ a»-% ... a?P»->, a / 3 " - J , / j - 1 

found by v m . 2, where a : /3 is the ratio a : b expressed in its lowest terms, so 
that o, jl are prime to one another [vn. 22], and hence a"" 1, / J " " 1 are prime 
to one another [vu. 27]. 

But the two series must be the same, so that 
a = a"-' , b = jS"- 1 
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PROPOSITION 4. 

Given as many ratios as we please in least numbers, to find 
numbers in continued proportion which are the least in the 
given ratios. 

Let the given ratios in least numbers be that of A to B, 
s that of C to D, and that of E to F; 

thus it is required to find numbers in continued proportion 
which are the least that are in the ratio of A to B, in the 
ratio of C to D, and in the ratio of E to F. 

A— B 
0 — D 

£ F 

H 
0 H 

M-
P-

K 

Let G, the least number measured by B, C, be taken. 
. t V I L 34] 

10 And, as many times as B measures G, so many times also 
let A measure H, 
and, as many times as C measures G, so many times also let 
D measure K. 

Now E either measures or does not measure K. 
is First, let it measure it. 

And, as many times as E measures K, so many times let 
F measure L also. 

Now, since A measures H the same number of times that 
B measures G, 

20 therefore, as A is to B, so is H to G. [TO. Def. 20, vn. 13] 
For the same reason also, 

as C is to D, so is G to K, 
and further, as E is to F, so is K to L ; 
therefore H, G, K, L are continuously proportional in the 

«S ratio of A to B, in the ratio of C to D, and in the ratio of £ 
toF. 

I say next that they are also the least that have this 
property. 



A c - E — 
B O F 

G H 
K Q 

M R 
O S 

N T 
p 

Let M, the least number measured by E, K, be taken. 
And, as many times as K measures M, so many times let 

H, G measure N, 0 respectively, 
and, as many times as E measures M, so many times let F 

55 measure P also. 
Since H measures N the same number of times that G 

measures O, 
therefore, as H is to G, so is N to O. [vn. 13 and Def. 20] 

For, if H, G, K, L are not the least numbers continuously 
30 proportional in the ratios of A to B, of C to D, and of E 

to F, let them be N, O, M, P. 
Then since, as A is to B, so is N to O, 

while A, B are least, 
and the least numbers measure those which have the same 

35 ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 
therefore B measures 0. [vu. 20] 

For the same reason 
4° C also measures O ; 

therefore B, C measure O; 
therefore the least number measured by B, C will also 
measure 0. [vn. 35] 

But G is the least number measured by B, C; 
45 therefore G measures 0, the greater the less : 

which is impossible. 
Therefore there will be no numbers less than 77, G, K, L 

which are continuously in the ratio of A to B, of C to D, and 
of E to F. 

5° Next, let E not measure K. 



But, as H is to G, so is A to B; 
60 therefore also, as A is to B, so is N to (9. 

For the same reason also, 
as C is to D, so is 0 to 

Again, since E measures M the same number of times that 
F measures P, 

65 therefore, as E is to F, so is M to P; [vn. 13 and Def. 20] 
therefore A 7 C9, M, P are continuously proportional in the 
ratios of A to B, of C to D, and of Z? to F. 

I say next that they are also the least that are in the ratios 
A :B, C:D, E:F. 

70 For, if not, there will be some numbers less than A 7 , O, 
M, P continuously proportional in the ratios A :B, C:D, 
E:F. 

Let them be Q, R, S, T. 
Now since, as Q is to R, so is A to B. 

JS while A, B arc least, 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, [vn. 20] 
therefore B measures R. 

80 For the same reason C also measures R ; 
therefore B, C measure R. 

Therefore the least number measured by B, C will also 
measure R. [vn. 35] 

But G is the least number measured by B, C; 
85 therefore G measures R. 

And, as G is to R, so is K to S: [vn. 13] 
therefore K also measures S. 

But E also measures 5 ; 
therefore E, K measure S. 

90 Therefore the least number measured by E, K will also 
measure 5. [vu. 35] 

But M is the least number measured by E, K; 
therefore M measures S, the greater the less : 
which is impossible. 

95 Therefore there will not be any numbers less than A 7 , 0, 
M, P continuously proportional in the ratios of A to B, of 
C to D, and of E to F; 



and these are the four numbers required. 
If they are not the least in the given ratios, let 

1 
f ' y ' z ' " 

be less numbers in the given ratios. 
Since a : b is in its lowest terms, and 

a : b = x : y, 
b measures y. 

Similarly, since c : d=y : z, 
c measures^. 

Therefore the L .CM . of b, e, measuresy. 
But / , : nd\=c : d]-y : z. 
Therefore nd measures z. 
And, since e :f =z :u, 

e measures z. 
Therefore 4 , the L .CM . of nd, e, measures 2 : which is impossible, since 

z < / a or pnd. 
The step (line 86) inferring that G : R = K: S is of course alternando 

from G : K [= C : D) = R : S. 
It will be observed that v m . 4 corresponds to the portion of vi . 23 which 

shows how to compound two ratios between straight lines. 

therefore N, O, M, P are the least numbers continuously 
proportional in the ratios A : B, C': D, E1: F. Q. E. D. 

69, ft, 09. t h e rat ios A : B , C : D, B : F . This abbreviated expression is in the 
Greek oi AB, FA, EZ XA701. 

The term " in continued proportion " is here not used in its proper sense, 
since a geometrical progression is not meant, but a series of terms each of 
which bears to the succeeding term a given, but not the same, ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing with non-determinate numbers. The proof in fact 
is not easy to follow without the help of modern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes three given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which E accidentally measures K, the multiple of D found in the first few 
lines; and we will reproduce the general case with three ratios. 

Let the ratios in their lowest terms be 
a : b, c :d, e :f 

Take / , , the L .CM . of b, c, and suppose that 
lx = mb = nc. 

Form the numbers ma, mb 1, nd. 
= nc I 

These are in the ratios of a to b and of c to d respectively. 
Next, let / a be the L .CM . of nd, e, and let 

/, = pnd = qe. 
Now form the numbers 

pma, pmb \ , pnd \ , qf, 
=pnc I = qe ) 



PROPOSITION 5. 

Plane numbers have to one another the ratio compounded 
of the ratios of their sides. 

Let A, B be plane numbers, and let the numbers C, D 
be the sides of A, and E, F oi B; 

5 I say that A has to B the ratio com- B 

pounded of the ratios of the sides. c D 

For, the ratios being given which C _E F 

has to E and D to F, let the least G 

numbers G, H, A' that are continuously H 

10 in the ratios C: £, D : F be taken, so K 

that, L 

as C is to E, so is G to H', 
and, as D is to F, so is H to K. [vm. 4] 

And let D by multiplying E make L. 
15 Now, since D by multiplying C has made A, and by 

multiplying E has made L, 
therefore, as C is to E, so is A to L. [vn. 17] 

But, as C is to E, so is G to ZZ; 
therefore also, as G is to ZZ, so is A to L. 

20 Again, since E by multiplying Z> has made L, and further 
by multiplying F has made B, 
therefore, as D is to F, so is Z, to B. [vn. 17] 

But, as D is to Z", so is ZZ to AT; 
therefore also, as ZZ is to K, so is L to B. 

25 But it was also proved that, 
as G is to ZZ, so is A to Z ; 

therefore, ex aequali, 
as G is to A", so is A to B. [vn. 14] 

But G has to K the ratio compounded of the ratios of the 
30 sides; 

therefore A also has to B the ratio compounded of the ratios 
of the sides. Q. E. D. 

1, 5, 29, 31. compounded of the ratios of their sides. A s in vi. 2$, the Greek 
has the less exact phrase, " compounded of their sides." 

If a = cd, b = ef, 
then a has to b the ratio compounded of c : e and d : f. 

Take three numbers the least which are continuously in the given ratios. 



PROPOSITION 6. 

If there be as many numbers as we please in continued 
proportion, and the first do not measure the second, neither 
will any other measure any other. 

Let there be as many numbers as we please, A, B, C, D, E, 
in continued proportion, and let A not measure B; 
I say that neither will any other measure any other. 

A 
B 

C 

D 

E 

F 
G 

H 

Now it is manifest that A, B, C, D, E do not measure 
one another in order; for A does not even measure B. 

I say, then, that neither will any other measure any other. 
For, if possible, let A measure C. 
And, however many A, B, C are, let as many numbers 

E, G, H, the least of those which have the same ratio with 
A, B, C, be taken. [vn. 33] 

Now, since F, G, H are in the same ratio \ ith A, B, C, 
and the multitude of the numbers A, B, C is equal to the 
multitude of the numbers F, G, H, 
therefore, ex aequali, as A is to C, so is F to H. [vn. 14] 

If / is the L.C.M. of e, d and l=me = nd, the three numbers are 
mc, me \ , nf. [ vm. 4] 

= nd j 
Now dc:de=c:e [vn. 17] 

= mc : me - mc : nd. 
Also ed : ef= d : f [vn. 17] 

= nd : nf. 
Therefore, ex aequali, cd : ef=mc : nf 

= (ratio compounded of c : e and d; f). 
It will be seen that this proof follows exactly the method of vi. 23 for 

parallelograms. 



PROPOSITION 7. 

If there be as many numbers as we please in continued 
proportion, and the first measure the last, it will measure the 
second also. 

Let there be as many numbers as we please, A, B, C, D, 
in continued proportion; and 
let A measure D ; A 

I say that A also measures B. B 

For, if A does not measure 0 

B, neither will any other of the D 

numbers measure any other. [vm. 6] 
But A measures D. 
Therefore A also measures B. 

q. E. D. 
A n obvious proof by reductio ad absurdum from v m . 6. 

And since, as A is to B, so is F to G, 
while A does not measure B, 
therefore neither does F measure G ; [vn. Def. 20] 
therefore F is not an unit, for the unit measures any number. 

N o w / 1 , Hare prime to one another. [vm. 3] 
And, as F is to H, so is A to C; 

therefore neither does A measure C. 
Similarly we can prove that neither will any other measure 

any other. 
Q. E. D. 

Let a, b, c ... k be a geometrical progression in which a does not measure b. 
Suppose, if possible, that a measures some term of the series, as / 
Take x, y, 2, u, v, w the least numbers in the ratio a, b, c, d, e, f. 
Since x : y = a : b, 

and a does not measure b, 
x does not measure^ ; therefore x cannot be unity. 

And, ex aequali, x : w = a :/. 
Now x, w are prime to one another. [vm. 3] 

Therefore a does not measure / . 
We can of course prove that an intermediate term, as b, does not measure 

a later term / by using the series b, c, d, e, f and remembering that, since 
b : c = a : b, b does not measure c. 



PROPOSITION 8. 

If between two numbers there fall numbers in continued 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con­
tinued proportion between the numbers which have the same 
ratio with the original numbers. 

Let the numbers C, D fall between the two numbers A, 
B in continued proportion with them, and let £ be made in 
the same ratio to F as A is to B ; 
I say that, as many numbers as have fallen between A, B in 
continued proportion, so many will also fall between E, F in 
continued proportion. 

A E-
c — M 
D N -

B F-
G 
H 
K 
L 

For, as many as A, B, C, D are in multitude, let so many 
numbers G, H, K, L, the least of those which have the same 
ratio with A, C, D, B, be taken ; [vn. 33] 
therefore the extremes of them Gx L are prime to one another. 

[vm. 3] 
Now, since A, C, D, B are in the same ratio with G, H, 

K, L, 
and the multitude of the numbers A, C, D, B is equal to the 
multitude of the numbers G, H, K, L, 
therefore, ex aequali, as A is to B, so is G to L. [vn. 14] 

But, as A is to B, so is £ to F; 
therefore also, as G is to L, so is E to F. 

But G, L are prime, 
primes are also least, [vn. 2 1 ] 
and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent. [vn. 20] 



Therefore G measures E the same number of times as L 
measures F. 

Next, as many times as G measures E, so many times let 
H, K also measure M, N respectively ; 
therefore G, H, K, L measure E, M, N, F the same number 
of times. 

Therefore G, H, K, L are in the same ratio with E, M, 
N, F. [vu. Def. 20] 

But G, H, K, L are in the same ratio with A, C, D, B; 
therefore A, C, D, B are also in the same ratio with E, M, 
N,F. 

But A, C, D, B are in Continued proportion ; 
therefore E, M, N, F are also in continued proportion. 

Therefore, as many numbers as have fallen between A, B 
in continued proportion with them, so many numbers have also 
fallen between E, F in continued proportion. 

Q. E. D. 
i. fal l . T h e Greek word is lurtwrtw, "fal l i ' « " = " c a n be interpolated." 

If a : b = e :/, and between a, b there are any number of geometric 
means c, d, there will be as -many such means between e, f. 

Let a, /?, y , 8 be the least possible terms in the same ratio as a, 
c, d, ...b. 

Then a, 8 are prime to one another, [vm. 3] 
and, ex aequali, o : 8 = a : b 

= , : / . 
Therefore e = ma,/= m&, where m is some integer. [vn. 20] 

Take the numbers ma, mf3, my, ... mi. 
This is a series in the given ratio, and we have the same number of 

geometric means between ma, mS, or e,f, that there are between «, b. 

PROPOSITION 9. 

If two numbers be prime to one another, and numbers fall 
between them in continued proportion, then, however many 
numbers fall between them in continued proportion, so many 
will also fall between each of them and an unit in continued 
proportion. 

Let A, B be two numbers prime to one another, and let 
C, D fall between them in continued proportion, 
and let the unit E be set out ; 
I say that, as many numbers as fall between A, B in con-



tinued proportion, so many will also fall between either of 
the numbers A, B and the unit in continued proportion. 

For let two numbers F, G, the least that are in the ratio 
of A, C, D, B, be taken, 
three numbers H, K, L with the same property, 
and others more by one continually, until their multitude is 
equal to the multitude of A, C, D, B. [vm. 2] 

A-
C-
0 -
B -

E -
F — 
a— 

H-
K-
L-

M-
N -

O -

P -

Let them be taken, and let them be M, N, O, P. 
It is now manifest that F by multiplying itself has made 

H and by multiplying H has made M, while G by multiplying 
itself has made L and by multiplying L has made P. 

[vm. 2, Por.] 
And, since M, N, O, P are the least of those which have 

the same ratio with F, G, 
and A, C, D, B are also the least of those which have the 
same ratio with F, G, [vm. 1] 
while the multitude of the numbers M, N, 0, P is equal to the 
multitude of the numbers A, C, D, B, 
therefore M, N, O, P are equal to A, C, D, B respectively ; 
therefore M is equal to A, and P to B. 

Now, since F by multiplying itself has made H, 
therefore F measures H according to the units in F. 

But the unit E also measures F according to the units in it; 
therefore the unit E measures the number F the same number 
of times as F measures H. 

Therefore, as the unit E is to the number F, so is F to H. 
[vn. Def. 20] 

Again, since F by multiplying H has made M, 
therefore H measures M according to the units in F. 



PROPOSITION 10. 

If numbers fall between each of two numbers and an unit 
in continued proportion, however many numbers fall between 
each of them and an unit in continued proportion, so many 
also will fall between the numbers themselves in continued 
proportion. 

But the unit E also measures the number F according to 
the units in i t ; 
therefore the unit E measures the number F the same number 
of times as H measures M. 

Therefore, as the unit E is to the number F, so is H to M. 
But it was also proved that, as the unit E is to the number 

F, so is F to H; 
therefore also, as the unit E is to the number F, so is F to H, 
and H to M. 

But M is equal to A ; 
therefore, as the unit E is to the number F, so is F to H, 
and H to A. 

For the same reason also, 
as the unit E is to the number G, so is G to L and L to B. 

Therefore, as many numbers as have fallen between A, 
B in continued proportion, so many numbers also have fallen 
between each of the numbers A, B and the unit £ in continued 
proportion. 

Q. E. D. 

Suppose there are n geometric means between a, b, two numbers prime to 
one another; there are the same number («) of geometric means between r 
and a and between i and b. 

If e, d... are the n means between a, b, 
a, c, d ... b 

are the least numbers in that ratio, since a, b are prime to one another, [vm. i ] 
The terms are therefore respectively identical with 

A N + 1 , A"/J, A " " 1 ^ ... A£», /3" + 1 , 
where A, f} is the common ratio in its lowest terms. [ v m . 2, Por.] 

Thus a = A " + 1 , b = j8"+ 1. 
Now I : 0 = 0 : a'= a' : a'... = A" : A » + 1 , 

and 1 : p = B:F = p>:P>...=£•:p*»; 
whence there are n geometric means between 1, o, and between 1, b. 
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For let the numbers D, £ and E, G respectively fall 
between the two numbers A, B and the unit C in continued 
proportion; 
I say that, as many numbers as have fallen between each of 
the numbers A, B and the unit C in continued proportion, so 
many numbers will also fall between A, B in continued pro­
portion. 

For let D by multiplying F make H, and let the numbers 
D, F by multiplying H make K, L respectively. 

c_ A 

B 
D — 

E H 
F K 
G L 

Now, since, as the unit C is to the number D, so is D to £ , 
therefore the unit C measures the number D the same number 
of times as D measures E. [vu. Def. 20] 

But the unit C measures the number D according to the 
units in D; 
therefore the number D also measures E according to the units 
in D\ 
therefore D by multiplying itself has made E. 

Again, since, as C is to the number D, so is E to A, 
therefore the unit C measures the number D the same number 
of times as E measures A. 

But the unit C measures the number D according to the 
units in D; 
therefore E also measures A according to the units in D; 
therefore D by multiplying £ has made A. 

For the same reason also 
F by multiplying itself has made G, and by multiplying G has 
made B. 

And, since D by multiplying itself has made E and by 
multiplying F has made H, 
therefore, as D is to F, so is £ to H. [vn. 17] 
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For the same reason also, 
as D is to F, so is H to G. [vn. 18] 

Therefore also, as E is to H, so is H to G. 
Again, since D by multiplying the numbers E, H has 

made A, K respectively, 
therefore, as E is to H, so is A to K. [vu. 17] 

But, as E is to H, so is D to F\ 
therefore also, as D is to F, so is A to K. 

Again, since the numbers D, F by multiplying H have 
made K, L respectively, 
therefore, as D is to F, so is K to L. [vu. 18] 

But, as D is to F, so is A to A*; 
therefore also, as A is to K, so is AT to L. 

Further, since F by multiplying the numbers H, G has 
made L, B respectively, 
therefore, as H is to G, so is L to B. [vu. 17] 

But, as H is to G, so is D to 
therefore also, as D is to F, so is A to B. 

But it was also proved that, 
as D is to F, so is ^4 to K and A ' to L ; 

therefore also, as is to A", so is K to A and A to 77. 
Therefore ^4, K, L, B are in continued proportion. 
Therefore, as many numbers as fall between each of the 

numbers A, B and the unit C in continued proportion, so 
many also will fall between A, B in continued proportion. 

Q . E . D . 

If there be n geometric means between 1 and a, and also between 1 and 
b, there will be n geometric means between a and b. 

The proposition is the converse of the preceding. 
The n means with the extremes form two geometric series of the form 

I , A, A2 . . . A", A B + 1 , 

i, Ii, 

where a" + 1 = a, fi"+, = b. 
By multiplying the last term in the first line by the first in the second, 

the last but one in the first line by the second in the second, and so on, we 
get the series 

a"*1, a*'/8, a"- ' /? ... a 3/?"- 1, A/3", 
and we have the n means between a and b. 

It will be observed that, when Euclid says " For the same reason also, as 
D is to F, so is H\o G," the reference is really to vn. 18 instead of vn. 17. 



He infers namely that D x F: Fx F=D : F. But since, by vn. 16, the 
order of multiplication is indifferent, he is practically justified in saying " for 
the same reason." The same thing occurs in later propositions. 

PROPOSITION I I . 

Between two square numbers there is one mean proportional 
number, and the square has to the square the ratio duplicate 
of that which the side has to the side. 

Let A, B be square numbers, 
and let C be the side of A, and D of B; 
I say that between A, B there is one mean proportional 
number, and A has to B the ratio 
duplicate of that which C has to D. A 

For let C by multiplying D make E. B 
Now, since A is a square and C is c D 

its side, E 

therefore C by multiplying itself has 
made A. 

For the same reason also 
D by multiplying itself has made B. 

Since then C by multiplying the numbers C, D has made 
A, E respectively, 
therefore, as C is to D, so is A to E. [vn. 17] 

For the same reason also, 
as C is to D, so is E to B. [vn. 18] 

Therefore also, as A is to E, so is E to B. 
Therefore between A, B there is one mean proportional 

number. 
I say next that A also has to B the ratio duplicate of 

that which C has to D. 
For, since A, E, B are three numbers in proportion, 

therefore A has to B the ratio duplicate of that which /i has 
to E. [v. Def. 9] 

But, as A is to E, so is C to D. 
Therefore A has to B the ratio duplicate of that which 

the side C has to D. Q. E. D. 
According to Nicomachus the theorems in this proposition and the next, 

that two squares have one geometric mean, and two cubes two geometric 
means, between them are Platonic. Cf. Timaeus, 32 A sqq. and the note 
thereon, p. 294 above. 



C H G 
D K 

For let C by multiplying itself make E, and by multiplying 
D let it make F; 
let D by multiplying itself make G, 
and let the numbers C, D by multiplying F make H, K 
respectively. 

Now, since A is a cube, and C its side, 
and C by multiplying itself has made E, 
therefore C by multiplying itself has made E and by multiply­
ing E has made A. 

For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made B. 

And, since C by multiplying the numbers C, D has made 
E, F respectively, 
therefore, as C is to D, so is £ to F. [vn. 17] 

a', 6* being two squares, it is only necessary to form the product ab and 
to prove that 

a\ ab, P 
are in geometrical progression. Euclid proves that 

a* :ab = ab:bt 

by means of vn . 17, 18, as usual. 
In assuming that, since a 2 is to b2 in the duplicate ratio of a? to ab, a* is 

to b* in the duplicate ratio of a to b, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This , an obvious inference from 
v. 22, can be inferred just as easily for numbers from vn . 14. 

PROPOSITION 12 . 

Between two cube numbers there are two mean proportional 
numbers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 

Let A, B be cube numbers, 
and let C be the side of A, and D of B; 
I say that between A, B there are two mean proportional 
numbers, and A has to B the ratio triplicate of that which C 
has to D. 

A E 
B F 



For the same reason also, 
as C is to D, so is F to G. [vn. 18] 

Again, since C by multiplying the numbers E, F has 
made A, H respectively, 
therefore, as E is to F, so is A to H. [vn. 17] 

But, as E is to F, so is C to D. 
Therefore also, as C is to D, so is A to H. 
Again, since the numbers C, D by multiplying F have 

made H, K respectively, 
therefore, as C is to D, so is H to K. [vu. 18] 

Again, since D by multiplying each of the numbers F, G 
has made K, B respectively, 
therefore, as F is to G, so is A* to B. [vn. 17] 

But, as F is to G, so is C to Z?; 
therefore also, as C is to D, so is A to H,H to AT, and A ' to B. 

Therefore H, A 'a re two mean proportionals between A, B. 
I say next that A also has to B the ratio triplicate of that 

which C has to D. 
For, since A, H, K, B are four numbers in proportion, 

therefore A has to B the ratio triplicate of that which A has 
to H. [v. Def. 10] 

But, as A is to H, so is C to D ; 
therefore ^4 also has to B the ratio triplicate of that which C 
has to D. 

Q. E. D. 

The cube numbers a*, P being given, Euclid forms the products a*b, ab* 
and then proves, as usual, by means of vn. 17, 18 that 

a 8, a'b, ab\ b° 

are in continued proportion. 
He assumes that, since a* has to b* the ratio triplicate of a* : a*b, the 

ratio a 3 : P is triplicate of the ratio a : b which is equal to a' : a*b. This 
is again an obvious inference from v u . 14. 

PROPOSITION 1 3 . 

If there be as many numbers as we please in continued 
proportion, and each by multiplying itself make some number, 
the products will be proportional; and, If the original numbers 
by multiplying the products make certain numbers, the latter 
will also be proportional. 



A Q 
B H 
C K 
D 
E M 

F N 

L P 
O Q 

For let A by multiplying B make L, 
and let the numbers A, B by multiplying L make M. N 
respectively. 

And again let B by multiplying C make 0, 
and let the numbers B, C by multiplying O make P, Q 
respectively. 

Then, in manner similar to the foregoing, we can prove 
that 
D, L, E and G, M, N, 77 are continuously proportional in the 
ratio of A to B, 
and further E, O, F and 77, P, Q, K are continuously propor­
tional in the ratio of B to C. 

Now, as A is to B, so is B to C; 
therefore 7J>, L, E are also in the same ratio with E, 0, F, 
and further G, M, N, 77 in the same ratio with 77, P, Q, K. 

And the multitude of D, L, E is equal to the multitude of 
£, O, F, and that of G, M, N, 77 to that of 77, P,Q,K; 
therefore, ex aequali, 

as D is to E, so is E to F, 
and, as G is to 77, so is 77 to K. [vn. 14] 

Let there be as many numbers as we please, A, B, C, in 
continued proportion, so that, as A is to B, so is B to C; 
let A, B, C by multiplying themselves make D, E, F, and by 
multiplying D, E, Elet them make G, 77, K; 
I say that D, E, F and G, 77, K are in continued proportion. 



PROPOSITION 14. 

If a square measure a square, the side will also measure 
the side ; and, if the side measure the side, the square will also 
measure the square. 

Let A, B be square numbers, let C, D be their sides, and 
let A measure B; 
I say that C also measures D. A 

For let C by multiplying D make E; B 
therefore A, E, B are continuously pro- ~~ c D 

portional in the ratio of C to D. [ vm. n ] E 
And, since A, E, B are continuously 

proportional, and A measures B, 
therefore A also measures E. [ v m . 7] 

If a, b, c ... be a series in geometrical progression, then 
a*, fi. <• ... \ , 

J g ^ > are also in geometrical progression. 
Heiberg brackets the words added to the enunciation which extend the 

theorem to any powers. The words are "and this always occurs with the 
extremes " ( r a i a c t irepl TOVS aVpovs T O C T O o-v/i/?aiV«). They seem to be rightly 
suspected on the same grounds as the same words added to the enunciation 
of vn . 27. There is no allusion to them in the proof, much less any proof 
of the extension. 

Euclid forms, besides the squares and cubes of the given numbers, the 
products ab, a°b, ab1, be, fie) be*. When he says that " we prove in manner 
similar to the foregoing," he indicates successive uses of vn . 17, 18 as 
in v m . 12. 

With our notation the proof is as easy to see for any powers as for squares 
and cubes. 

T o prove that a", b", c»... are in geometrical progression. 
Form all the means between a", bu, and set out the series 

a", a""1/', a""2*2 . . . ab*-*, b". 
The common ratio of one term to the next is a : b. 

Next take the geometrical progression 
b*, b'-'e, b"-Y ... e», 

the common ratio of which a t ye. 
Proceed thus for all pairs of consecutive terms. 
Now a : b = b : c= ... 

Therefore any pair of succeeding terms in one series are in the same ratio as 
any pair of succeeding terms in any other of the series. 

And the number of terms in each is the same, namely (« + 1). 
Therefore, ex aequali, 

a" : bn = bn :c* = cn : dn = ... 



And, as A is to E, so is C. to D; 
therefore also C measures D. [vn. Def. 20] 

Again, let C measure D ; 
I say that A also measures B. 

For, with the same construction, we can in a similar 
manner prove that A, E, B are continuously proportional in 
the ratio of C to D. 

And since, as C is to D, so is A to E, 
and C measures D, 
therefore A also measures E. [vn. Def. 20] 

And A, E, B are continuously proportional; 
therefore A also measures B. 

Therefore etc. 
Q. E. D. 

If a2 measures b\ a measures b; and, if a measures b, a1 measures b2. 

(1) a2, ab, b2 are in continued proportion in the ratio of a to b. 
Therefore, since a2 measures b2, 

a2 measures ab. [vm, 7] 
But a2 : ab=a: b. 

Therefore a measures b. 

(2) Since a measures b, a" measures ab. 
And a', ab, b' are continuously proportional. 
Thus ab measures b2. 
And a2 measures ab. 
Therefore a' measures b2. 
It will be seen that Euclid puts the last step shortly, saying that, since 

a2 measures ab, and a2, ab, b2 are in continued proportion, a2 measures b2. 
T h e same thing happens in v m . 15, where the series of terms is one more 
than here. 

PROPOSITION 15 . 

If a cube number measure a cube number, the side will also 
measure the side; and, if the side measure the side, the cube 
will also measure the cube. 

For let the cube number A measure the cube B, 
and let C be the side of A and D of B; 
I say that C measures D. 



c - H-
0 -
E — 
Q 
F • 

Now it is manifest that E, F, G and A, H, K, B are 
continuously proportional in the ratio of C t o D. [ vm. n , 12] 

And, since A, M, K, B are continuously proportional, 
and A measures B, 
therefore it also measures H. [ v m . 7] 

And, as A is to H, so is C to D ; 
therefore C also measures D. [vn. Def. 20] 

Next, let C measure /? ; 
I say that A will also measure B. 

For, with the same construction, we can prove in a similar 
manner that A, H, K, B are continuously proportional in the 
ratio of C to D. 

And, since C measures D, 
and, as C is to D, so is A to H, 
therefore A also measures H, [vn. Def. 20] 
so that A measures B also. 

Q. E. D. 

If a* measures b*, a measures b; and vice versa. The proof is, mutatis 
mutandis, the same as for squares. 

(1) a", a*b, aP, P are continuously proportional in the ratio of a to b; 
and a* measures P. 

Therefore a* measures alb; [vm. 7] 
and hence a measures b. 

(2) Since a measures b, a* measures a'b. 
And, a", a*b, aP, P being continuously proportional, each term measures the 

succeeding term; 
therefore a* measures P. 

For let C by multiplying itself make E, 
and let D by multiplying itself make G; 
further, let C by multiplying D make E, 
and let C, D by multiplying F make H, K respectively. 

A 
Q 
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PROPOSITION 16 . 

If a square number do not measure a square number, neither 
will the side measure the side ; and, if the side do not measure 
the side, neither will the square measure the square. 

Let A, B be square numbers, and let C, D be their sides; 
and let A not measure B; 
I say that neither does C measure D. A 

For, if C measures D, A will also B 

measure B. [vm. 14] c 
But A does not measure B ; 0 

therefore neither will C measure D. 

Again, let C not measure D ; 
I say that neither will A measure B. 

For, if A measures B, C will also measure D. [vm. 14] 
But C does not measure D ; 

therefore neither will A measure B. 
Q. E. D. 

If a2 does not measure V, a will not measure b; and, if a does not 
measure b, a" will not measure P. 

The proof is a mere reductio ad absurdum using vm. 14. 

PROPOSITION 17 . 

If a cube number do not measure a cube number, neither 
will the side measure the side ; and, if the side do not measure 
the side, neither will the cube measure the cube. 

For let the cube number A not measure the cube 
number B, 
and let C be the side of A, and D A 
oiB; 
I say that C will not measure D. 

For if C measures D, A will 
also measure B. [vm. 15] 

But A does not measure B ; 
therefore neither does C measure D. 

Again, let C not measure D; 
I say that neither will A measure B. 
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For, if A measures B, C will also measure D. [vm. 15] 
But C does not measure D; 

therefore neither will A measure B. 
Q. E. D. 

• 

If a 8 does not measure b*, a will not measure b; and vice versa. 
Proved by reductio ad absurdum employing v m . 15. 

PROPOSITION 18. 

Between two similar plane numbers there is one mean 
proportional number; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
side has to the corresponding side. 

Let A, B be two similar plane numbers,and let the numbers 
C, D be the sides of A, and B, F of B. 

c — 
0 

E 
F 

Now, since similar plane numbers are those which have 
their sides proportional, [vn. Def. 21] 
therefore, as C is to D, so is E to F. 

I say then that between A, B there is one mean propor­
tional number, and A has to B the ratio duplicate of that 
which C has to E, or D to F, that is, of that which the corre­
sponding side has to the corresponding side. 

Now since, as C is to D, so is E to F, 
therefore, alternately, as C is to E, so is D to F. [vn. 13] 

And, since A is plane, and C, D are its sides, 
therefore D by multiplying C has made A. 

For the same reason also 
E by multiplying F has made B. 

Now let D by multiplying E make G. 
Then, since D by multiplying C has made A, and by 

multiplying E has made G, 
therefore, as C is to E, so is A to G. [vu. 17] 



But, as C is to E, so is D to F; 
therefore also, as D is to E, so is A to G. 

Again, since E by multiplying D has made G, and by 
multiplying F has made B, 
therefore, as D is to E, so is G to Z?. [vn. 17] 

But it was also proved that, 
as D is to F, so is A to G; 

therefore also, as A is to G, so is G to B. 
Therefore A, G, B are in continued proportion. 
Therefore between A, B there is one mean proportional 

number. 

I say next that A also has to B the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to E or D to F. 

For, since A, G, B are in continued proportion, 
A has to B the ratio duplicate of that which it has to G. 

[v. Def. 9] 

And, as A is to G, so is C to E, and so is D to F. 
Therefore A also has to B the ratio duplicate of that which 

C has to E or D to F. 
Q. E. D. 

If ab, cd be " similar plane numbers," i.e. products of factors such that 
a : b = c : d, 

there is one mean proportional between ab and cd; and ab is to cd in the 
duplicate ratio of a to c or of b to a". 

Form the product be (or aa", which is equal to it, by vn . 19). 

Then ab, be) , cd 
= adj-

> 

is a series of terms in geometrical progression. 

For a : b = c : d. 

Therefore a : c = b : d. [vu. 13] 

Therefore ab : bc = bc : cd. [vn. 17 and 16] 

Thus be (or ad) is a geometric mean between ab, cd. 
And ab is to cd in the duplicate ratio of ab to be or of be to of* that is, of 

a to £ or of b to a7. 



PROPOSITION 19 . 

Between two similar solid numbers there fall two mean 
proportional numbers; and the solid number has to the similar 
solid number the ratio triplicate of that which the corresponding 
side has to the corresponding side. 

Let A, B be. two similar solid numbers, and let C, D, E 
be the sides of A, and F\ G, H of B. 

Now, since similar solid numbers are those which have 
their sides proportional, [vn. Def. 21] 
therefore, as C is to D, so is F to G, 

and, as D is to E, so is G to H. 
I say that between A, B there fall two mean proportional 

numbers, and A has to B the ratio triplicate of that which C 
has to F, D to G, and also E to H. 

A 
B 
C- F - N-
D - G 0 _ 
E — H 

K— 
L 

For let C by multiplying D make K, and let F by 
multiplying G make L. 

Now, since C, D are in the same ratio with F, G, 
and K is the product of C, D, and L the product of F, G, 
K, L are similar plane numbers; [vn. Def. 21] 
therefore between K, L there is one mean proportional number. 

[vni . 18] 

Let it be M 
Therefore M is the product of D, F, as was proved in the 

theorem preceding this. [vm. 18] 
Now, since D by multiplying C has made K, and by 

multiplying F has made M, 
therefore, as C is to F, so is K to M. [vu. 17] 

But, as K is to M, so is M to L. 
Therefore K, M, L are continuously proportional in the 

ratio of C to F. 
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And since, as C is to D, so is F to G, 
alternately therefore, as C is to F, so is D to G. [vu. 13] 

For the same reason also, 
as Z? is to G, so is ZT to ZZ. 

Therefore K, M, L are continuously proportional in the 
ratio of C to F, in the ratio of D to G, and also in the ratio 
of E to H. 

Next, let Z?, Z / by multiplying M make A 7 , O respectively. 
Now, since A is a solid number, and C, D, E are its sides, 

therefore E by multiplying the product of C, D has made A. 
But the product of C, D is K; 

therefore ZT by multiplying K has made ^4. 
For the same reason also 

H by multiplying L has made B. 
Now, since Z? by multiplying K has made A, and further 

also by multiplying M has made A 7 , 
therefore, as K is to M, so is y4 to iV. [vn. 17] 

But, as K is to so is C to F, D to £, and also E to Z / ; 
therefore also, as C is to F, D to t7, and E to ZZ, so is A to A 7 . 

Again, since E, ZZ by multiplying have made N, 0 
respectively, 
therefore, as E is to ZZ, so is N to O. [vn. 18] 

But, as ZJ is to ZZ, so is C to Z 7 and D to G; 
therefore also, as C is to F, D to £7, and E to ZZ, so is A to 
A" and A 7 to O. 

Again, since ZZ by multiplying M has made 0, and further 
also by multiplying L has made Z?, 
therefore, as M is to Z , so is (9 to B. [vu. 17] 

But, as M is to Z , so is C to F, D to (r, and E to ZZ. 
Therefore also, as C is to Z 7 D to G, and ZT to H', so not 

only is 0 to Z?, but also A to N and N to 0. 
Therefore A, N,0, B are continuously proportional in the 

aforesaid ratios of the sides. 
I say that A also has to B the ratio triplicate of that which 

the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, or D to G, and 
also E to ZZ. 



PROPOSITION 20. 

If one mean proportional number fall between two numbers, 
the numbers will be similar plane numbers. 

For let one mean proportional number C fall between the 
two numbers A, B; 

5 1 say that A, B are similar plane numbers. 
Let D, E, the least numbers of those which have the same 

ratio with A, C, be taken ; [vn. 33] 
therefore D measures A the same number of times that E 
measures C. [vn. 20] 

10 Now, as many times as D measures A, so many units let 
there be in F; 
therefore F by multiplying D has made A, 
so that A is plane, and D, F are its sides. 

For, since A, N, O, B are four numbers in continued 
proportion, 
therefore A has to B the ratio triplicate of that which A has 
to N. [v. Def. 10] 

But, as A is to N, so it was proved that C is to F, D to G, 
and also E to H. 

Therefore A also has to B the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, D to G, and also 
£ to H. Q. E. D. 

In other words, if a : b : c=d : e :f, then there are two geometric means 
between abc, def; and abc is to def in the triplicate ratio of a to d, or b to e, 
or c to / 

Euclid first takes the plane numbers ab, de (leaving out c, f) and forms 
the product bd. Thus, as in v in . 18, 

ab, bd) , de 
= ea) 

are three terms in geometrical progression in the ratio of a to d, or of b to e. 
He next forms the products of c , / respect ively into the mean bd. 
Then abc, cbd, fbd, def 

are in geometrical progression in the ratio of a to d etc. 
For abc : cbd = ab : bd = a : d \ 

bd:fbd=c:f I . [vn. 17 ] 
fbd: def= bd:de = b:ej 

A n d a : d=b : e = c :/. 
The ratio of abc to def is the ratio triplicate of that of abc to cbd, i.e. of 

that of a to d etc. 



B-
c-
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A s many times, then, as E measures B, so many units let 
there be in G; 

20 therefore E measures B according to the units in G; 
therefore G by multiplying E has made B. 

Therefore B is plane, and E, G are its sides. 
Therefore A, B are plane numbers. 

I say next that they are also similar. 
25 For, f since E by multiplying D has made A, and by 

multiplying E has made C, 
therefore, as D is to E, so is A to C, that is, C to B. [vn. 17] 

Again, f since E by multiplying F, G has made C, B 
respectively, 

30 therefore, as F is to G, so is C to B. [vu. 17] 
But, as C is to B, so is D to E; 

therefore also, as D is to E, so is F to G. 
And alternately, as D is to F, so is E to G. [vn. 13] 
Therefore A,B are similar plane numbers; for their sides 

35 are proportional. Q. E. D. 
35. F o r , s i n c e F 27. C t o B . T h e t ex t h a s c l e a r l y suffered co r rup t ion he re . I t 

is no t n e c e s s a r y to infer f rom o t h e r fac ts tha t , as D is to E, so is A to C; for th is is pa r t o f 
t he h y p o t h e s e s (11. 6, 7). A g a i n , t he re is n o e x p l a n a t i o n o f t he s t a t e m e n t (1. 15) tha t ^ b y 
m u l t i p l y i n g E h a s m a d e C . I t i s t he s t a t e m e n t a n d e x p l a n a t i o n o f this la t ter fact w h i c h a re 
a l o n e w a n t e d ; after w h i c h t he p r o o f p r o c e e d s as in 1. t8. W e m i g h t therefore subs t i tu te for 
11. 25—38 t h e f o l l o w i n g . 

" F o r , s i n c e E m e a s u r e s C t h e s a m e n u m b e r o f t i m e s t h a t D measu re s A [1. 8], t ha t i s , 
a c c o r d i n g to t he un i t s in F [1.10], therefore F b y m u l t i p l y i n g £ h a s m a d e C. 

A n d , s i n c e E b y m u l t i p l y i n g F, C," e t c . e t c . 

This proposition is the converse of vm. 18. If a, c, b are in geometrical 
progression, a, b are " similar plane numbers." 

Let o : p be the ratio a : c (and therefore also the ratio e : b) in its lowest 
terms. 

Then [vn. 20] 
a = ma, c = mp, where m is some integer, 
c = na, b = np, where n is some integer. 

Again, since D, E are the least of the numbers which have 
15 the same ratio with C, B, 

therefore D measures C the same number of times that E 
measures B. [vn. 20] 



Thus a, b are both products of two factors, i.e. plane. 
Again, o : /3 = a : c = c : b 

= m:n. [vn. 18] 
Therefore, alternately, a : m = ft : n, [vn. 13] 

and hence ma, n/J are similar plane numbers. 

[Our notation makes the second part still more obvious, for *•=/«/? =//a.] 

PROPOSITION 21 . 

If two mean proportional numbers fall between ta>o numbers, 
the numbers are similar solid numbers. 

For let two mean proportional numbers C, D fall between 
the two numbers A, B ; 
I say that A, B are similar solid numbers. 

A E — 
B — — — — — F — 
C Q 
D H-

N K 
O L -

M 

For let three numbers E, F, G, the least of those which 
have the same ratio with A, C, D, be taken ; [vn. 33 or v m . 2] 
therefore the extremes of them E, G are prime to one another. 

[vm. 3] 
Now, since one mean proportional number F has fallen 

between E, G, 
therefore E, G are similar plane numbers. [vm. 20] 

Let, then, H, K be the sides of E, and L, M of G. 
Therefore it is manifest from the theorem before this that 

E, F, G are continuously proportional in the ratio of H to L 
and that of K to M. 

Now, since E, F, G are the least of the numbers which 
have the same ratio with A, C, D, 
and the multitude of the numbers E, F, G is equal to the 
multitude of the numbers A, C, D, 
therefore, ex aequali, as E is to G, so is A to D. [vn. 14] 

But E, G are prime, 
primes are also least, [vn. 21] 
and the least measure those which have the same ratio with 



them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent; [vu. 20] 
therefore £ measures A the same number of times that G 
measures D. 

Now, as many times as E measures A, so many units let 
there be in N. 

Therefore N by multiplying E has made A. 
But E is the product of H, K; 

therefore N by multiplying the product of H, K has made A. 
Therefore A is solid, and H, K, N are its sides. 
Again, since E, F, G are the least of the numbers which 

have the same ratio as C, D, B, 
therefore E measures C the same number of times that G 
measures B. 

Now, as many times as £ measures C, so many units let 
there be in O. 

Therefore G measures B according to the units in O; 
therefore O by multiplying G has made B. 

But G is the product of L, M ; 
therefore O by multiplying the product of L, M has made B. 

Therefore B is solid, and L, M, O are its sides ; 
therefore A, B are solid. 

I say that they are also similar. 
For since N, 0 by multiplying £ have made A, C, 

therefore, as N is to 0, so is A to C, that is, E to E. [vu. 18] 
But, as E is to E, so is H to L and K to M; 

therefore also, as H is to L, so is K to M and N to O. 
And H, K, N are the sides of A, and 0, L, M the sides 

oiB. 
Therefore A, B are similar solid numbers. Q. E. D. 

T h e converse of v iu . 19. If a, c, d, b are in geometrical progression, a, b 
are "similar solid numbers." 

Let o, /?, y be the least numbers in the ratio of a, c, d (and therefore also 
of c, d, b). [vn. 33 or vtn. 2 

Therefore a, y are prime to one another. [vm. 3 
They are also "similar plane numbers." [vm. 20 
Le t a = mn, y = pq, 

where m:n=p:q. 



Then, by the proof of v m . 20, 
a : fi - m : p = n : q. 

Now, ex aequali, a : d = a : y, [vn. 14] 
and, since a, y are prime to one another, 

a = ra, d=ry, where r is an integer. 
But a = mn: 

therefore a = rmn, and therefore a is " solid." 
Again, ex aequali, c : b = a : y, 

and therefore c - sa, b = sy, where s is an integer. 
Thus b = spq, and b is therefore "solid." 
Now a : p = a : c = ra : sa 

= r :s. [VU. 18] 
And, from above, * : f3 = m : p = n : q. 
Therefore r : s = m : p = n : q, 

and hence a, b are similar solid numbers. 

PROPOSITION 22. 

If three numbers be in continued proportion, and the first 
be square, the third will also be square. 

Let A, B, C be three numbers in continued proportion, 
and let A the first be square ; 
I say that C the third is also square. 

For, since between A, C there is one 
mean proportional number, B, 
therefore A, C are similar plane numbers. [vm. 20] 

But A is square ; 
therefore C is also square. Q. E. D. 

A mere application of v m . 20 to the particular case where one of the 
"similar plane numbers" is square. 

PROPOSITION 23. 

If four numbers be in continued proportion, and the first be 
cube, the fourth will also be cube. 

Let A, B, C, D be four numbers in continued proportion, 
and let A be cube ; 
I say that D is also cube. A 

For, since between A, D there e 

are two mean proportional numbers D 

B, C, 
therefore A, D are similar solid numbers. [vm. 21] 



For, since C, D are square, 
C, D are similar plane numbers. 

Therefore one mean proportional number falls between 
C, D. [vm. 18] 

And, as C is to D, so is A to B; 
therefore one mean proportional number falls between A, B 
also. [vm. 8] 

And A is square ; 
therefore B is also square. [vm. 22] 

Q. E. D. 
If a : b = c' : d\ and a is a square, then b is also a square. 
For c2, d' have one mean proportional cd. [ vm. 18] 
Therefore a, b, which are in the same ratio, have one mean proportional. 

[vm. 8] 
And, since a is square, b must also be a square. [vm. 22] 

PROPOSITION 25. 

If two numbers have to one another the ratio which a cube 
number has to a cube number, and the first be cube, the second 
will also be cube. 

For let the two numbers A, B have to one another the 
ratio which the cube number C has to the cube number D, 
and let A be cube ; 
I say that B is also cube. 

But A is cube ; 
therefore D is also cube. 

Q. E. D. 

A mere application of v m . 21 to the case where one of the " similar solid 
numbers " is a cube. 

PROPOSITION 24. 

If two numbers have to one another the ratio which a square 
number has to a square number, and the first be square, the 
second will also be square. 

For let the two numbers A, B have to one another the 
ratio which the square number C has 
to the square number D, and let A be A 
square; B - ~~ 
I say that B is also square. D 
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And, as many numbers as fall between C, D in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; [ v m . 8] 
so that two mean proportional numbers fall between A, B 
also. 

Let E, E so fall. 
Since, then, the four numbers A, E, E, B are in continued 

proportion, 
and A is cube, 
therefore B is also cube. [vm. 23] 

Q. E. D. 

If a : b-c* : d*, and a is a cube, then b is also a cube. 
For c', d' have two mean proportionals. [ v m . 19] 
Therefore a, b also have two mean proportionals. [vm. 8] 
And a is a cube : 

therefore b is a cube. [vm. 23] 

PROPOSITION 26. 

Similar plane numbers have to one another the ratio which 
a square number has to a square number. 

Let A, B be similar plane numbers ; 
I say that A has to B the ratio which a square number has 
to a square number. 

c -
E-

For, since A, B are similar plane numbers, 
therefore one mean proportional number falls between A, B. 

[vm. 18] 

For, since C, D are cube, 
C, D are similar solid numbers. 

Therefore two mean proportional numbers fall between 
C, D. [vm. 19] 



A c-
B D-

E F 0 H 

For, since A, B are similar solid numbers, 
therefore two mean proportional numbers fall between A, B. 

[vm. 19] 
Let C, D so fall, 

and let E, F, G, H, the least numbers of those which have 
the same ratio with A, C, D, B, and equal with them in 
multitude, be taken ; [vu. 33 or vm. 2] 
therefore the extremes of them E, H are cube. [vm. 2, Por.] 

And, as E is to H, so is A to B; 
therefore A also has to B the ratio which a cube number has 
to a cube number. 

Q. E. D. 

Let it so fall, and let it be C; 
and let D, E, F, the least numbers of those which have the 
same ratio with A, C, B, be taken ; [vn. 33 or v m . 2] 
therefore the extremes of them D, F are square. [vm. 2, Por.] 

And since, as D is to F, so is A to B, 
and D, F are square, 
therefore A has to B the ratio which a square number has to 
a square number. 

Q. E. D. 

If a, b are similar "plane numbers," let c be the mean proportional 
between them. [vm. 18" 

Take a, fj, y the smallest numbers in the ratio of a, c, b. [vn. 33 or v m . 2 
Then a, y are squares. [vm. 2, Por. 
Therefore a, b are in the ratio of a square to a square. 

PROPOSITION 27. 

Similar solid numbers have to one another the ratio which 
a cube number has to a cube number. 

Let A, B be similar solid numbers ; 
I say that A has to B the ratio which a cube number has to 
a cube number. 



The same thing as v m . 26 with cubes. It is proved in the same way 
except that v m . 19 is used instead of v m . 18. 

The last note of an-Nairizi in which the name of Heron is mentioned is 
on this proposition. Heron is there stated (p. 194—5, ed. Curtze) to have 
added the two propositions that, 

1. If two numbers have to one another the ratio of a square to a square, the 
numbers are similar plane numbers; 
2. If two numbers have to one another the ratio of a cube to a cube, the numbers 
are similar solid numbers. 

The propositions are of course the converses of VIII. 26, 27 respectively. 
They are easily proved. 

(1) If a:b = ci:d\ 
then, since there is one mean proportional (cd) between c2, d1, 

[vm. 11 or 18] 
there is also one mean proportional between a, b. [vm. 8] 

Therefore a, b are similar plane numbers. [vm. 20] 
(2) is similarly proved by the use of v m . 12 or iy , v m . 8, v m . 21. 

The insertion by Heron of the first of the two propositions, the converse 
of v m . 26, is perhaps an argument in favour of the correctness of the text of 
ix . 10, though (as remarked in the-note on that proposition) it does not give 
the easiest proof Cf. Heron's extension of v n . 3 tacitly assumed by Euclid 
in vn . 33. 



BOOK IX. 

PROPOSITION I. 

If two similar plane numbers by multiplying one another 
make some number, the product will be square. 

Let A, B be. two similar plane numbers, and let A by 
multiplying B make C; 
I say that C is square. A 

For let A by multiplying itself c 

make D. D, 
Therefore D is square. 
Since then A by multiplying itself has made D, and by 

multiplying B has made C, 
therefore, as A is to B, so is D to C. [vn. 17] 

And, since A, B are similar plane numbers, 
therefore one mean proportional number falls between A, B. 

[vm. 18] 
But, if numbers fall between two numbers in continued 

proportion, as many as fall between them, so many also fall 
between those which have the same ratio; [vm. 8] 
so that one mean proportional number falls between D, C also. 

And D is square ; 
therefore C is also square. [vm. 22] 

Q. E. D. 

The product of two similar plane numbers is a square. 
Let a, b be two similar plane numbers. 
Now a : b = a* : ab. 
And between a, b there is one mean proportional. 
Therefore between « s : ab there is one mean proportional. 
And a* is square; 

[vn. 17 
[vm. 18 
[vm. 8' 

therefore ab is square. [vm. 22] 
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PROPOSITION 2. 

If two numbers by multiplying one another make a square 
number, they are similar plane numbers. 

Let A, B be. two numbers, and let A by multiplying B 
make the square number C; 
I say that A, B are similar plane A 

numbers. B 

For let A by multiplying itself c 

make D; ' D 

therefore D is square. 
Now, since A by multiplying itself has made D, and by 

multiplying B has made C, 
therefore, as A is to B, so is D to C. [vn. 17] 

And, since D is square, and C is so also, 
therefore D, C are similar plane numbers. 

Therefore one mean proportional number falls between 
D, C. ' [vm. 18] 

And, as D is to C, so is A to B; 
therefore one mean proportional number falls between A, B 
also. [vm. 8] 

But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; [vm. 20] 
therefore A, B are similar plane numbers. 

Q. E. D. 

If ab is a square number, a, b are similar plane numbers. (The converse 
of ix. 1.) 

For a : b = a ' : at). [vn. 17] 
And a1, ab being square numbers, and therefore similar plane numbers, 

they have one mean proportional. [vm. 18] 
Therefore a, b also have one mean proportional. [vm. 8] 

whence a, b are similar plane numbers. [vm. 20I 

PROPOSITION 3. 

If a cube number by multiplying itself make some number, 
the product will be cube. 

For let the cube number A by multiplying itself make B; 
I say that B is cube. 



3«6 B O O K I X 

For let C, the side of A, be taken, and let C by multiplying 
itself make D. 

It is then manifest that C by multiplying A — 
D has made A. 8 

Now, since C by multiplying itself has c - D— 
made D, 
therefore C measures D according to the units in itself. 

But further the unit also measures C according to the units 
in it ; 
therefore, as the unit is to C, so is C to D. [vu. Def. 20] 

Again, since C by multiplying D has made A, 
therefore D measures A according to the units in C. 

But the unit also measures C according to the units in it; 
therefore, as the unit is to C, so is D to A. 

But, as the unit is to C, so is C to D ; 
therefore also, as the unit is to C, so is C to D, and D to A. 

Therefore between the unit and the number A two mean 
proportional numbers C, D have fallen in continued proportion. 

Again, since A by multiplying itself has made B, 
therefore A measures B according to the. units in itself. 

But the unit also measures A according to the units in it; 
therefore, as the unit is to A, so is A to B. [vu. Def. 20] 

But between the unit and A two mean proportional numbers 
have fallen ; 
therefore two mean proportional numbers will also fall between 
A, B. [vm. 8] 

But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 

[vm. 23] 
And A is cube ; 

therefore B is also cube. Q. E. D. 
The product of a3 into itself, or a3. a3, is a cube. 
For 1 : a = a : a2 = a' : a'. 
Therefore between 1 and a3 there are two mean proportionals. 
Also 1 : a? = a3 ; a3 .a*. 
Therefore two mean proportionals fall between a3 and a*. a3. [vm. 8] 

(It is true that v m . 8 is only enunciated of two pairs of numbers, but the 
proof is equally valid if one number of one pair is unity.) 

And a3 is a cube number ; 
therefore a3. a3 is also cube. [vm. 23] 
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PROPOSITION 4. 

If a cube number by multiplying a cube number make some 
number, the product will be cube. 

For let the cube number A by multiplying the cube number 
B make C; 
I say that C is cube. A 

For let A by multiplying B 
itself make D ; c 
therefore D is cube. [ix. 3] D 

And, since A by multiply­
ing itself has made D, and by multiplying B has made C 
therefore, as A is to B, so is D to C. [vu. 17] 

And, since A, B are cube numbers, 
A, B are similar solid numbers. 

Therefore two mean proportional numbers fall between 
A, B; [vm. 19] 

so that two mean proportional numbers will fall betweer. D, 
C also. [vm. 8] 

And D is cube ; 
therefore C is also cube [vm. 23] 

Q. K. D. 

The product of two cubes, say a3. P, is a cube. 
For a3 : P = a3 . a3 : a3. P.' [vn. 17] 
And two mean proportionals fall between a3, b3 which are similar solid 

numbers. [vm. 1 9 ' 
Therefore two mean proportionals fall between a3. a3, a3. P [vm. 8 
B J t a3. a3 is a cube : [ix. 3 

therefore a3. P is a cube. [vm. 23 

PROPOSITION 5. 

If a cube number by multiplying any number make a cube 
number, the multiplied number will also be cube. 

For let the cube number A by multiplying any number B 
make the cube number C; 
I say that B is cube. A 

For let A by multiplying B _ 
itself make D ; c 
therefore D is cube. [ ix . 3] O—• — 



Now, since A by multiplying itself has made D, and by 
multiplying B has made C, 
therefore, as A is to B, so is D to C. [vn. 17] 

And since D, C are cube, 
they are similar solid numbers. 

Therefore two mean proportional numbers fall between 
D, C. [vm. 19] 

And, as D is to C, so is A to B; 
therefore two mean proportional numbers fall between A, B 
also. [vm. 8] 

And A is cube ; 
therefore B is also cube. [vm. 23] 

If the product a3* is a cube number, b is cube. 
By ix. 3, the product a 8 . a 3 is a cube. 
And a*. a 3 : a*b = a 3 : b. [vn. 17] 
The first two terms are cubes, and therefore "similar solids"; therefore 

there are two mean proportionals between them. [vm. 19] 
Therefore there are two mean proportionals between a3, b. [vm. 8] 
And a 3 is a cube : 

therefore b is a cube number. [vm. 23] 

PROPOSITION 6. 

If a number by multiplying itself make a cube number, it 
will itself also be cube. 

For let the number A by multiplying itself make the cube 
number B; 
I say that A is also cube. A 

For let A by multiplying B make C. B 

Since, then, A by multiplying itself c 

has made B, and by multiplying B has 
made C, 
therefore C is cube. 

And, since A by multiplying itself has made B, 
therefore A measures B according to the units in itself. 

But the unit also measures A according to the units in it. 
Therefore, as the unit is to A, so is A to B. [vn. Def. 20] 
And, since A by multiplying B has made C, 

therefore B measures C according to the units in A. 
But the unit also measures A according to the units in it. 
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Therefore, as the unit is to A, so is B to C. [vu. Def. 20] 
But, as the unit is to A, so is A to B; 

therefore also, as A is to B, so is B to C. 
And, since B, C are cube, 

they are similar solid numbers. 
Therefore there are two mean proportional numbers 

between B, C. [ vm. 19] 
And, as B is to C, so is A to B. 
Therefore there are two mean proportional numbers 

between A, B also. [vm. 8] 
And B is cube ; 

therefore A is also cube. [cf. v m . 23] 
Q. E. D. 

If a' is a cube number, a is also a cube. 
For 1 : a = a : a3 = a' : a3. 
Now a1, a3 are both cubes, and therefore "similar sol ids"; therefore there 

; i r e two mean proportionals between them. [vm. 19] 
Therefore there are two mean proportionals between a, a1. [vm. 8] 
And a3 is a cube : 

therefore a is also a cube number. [vm. 23] 
It will be noticed that the last step is not an exact quotation of the result 

of v m . 23, because it is there the first of four terms which is known to be a 
cube, and the last which is proved to be a cube ; here the case is reversed. 
But there is no difficulty. Without inverting the proportions, we have only 
to refer to v m . 21 which proves that a, a3, having two mean proportionals 
between them, are two similar solid numbers; whence, since a1 is a cube, 
a is also a cube. 

PROPOSITION 7. 

If a composite number by multiplying any number make 
some number, the product will be solid. 

For let the composite number A by multiplying any number 
B make C; 
I say that C is solid. 

For, since^4 is composite, c 

it will be measured by some D £ 

number. [vn. D e f . 13] 
Let it be measured by D; 

and, as many times as D measures A, so many units let there 
be in E. 



square, as are also all those which leave D 

out one ; C, the fourth, is cube, as are E 

also all those which leave out two ; and F 

F, the seventh, is at once cube and 
square, as are also all those which leave out five. 

For since, as the unit is to A, so is A to B, 
therefore the unit measures the number A the same number 
of times that A measures. B. [vu. Def. 20] 

But the unit measures the number A according to the 
units in i t ; 
therefore A also measures B according to the units in A. 

Therefore A by multiplying itself has made B; 
therefore B is square. 

And, since B, C, D are in continued proportion, and B is 
square, 
therefore D is also square. [vm. 22] 

Since then .D measures A according to the units in E, 
therefore £ by multiplying D has made A. [ V I L Def. 15] 

And, since A by multiplying B has made C, 
and A is the product of £>, £ , 
therefore the product of D, £ by multiplying B has made C. 

Therefore C is solid, and D, £, B are its sides. 
Q. E. D. 

Since a composite number is the product of two factors, the result of 
multiplying it by another number is to produce a 'number which is the 
product of three factors, i.e. a "sol id number." 

PROPOSITION 8C 

If as many numbers as we please beginning from an unit be 
in continued proportion, the third from the unit will be square, 
as will also those which successively leave out one; the fourth 
will be cube, as will also all those which leave out two; and the 
seventh will be at once cube and square, as will also those which 
leave out five. 

Let there be as many numbers as we please, A, B, C, D, 
E, F, beginning from an unit and in con­
tinued proportion ; A 
I say that B, the third from the unit, is 8 3 Z Z H _ 



•• a' : «„, 
whence a3 = a', a cube number. 

And, since a.it at, as, a, are in geometrical progression, and a, is a cube, 
a, is a cube. [vm. 23] 

For the same reason 
F is also square. 

Similarly we can prove that all those which leave out one 
are square. 

I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 

For since, as the unit is to A, so is B to C, 
therefore the unit measures the number A the same number 
of times that B measures C. 

But the unit measures the number A according to the units 
in A ; 
therefore B also measures C according to the units in A. 

Therefore A by multiplying B has made C. 
Since then A by multiplying itself has made B, and by 

multiplying B has made C, 
therefore C is cube. 

And, since C, D, E, F are in continued proportion, and C 
is cube, 
therefore F is also cube. [vm. 23] 

But it was also proved square ; 
therefore the seventh from the unit is both cube and square. 

Similarly we can prove that all the numbers which leave 
out five are also both cube and square. 

Q. E. D. 

If 1, a, a.,, a„ ... be a geometrical progression, then a2, at, « „ . . . are 
.squares; 
a3, a„, ... are cubes ; 
a„ am ... are both squares and cubes. 

Since 1 : a = a : a„ 
a2 = a1. 

And, since a2, a3, at are in geometrical progression and a, (= a2) is a square, 
at is a square. [vm. 22] 

Similarly at, aB, ... are squares. 
Next, 1 : a = a, : u3 



Similarly a „ au, . . . are cubes. 
Clearly then aa, ais, ... are both squares and cubes. 
The whole result is of course obvious if the geometrical progression is 

written, with our notation, as 
1, a, a2, a", a*, ... a". 

PROPOSITION 9. 

If as many numbers as we please beginning from an unil be 
in continued proportion, and the number after the unit be square, 
all the rest will also be square. And, if the number after the 
unit be cube, all the rest will also be cube. 

Let there be as many numbers as we please, A, B, C, D, 
E, F, beginning from an unit and in con­
tinued proportion, and let A, the number * 
after the unit, be square ; B 

I say that all the rest will also be square. 
Now it has been proved that B, the E 

third from the unit, is square, as are also F 
all those which leave out one; [ix. 8] 
I say that all the rest are also square. 

For, since A, B, C are in continued proportion, 
and A is square, 
therefore C is also square. [vm. 22] 

Again, since B, C, D are in continued proportion, 
and B is square, 
D is also square. [vm. 22] 

Similarly we can prove that all the rest are also square. 
Next, let A be cube; 

I say that all the rest are also cube. 
Now it has been proved that C, the fourth from the unit, 

is cube, as also are all those which leave out two ; [ix. 8] 
I say that all the rest are also cube. 

For, since, as the unit is to A, so is A to B, 
therefore the unit measures A the same number of times as A 
measures B. 

But the unit measures A according to the units in it; 
therefore A also measures B according to the units in itself; 
therefore A by multiplying itself has made B. 
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And A is cube. 
But, if a cube number by multiplying itself make some 

number, the product is cube. [ix. 3] 
Therefore B is also cube. 
And, since the four numbers A, B, C, D are in continued 

proportion, 
and A is cube, 
D also is cube. [vm. 23] 

For the same reason 
E is also cube, and similarly all the rest are cube. 

Q. E. D. 

If 1, a3, a „ a,, at, ... are in geometrical progression, a„ a3, ait ... are all 
squares; 
and, if 1, a3, a,, a3,a„ . . . are in geometrical progression, a.„ a3, ... are all cubes. 

( 1 ) By ix. 8, a„ a 4 , a,, ... are all squares. 
And, a', a„ a3 being in geometrical progression, and a3 being a square, 

a3 is a square. [vm. 22] 
For the same reason <?„ a „ ... arc all squares. 

(2) By ix. 8, i7 3 , a 9 , a„ . . . are all cubes. 
Now 1 : a3 = a3 : a2. 

Therefore « a = a3. a3, which is a cube, by ix. 3. 
And, a3, « „ a „ at being in geometrical progression, and a3 being cube, 

at is cube. [vm. 23] 
Similarly we prove that a, is cube, and so on. 
The results are of course obvious in our notation, the series being 

( 1 ) 1, a3, a*, a', . . . a**, 

(2) 1 , a3, a\ a", ... a » . 

PROPOSITION IO. 

If as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be not 
square, neither will any other be square except the third from 
the unit and all those which leave out one. And, if the number 
after the unit be not cube, neither will any other be cube except 
the fourth from the unit and all those which leave out two. 

Let there be as many numbers as we please, A, B, C, D, 
E, F, beginning from an unit and in continued proportion, 
and let A, the number after the unit, not be square ; 



I say that neither will any other be square except the third 
from the unit <and those which 
leave out one > . A 

For, if possible, let C b e square. B 
But B is also square ; [ ix . 8] o 

[therefore B, C have to one another 0 

the ratio which a square number E 

has to a square number]. F 

And, as B is to C, so is A to B; 
therefore A, B have to one another the ratio which a square 
number has to a square number ; 
[so that A, B are similar plane numbers]. [ vm. 26, converse] 

And B is square ; 
therefore A is also square : 
which is contrary to the hypothesis. 

Therefore C is not square. 
Similarly we can prove that neither is any other of the 

numbers square except the third from the unit and those which 
leave out one. 

Next, let A not be cube. 
I say that neither will any other be cube except the fourth 

from the unit and those which leave out two. 
For, if possible, let D be cube. 
Now C is also cube ; for it is fourth from the unit. [ix. 8] 
And, as C is to D, so is B to C; 

therefore B also has to C the ratio which a cube has to a cube. 
And C is cube ; 

therefore B is also cube. [vm. 25] 
And since, as the unit is to A, so is A to B, 

and the unit measures A according to the units in it, 
therefore A also measures B according to the units in itself; 
therefore A by multiplying itself has made the cube number B. 

But, if a number by multiplying itself make a cube number, 
it is also itself cube. [ix. 6] 

Therefore A is also cube : 
which is contrary to the hypothesis. 

Therefore D is not cube. 



Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 

Q. E. D. 

If i , a, a2, a3, a4, ... be a geometrical progression, then ( i ) , if a is not a 
square, none of the terms will be square except a 2 , a 4 , a,1, 
and (2), if a is not a cube, none of the terms will be cube except a3, as, a„, 

With reference to the first part of the proof, viz. that which proves that, if 
a3 is a square, a must be a square, Heiberg remarks that the words which 
I have bracketed are perhaps spurious; for it is easier to use vui . 24 than 
the converse of v m . 26, and a use of v m . 24 would correspond better to the 
use of v m . 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of villi 26, 27 given by Heron.) It this change be made, the 
proof runs as follows. 

(1) If possible, let a3 be square. 
Now «.2 : a3 = a : a 2 . 
But a 2 is a square. [ ix. 8] 
Therefore a is to a2 in the ratio of a square to a square. 
And « 2 is square; 

therefore a is square [vm. 24] : which is impossible. 

(2) If possible, let at be a cube. 
Now « 3 : at = a 8 : a3. 

And a3 is a cube. [ix. 8] 
Therefore a, is to a, in the ratio of a cube to a cube. 
And a, is a cube : 

therefore <z2 is a cube. [vm. 25] 
But, since 1 : a = a : at, 

<23 = a2. 

And, since a2 is a cube, 
a must be a cube [ix. 6 ] : which is impossible. 

The propositions v m . 24, 25 are here not quoted in their exact form in 
that the first and second squares, or cubes, change places. But there is no 
difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 

PROPOSITION I I . 

If as many numbers as we please beginning from an unit be 
in continued proportion, the less measures the greater according 
to some one of the numbers which have place among the propor­
tional numbers. 



Let there be as many numbers as we please, B, C, D, E, 
beginning from the unit A and in con­
tinued proportion ; A 

I say that B, the least of the numbers B, B 
C, D, E, measures E according to some c 
one of the numbers C, D. D 

For since, as the unit A is to B, so E • 
is D to E, 
therefore the unit A measures the number B the same number 
of times as D measures E ; 
therefore, alternately, the unit A measures D the same number 
of times as B measures E. [vn. 15] 

But the unit A measures D according to the units in it; 
therefore B also measures E according to the units in D ; 
so that B the less measures E the greater according to some 
number of those which have place among the proportional 
numbers.— 

PORISM. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number according to which it measures, 
reckoned from the number measured, in the direction of the 
number before it.— 

The proposition and the porism together assert that, if 1, a, a a , . . . a . be a 
geometrical progression, ar measures a„ and gives the quotient a „ _ r (r < n). 

Euclid only proves that a„ = a . a n _ , , as follows. 

Therefore 1 measures a the same number of times as a„_, measures a„. 
Hence 1 measures a„_, the same number of times as a measures a , ; 

Q. E. D. 

1 : a = a„_ 

that is, a , = a . a*.,. 
We can supply the proof of the porism as follows. 

1 : a = ar : a r + l , 
a : a a = a r + , : a r + a , 

[vn. 14] 



PROPOSITION 12 . 

If as many numbers as we please beginning from an unit be 
in continued proportion, by however many prime numbers the 
last is measured, the next to the unit will also be measured by 
the same. 

Let there be as many numbers as we please, A, B, C, D, 
beginning from an unit, and in continued proportion ; 
I say that, by however many prime numbers D is measured, 
A will also be measured by the same. 

A — P 
B G 
O H 
D 
P 

For let D be measured by any prime number E; 
I say that E measures A. 

For suppose it does not; 
now E is prime, and any prime number is prime to any which 
it does not measure ; [vu. 29] 
therefore E, A are prime to one another. 

And, since E measures D, let it measure it according to F, 
therefore E by multiplying F has made D. 

Again, since A measures D according to the units in C, 
[ix. 11 and Por.] 

therefore A by multiplying C has made D. 
But, further, E has also by multiplying F made D; 

therefore the product of A, C is equal to the product of E, F. 
Therefore, as A is to E, so is Fto C. [vu. 19] 
But A, E are prime, 

primes are also least, [vn. 21] 
and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent; [vn. 20] 
therefore E measures C. 

Let it measure it according to G; 
therefore E by multiplying G has made C. 

But, further, by the theorem before this, 
A has also by multiplying B made C. [ ix. 11 and Por.] 



Therefore the product of A, B is equal to the product of 
£, G. 

Therefore, as A is to E, so is G to B. [vn. 19] 
But A, E are prime, 

primes are also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent: lvn. 20] 
therefore E measures B. 

Let it measure it according to H; 
therefore E by multiplying H has made B. 

But further A has also by multiplying itself made B; 
[ix. 8] 

therefore the product of E, H is equal to the square on A. 
Therefore, as E is to A, so is A to H. [vn. 19] 
But A, E are prime, 

primes are also least, [vn. 21] 
and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent; [vu. 20] 
therefore E measures A, as antecedent antecedent. 

But, again, it also does not measure i t : 
which is impossible. 

Therefore E, A are not prime to one another. 
Therefore they are composite to one another. 
But numbers composite to one another are measured by 

some number. [vn. Def. 14] 
And, since E h by hypothesis prime, 

and the prime is not measured by any number other than itself, 
therefore £ measures A, E, 
sa that E measures A. 

[But it also measures D ; 
therefore £ measures A, D.~\ 

Similarly we can prove that, by however many prime 
numbers D is measured, A will also be measured by the same. 

Q. E. D. 

If 1, a, a a„ be a geometrical progression, and an be measured by any 
prime number / , a will also be measured by p. 



For, if possible, suppose that p does not measure a) then, / being prime, 
/, a are prime to one another. [vn. 29] 

Suppose «„ = m.p. 
Now an = a . «„_, . [ ix. 1 1 ] 
Therefore a . «„_, = / » . / , 

and a : p = m : <»»_,. [vn. 19] 
Hence, a, p being prime to one another, 

/ measures «„_, . [vn. 20, 21] 
By a repetition of the same process, we can prove that / measures aM_ 2 

and therefore a„_ 3 , and so on, and finally that / measures a. 
But, by hypothesis, / does not measure a: which is impossible. 
Hence / , a are not prime to one another: 

therefore they have some common factor. [vn. Def. 14] 
But / is the only number which measures / ; 

therefore / measures a. 
Heiberg remarks that, as, in the ! K 0 « T « , Euclid sets himself to prove that 

E measures A, the words bracketed above are unnecessary and therefore 
perhaps interpolated. 

PROPOSITION 13 . 

If as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be prime, 
the greatest will not be measured by any except those which, have 
a place among the proportional numbers. 

Let there be as many numbers as we please, A, B, C, D, 
beginning from an unit and in continued proportion, and let A, 
the number after the unit, be prime ; 
I say that D, the greatest of them, will not be measured by any 
other number except A, B, C. 

A £ 
B F 
C Q 
D H 

For, if possible, let it be measured by E, and let E not be 
the same with any of the numbers A, B, C. 

It is then manifest that E is not prime. 
For, if £ is prime and measures Dr 

it will also measure A [ i x . 12] , which is prime, though it is not 
the same with i t : 
which is impossible. 



Therefore E is not prime. 
Therefore it is composite. 
But any composite number is measured by some prime 

number; [vn. 31] 
therefore E is measured by some prime number. 

I say next that it will not be measured by any other prime 
except A. 

For, if E is measured by another, 
and E measures D, 
that other will also measure D; 
so that it will also measure A [ ix . 12], which is prime, though 
it is not the same with i t : 
which is impossible. 

Therefore A measures E. 
And, since E measures D, let it measure it according to F. 
I say that F is not the same with any of the numbers 

A, B, C. 
For, if F\s the same with one of the numbers A, B, C, 

and measures D according to E, 
therefore one of the numbers A,B, C also measures D according 
to E. 

But one of the numbers A, B, C measures D according to 
some one of the numbers A, B, C; [ix. 11] 
therefore E is also the same with one of the numbers A, B, C: 
which is contrary to the hypothesis. 

Therefore F is not the same as any one of the numbers 
A. B, C. 

Similarly we can prove that F is measured by A, by 
proving again that F is not prime. 

For, if it is, and measures D, 
it will also measure A [ix. 12], which is prime, though it is not 
the same with i t : 
which is impossible; 
therefore F is not prime. 

Therefore it is composite. 
But any composite number is measured by some prime 

number; [vu. 31] 
therefore F is measured by some prime number. 
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I say next that it will not be measured by any other prime 
except A. 

For, if any other prime number measures F, 
and F measures D, 
that other will also measure D; 
so that it will also measure A [ix. 12] , which is prime, though it 
is not the same with i t : 
which is impossible. 

Therefore A measures F. 
And, since E measures D according to F, 

therefore E by multiplying F has made D. 
But, further, A has also by multiplying C made D; [ ix. u ] 

therefore the product of A, C is equal to the product of E, F. 
Therefore, proportionally, as A is to E, so is F to C. 

[vn. 19] 
But A measures E; 

therefore ./''also measures C. 
Let it measure it according to G. 
Similarly, then, we can prove that G is not the same with 

any of the numbers A, B, and that it is measured by A. 
And, since F measures C according to G 

therefore F by multiplying G has made C. 
But, further, A has also by multiplying B made C; [ix. n ] 

therefore the product of A, B is equal to the product of F, G. 
Therefore, proportionally, as A is to F, so is G to B. 

[vn. 19] 

But A measures F; 
therefore G also measures B. 

Let it measure it according to / / . 
Similarly then we can prove that H is not the same 

with A. 
And, since G measures B according to H, 

therefore G by multiplying H has made B. 
But further A has also by multiplying itself made B; 

[ l * . 8] 

therefore the product of / / , G is equal to the square on A. 
Therefore, as H is to A, so is A to G. [vn. 19] 



But A measures G ; 
therefore H also measures A, which is prime, though it is not 
the same with i t : 
which is absurd. 

Therefore D the greatest will not be measured by any 
other number except A, B, C. 

Q. E. D. 

If i, a, au ... a„ be a geometrical progression, and if a is prime, fl„ will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let a„ be measured by b, a number different from all the 
preceding terms. 

Now b cannot be prime, for, if it were, it would measure a. [ix. 12] 
Therefore b is composite, and hence will be measured by some prime 

number [vn. 31] , say / . 
Thus / must measure a„ and therefore a [ix. 1 2 ] ; so that / cannot be 

different from a, and b is not measured by any prime number except a. 
Suppose that aH — b.e. 
Now c cannot be identical with any of the terms a, a 2 , ... a n _, ; for, if it 

were, b would be identical with another of them: [ix. 11] 
which is contrary to the hypothesis. 

We can now prove (just as for b) that c cannot be prime and cannot be 
measured by any prime number except a. 

Since b. e = an = a . an.u [ ix. 11] 
a :b = c: a „_ , , 

whence, since a measures b, 
c measures a„_ , . 

Let a„_, = c.d. 
We now prove in the same way that d is not identical with any of the terms 
a, aj , ... a„_ 2 , is not prime, and is not measured by any prime except a, and 
also that 

d measures a n _ s . 
Proceeding in this way, we get a last factor, say k, which measures a 

though different from i t : 
which is absurd, since a is prime. 

Thus the original supposition that a„ can be measured by a number b 
different from all the terms a, a„, . . . a,,., must be incorrect. 

Therefore etc. 

PROPOSITION 14. 

If a number be the least that is measured by prime numbers, 
it will not be measured by any other prime number except those 
originally measuring it. 

For let the number A be the least that is measured by the 
prime numbers B, C, D; 



F 

Now, since E measures A, let it measure it according 
to F\ 

therefore E by multiplying F has made A. 
And A is measured by the prime numbers B, C, D. 
But, if two numbers by multiplying one another make some 

number, and any prime number measure the product, it will 
also measure one of the original numbers ; [vu. 30] 
therefore B, C, D will measure one of the numbers E, F. 

Now they will not measure £ ; 
for £ is prime and not the same with any one of the numbers 
B, C, D. 

Therefore they will measure F, which is less than A : 
which is impossible, for A is by hypothesis the least number 
measured by B, C, D. 

Therefore no prime number will measure A except 
B, C, D. 

Q. E. D. 

In other words, a number can be resolved into prime factors in only 
one way. 

Let a be the least number measured by each of the prime numbers 
b, c, d, ... k. 

If possible, suppose that a has a prime fac to r / different from b, c, d, ... i. 
Let a=p ,m. 

Now b, c, d, ... k, measuring a, must measure one of the two factorsp, m. 
[vn. 30] 

They do not, by hypothesis, measure p; 
therefore they must measure m, a number less than a : 
which is contrary to the hypothesis. 

Therefore a has no prime factors except b, c, d, ... k. 

I say that A will not be measured by any other prime number 
except B, C, D. 

For, if possible, let it be measured by the prime number 
E, and let £ not be the same with any one of the numbers 
B, C, D. 

A B 
E C 

D 



PROPOSITION 15 . 

If three numbers in continued proportion be the least of 
those which have the same ratio with them, any two whatever 
added together will be prime to the remaining number. 

Let A, B, C, three numbers in continued proportion, be 
the least of those which have the same 
ratio with them; A 8 

I say that any two of the numbers c 

A, B, C whatever added together are D—•£—F 
prime to the remainingnumber, namely 
A, B to C; B, C to A ; and further A, C to B. 

For let two numbers DE, EF, the least of those which 
have the same ratio with A, B, C, be taken. [vm. 2] 

It is then manifest that DE by multiplying itself has made 
A, and by multiplying EF has made B, and, further, EF by 
multiplying itself has made C. [vm. 2] 

Now, since DE, EF are least, 
they are prime to one another. [vn. 22] 

But, if two numbers be prime to one another, 
their sum is also prime to each ; [vu. 28] 
therefore DF is also prime to each of the. numbers DE, EF. 

But further DE is also prime to EF; 
therefore DF, DE are prime to EF. 

But, if two numbers be prime to any number, 
their product is also prime to the other ; [vn. 24] 
so that the product of FD, DE is prime to EF; 
hence the product of FD, DE is also prime to the square 
on EF. [vn. 25] 

But the product of FD, DE is the square on DE together 
with the product of DE, EF; [it 3] 
therefore the square on DE together with the product of DE, 
EF is prime to the square on EE. 

And the square on DE is A, 
the product of DE, EF is B, 
and the square on EF is C; 
therefore A, B added together are prime to C. 
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Similarly we can prove that B, C added together are 
prime to A. 

I say next that A, C added together are also prime to B. 
For, since DF is prime to each of the numbers DE, EF, 

the square on DF is also prime to the product of DE, EF. 
[vn. 2 4 , 2 5 ] 

But the squares on DE, EF together with twice the pro­
duct of DE, EF are equal to the square on DF; [11. 4 ] 
therefore the squares on DE, EF together with twice the 
product of DE, EF are prime to the product of DE, EF. 

Separando, the squares on DE, EF together with once 
the product of DE, EF are prime to the product of DE, EF. 

Therefore, separando again, the squares on DE, EF are 
prime to the product of DE, EF. 

And the square on DE is A, 
the product of DE, EF is B, 
and the square on EF is C. 

Therefore A, C added together are prime to B. 
Q. E. D. 

If a, b, c be a geometrical progression in the least terms which have a 
given common ratio, (b + c), (c + a), (a + b) are respectively prime to a, b, c. 

Let a : /3 be the common ratio in its lowest terms, so that the geometrical 
progression is 

a", oj9, j8>. [vm. 2] 

Now, a, /3 being prime to one another, 
a + /3 is prime to both a and p. [vn. 28 ] 

Therefore (a + /3), a are both prime to /3. 
Hence (o + /?) o is prime to p, [vn. 2 4 ] 

and therefore to ft*; [vu. 2 5 ] 
i.e. o ' + aP is prime to p2, 
or a + b is prime to c. 

Similarly, 0/8 + /3» is prime to a», 
or b + c is prime to a. 

Lastly, a + p being prime to both a and P, 
(a + P)* is prime to a/}, [vn . 24 , 2 5 ] 

or o* + p1 + 2a/8 is prime to o j 8 : 
whence a ' + P1 is prime to a/}. 

The latter inference, made in two steps, may be proved by reductio ad 
absurdum as Commandinus proves it. 

If a J + p1 is not prime to a/3, let x measure them; 
therefore x measures a' + p2 + ia.p as well as a / 3 ; 
hence a ' + / 3 s + 2 a/3 and a/3 are not prime to one another, which is contrary 
to the hypothesis. 



PROPOSITION 16. 

If two numbers be prime to one another, the second will not 
be to any other number as the first is to the second. 

For let the two numbers A, B be prime to one another ; 
I say that B is not to any other number as 
A is to B. A 

For, if possible, as A is to B, so let B be B 
to C. c 

Now A, B are prime, 
primes are also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent; [vn. 20] 
therefore A measures B as antecedent antecedent. 

But it also measures itself; 
therefore A measures A, B which are prime to one another: 
which is absurd. 

Therefore B will not be to C, as A is to B. 
Q. E. D. 

If a, b are prime to one another, they can have no integral third 
proportional. 

If possible, let a : b = b : x. 
Therefore [vn. 20, 21] a measures b; and a. b have the common measure 

a, which is contrary to the hypothesis. 

PROPOSITION 17. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the last will not be to any other number as the first to the 
second. 

For let there be as many numbers as we please, A,B, C,D, 
in continued proportion, 
and let the extremes of them, A, B 

D, be prime to one another; £ 
I say that D is not to any other E 

number as A is to B. 
For, if possible, as A is to B, so let D be to E; 

therefore, alternately, as A is to D, so is B to E. [vn. 13] 



PROPOSITION I 8. 

Given two numbers, to investigate whether it is possible to 
find a third proportional to them. 

Let A, B be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now A, B are either prime to one another or not. 
And, if they are prime to one another, it has been proved 

that it is impossible to find a third proportional to them. 
[ ix. 16] 

But A, D are prime, 
primes ar& also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent. [vn. 20] 

Therefore A measures B. 
And, as A is to B, so is B to C. 
Therefore B also measures C ; 

so that A also measures C. 
And since, as B is to C, so is C to D, 

A D r and B measures C, 
therefore C also measures D. 

But A measured C; 
so that A also measures D. 

But it also measures itself; 
therefore A measures A, D which are prime to one another: 
which is impossible. 

Therefore D will not be to any other number as A is to B. 
Q. E. D. 

If a, a2, alt ... an be a geometrical progression, and a, a„ are prime to one 
another, then a, a2, an can have no integral fourth proportional. 

For, if possible, let a : a2 = an : x. 
Therefore a : an = a, : x, 

and hence [vn. 20, 21] a measures a,. 
Therefore a2 measures a3, [vn. Def. 20] 

and hence a measures « 8 , and therefore also ultimately aK. 
Thus a, an are both measured by a : which is contrary to the hypothesis. 



Next, let A, B not be prime to one another, 
and let B by multiplying itself make C. 

Then A either measures C or does not measure it. 

First, let it measure it according to D; 
therefore A by multiplying D has made C. 

But, further, B has also by multiplying itself made C; 
therefore the product of A, D is equal to the square on B. 

Therefore, as A is to B, so is Z? to Z? ; [vn. 19] 
therefore a third proportional number D has been found to 

I say that it is impossible to find a third proportional number 
to A, B. 

For, if possible, let D, such third proportional, have been 
found. 

Therefore the product of A, D is equal to the square on B. 
But the square on B is C; 

therefore the product of A, D is equal to C. 
Hence A by multiplying D has made C; 

therefore A measures C according to D. 
But, by hypothesis, it also does not measure i t : 

which is absurd. 
Therefore it is not possible to find a third proportional 

number to A, B when A does not measure C. Q. E. D. 
Given two numbers a, b, to find the condition that they may have an 

integral third proportional. 
(1) a, b must not be prime to one another. [ix. 16] 
(2) a must measure P. 

For, if a, b, c be in continued proportion, 

Therefore a measures P. 
Condition (1) is included in condition (2) since, if b1 - ma, a and b cannot 
be prime to one another. 

The result is of course easily seen if the three terms in continued 
proportion be written 

A, B. 

Next, let A not measure C; 



ix. ip] P R O P O S I T I O N S 18, 19 

PROPOSITION 19 . 

Given three numbers, to investigate when it is possible to 

Let A, B, C be the given three numbers, and let it be 
required to investigate when it is A 

possible to find a fourth proportional B 

to them. c 

Now either they are not in con- D 

tinued proportion, and the extremes E 

of them are prime to one another ; 
or they are in continued proportion, and the extremes of them 
are not prime to one another ; 
or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 
or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then A, B, C are in continued proportion, and the 
extremes of them A, C are prime to one another, 
it has been proved that it is impossible to find a fourth pro-

tNext , let A, B, C not be in continued proportion, the 
extremes being again prime to one another; 
I say that in this case also it is impossible to find a fourth 

For, if possible, let D have been found, so that, 
as A is to B, so is C to D, 

and let it be contrived that, as B is to C, so is D to E. 
Now, since, as A is to B, so is C to D, 

and, as B is to C, so is D to E, 
therefore, ex aequali, as A is to C, so is C to E. [vu. 14] 

But A, C are prime, 
primes are also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio, the antecedent the antecedent and the consequent the 
consequent [vn. 20] 

Therefore A measures C as antecedent antecedent. 

find a fourth proportional to them. 

portional number to them. [ix. 17] 

proportional to them. 



But it also measures itself; 
therefore A measures A, C which are prime to one another : 
which is impossible. 

Therefore it is not possible to find a fourth proportional 
to A, B, C.t 

Next, let A, B, C be again in continued proportion, 
but let A, C not be prime to one another. 

I say that it is possible to find a fourth proportional to 
them. 

For let B by multiplying C make D ; 
therefore A either measures D or does not measure it. 

First, let it measure it according to E; 
therefore A by multiplying E has made D. 

But, further, B has also by multiplying C made D ; 
therefore the product of A, £ is equal to the product of 
B, C; 
therefore, proportionally, as A is to B, so is C to £ ; [vn. 19] 
therefore £ has been found a fourth proportional to A, B, C. 

Next, let A not measure D; 
I say that it is impossible to find a fourth proportional number 
to A, B,C. 

For, if possible, let E have been found ; 
therefore the product of A, E is equal to the product of B, C. 

[vn. 19] 
But the product if B, C is D ; 

therefore the product of A, E is also equal to D. 
Therefore A by multiplying E has made D ; 

therefore A measures D according to E, 
so that A measures D. 

But it also does not measure i t : 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to A, B, C when A does not measure D. 

Next, let A, B, C not be in continued proportion, nor the 
extremes prime to one another. 

And let B by multiplying C make D. 
Similarly then it can be proved that, if A measures D, 

it is possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. Q. E. D. 
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Given three numbers a, b, c, to find the condition that they may have an 
integral fourth proportional. 

The Greek text of part of this proposition is hopelessly corrupt. Accord­
ing to it Euclid takes four cases. 
(1) a, b, c not in continued proportion, and a, c prime to one another. 
(2) a, b, c in continued proportion, and a, c not prime to one another. 
(3) a, b, c not in continued proportion, and a, c not prime to one another. 
(4) a, b, c in continued proportion, and a, c prime to one another. 

(4) is the case dealt with in ix. 17, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 

The text now takes case (1) and asserts that a fourth proportional cannot 
be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there is something wrong here. The supposed proof is also wrong. If 
possible, says the text, let d be a fourth proportional to a, b, c, and let e 
be taken such that 

b : c - d : e. 
Then, ex aequali, a : c - c : e, 

whence a measures c : [vn. 20, 21] 
which is impossible, since a, c are prime to one another. 

But this does not prove that a fourth proportional d cannot be found ; it 
only proves that, if a" is a fourth proportional, no integer e can be found to 
satisfy the equation 

b : c = d : e. 
Indeed it is obvious from ix. 16 that in the equation 

a : c = c :e 
e cannot be integral. 

The cases (2) and (3) are correctly given, the first in full, and the other as 
a case to be proved "similarly" to it. 

These two cases really give all that is necessary. 
Let the product be be taken. 
Then, if a measures be, suppose bc = ad; 

therefore a : b = c : d, 
and a" is a fourth proportional. 

But, if a does not measure be, no fourth proportional can be found. 
For, if x were a fourth proportional, ax would be equal to be, and a would 
measure be. 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, b, c is that a should measure be. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. " Either A, B, C are 
in continued proportion and the extremes of them A, C are prime to one 
another; or not." Then, instead of introducing case (2) by the words 
" N e x t let A, B, C . t o find a fourth proportional to them," immediately 
following the second dagger above, Theon merely says "But, if not," [i.e. 
if it is not the case that a, b, c are in G.P. and a, c prime to one another] "let 
B by multiplying C make D," and so on. 



August adopts Theon's form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as given above 
( P ) ; he therefore retains the latter without any attempt to emend it. 

PROPOSITION 20. 

Prime numbers are more than any assigned multitude of 
prime numbers. 

Let A, B, C be the assigned prime numbers ; 
I say that there are more 
prime numbers than A, B, C. A— 

For let the least number B Q 

measured by A, B, C be c 
taken, E * F 
and let it be DE; 
let the unit DF be added to DE. 

Then EF is either prime or not. 
First, let it be prime ; 

then the prime numbers A, B, C, EF have been found which 
are more than A, B, C. 

Next, let EF not be prime ; 
therefore it is measured by some prime number. [vn. 31] 

Let it be measured by the prime number G. 
I say that G is not the same with any of the numbers 

A, B, C. 
For, if possible, let it be so. 
Now A, B, C measure DE; 

therefore G also will measure DE. 
But it also measures EF. 
Therefore G, being a number, will measure the remainder, 

the unit DF: 
which is absurd. 

Therefore G is not the same with any one of the numbers 
A, B, C. 

And by hypothesis it is prime. 
Therefore the prime numbers A, B, C, G have been found 

which are more than the assigned multitude of A, B, C. 
Q. E. D. 



We have here the important proposition that the number of prime numbers 
is infinite. 

The proof will be seen to be the same as that given in our algebraical 
text-books. Let a, b, e,... k be any prime numbers. 

Take the product abc... h and add unity. 
Then (abc... k + 1) is either a prime number or not a prime number. 

(1) If it is, we have added another prime number to those given. 
(2) If it is not, it must be measured by some prime number [vn. 31] , say / . 
N o w / cannot be identical with any of the prime numbers a, b,c,... k. 
For, if it is, it will divide abc ...k. 

Therefore, since it divides (abc...h+ 1) also, it will measure the difference, 
or unity: 
which is impossible. 

Therefore in any case we have obtained one fresh prime number. 
And the process can be carried on to any extent. 

PROPOSITION 2 1 . 

If as many even numbers as we please be added together, 
the whole is even. 

For let as many even numbers as we please, AB, BC, CD, 
DE, be added together; 
I say that the whole AE A ? c 0—E 
is even. 

For, since each of the numbers AB, BC, CD, DE is even, 
it has a half part.; [vn. Def. 6] 
so that the whole AE also has a half part. 

But an even number is that which is divisible into two 
equal parts; [id.] 
therefore AE is even. 

Q. E. D. 

In this and the following propositions up to ix. 34 inclusive we have a 
number of theorems about odd, even, "even-times e v e n " and "even-times 
odd " numbers respectively. They are all simple and require no explanation 
in order to enable them to be followed easily. 

PROPOSITION 22. 

If as many odd numbers as we please be added together, and 
their multitude be even, the whole will be even. 

For let as many odd numbers as we please, AB, BC, CD, 
DE, even in multitude, be added together; 
I say that the whole AE is even. 



But the multitude of the units is also even. 
Therefore the whole AE is also even. [ix. 21] 

Q . E . D . 

PROPOSITION 23. 

If as many odd numbers as we please be added together, 
and their multitude be odd, the whole will also be odd. 

For let as many odd numbers as we please, AB, BC, CD, 
the multitude of which is odd, 
be added together; A B C E O 
I say that the whole AD is 1 ' l~ 
also odd. 

Let the unit DE be subtracted from CD; 
therefore the remainder CE is even. [vu. Def. 7] 

But CA is also even ; [ix. 22] 
therefore the whole AE is also even. [ix. 21] 

And DE is an unit. 
Therefore AD is odd. [vn. Def. 7] 

Q . E . D . 

3. Literally " let there lie as many numbers as we please, of which let the multitude be 
odd." This form, natural in Greek, is awkward in English. 

PROPOSITION 24. 

If from an even number an even number be subtracted, the 
remainder will be even. 

For from the even number AB let the even number BC 
be subtracted: 
I say that the remainder CA is even. A 9 B 

For, since AB is even, it has a half 
part. [vn. Def. 6] 

For, since each of the numbers AB, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 
be even ; [vu. Def. 7] 
so that the sum of them will be even. [ix. 21] 

A ? ? ? ? 



PROPOSITION 25. 

If from an even number an odd number be subtracted, the 
remainder will be odd. 

For from the even number AB let the odd number BC be 
subtracted; 
I say that the remainder CA is odd. A c D B 

For let the unit CD be sub­
tracted from BC; 
therefore DB is even. [vu. Def. 7] 

But AB is also even ; 
therefore the remainder AD is also even. [ix. 24] 

And CD is an unit; 
therefore CA is odd. [vn. Def. 7] 

Q . E . D . 

PROPOSITION 26. 

If from an odd number an odd number be subtracted, the 
remainder will be even. 

For from the odd number AB let the odd number BC be 
subtracted ; 
I say that the remainder CA is even. A c D B 

For, since AB is odd, let the unit 
BD be subtracted ; 
therefore the remainder AD is even. [vu. Def. 7] 

For the same reason CD is also even ; [vn. Def. 7] 
so that the remainder CA is also even. [ix. 24] 

Q . E . D . 

For the same reason BC also has a half part; 
so that the remainder [CA also has a half part, and] AC is 
therefore even. 

Q . E . D . 



PROPOSITION 27. 

If from an odd number an even number be subtracted, the 
remainder will be odd. 

For from the odd number AB let the even number BC be 
subtracted; 
I say that the remainder CA is odd. 

Let the unit AD be subtracted ; —1 1 
therefore DB is even. [vu. Def. 7] 

But BC is also even ; 
therefore the remainder CD is even. [ix. 24] 

Therefore CA is odd. [ra Def. 7] 
Q . E . D . 

PROPOSITION 28. 

If an odd number by multiplying an even number make 
some number, the product will be even. 

For let the odd number A by multiplying the even number 
B make C; 
I say that C is even. 

For, since A by multiplying B has o 
made C, 
therefore C is made up of as many numbers equal to B as 
there are units in A. [vn. Def. 15] 

And B is even ; 
therefore C is made up of even numbers. 

But, if as many even numbers as we please be added 
together, the whole is even. [ix. 21] 

Therefore C is even. 
Q . E . D . 

PROPOSITION 29. 

If an odd number by multiplying an odd number make 
some number, the product will be odd. 

For let the odd number A by multiplying the odd number 
B make C; 
I say that C is odd. * 

For, since A by multiplying B has c 

made C, 



therefore C is made up of as many numbers equal to B as 
there are units in A. [vn. Def. 15] 

And each of the numbers A, B is odd ; 
therefore C is made up of odd numbers the multitude of which 
is odd. 

' rr»us C is odd. [ix. 23] 
Q . E . D . 

PROPOSITION 30. 

If an odd number measure an even number, it will also 
measure the half of it. 

For let the odd number A measure the even number B; 
I say that it will also measure the half 
of it. A _ 

For, since A measures B, B 
let it measure it according to C ; c 
I say that C is not odd. 

For, if possible, let it be so. 
Then, since A measures B according to C, 

therefore A by multiplying C has made B. 
Therefore B is made up of odd numbers the multitude 

of which is odd. 
Therefore B is odd : [ix. 23] 

which is absurd, for by hypothesis it is even. 
Therefore C is not odd ; 

therefore C is even. 
Th ifs A measures B an even number of times. 
For this reason then it also measures the half of it. 

Q . E . D . 

PROPOSITION 3 1 . 

If an odd number be prime to any number, it will also be 
prime to the double of it. 

For let the odd number A be prime to any number B, 
and let C be double of B; 
I say that A is prime to C. A 

For, if they are not prime 8 

to one another, some number c 

will measure them. D 
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Let a number measure them, and let it be D. 
Now A is odd; 

therefore D is also odd. 
And since D which is odd measures C, 

and C is even, 
therefore [Z>] will measure the half of C also. [ix. 30] 

But B is half of C; 
therefore D measures B. 

But it also measures A ; 
therefore D measures A, B which are prime to one another: 
which is impossible. 

Therefore A cannot but be prime to C. 
Therefore A, C are prime to one another. 

Q . E . D . 

PROPOSITION 32. 

Each of the numbers which are continually doubled beginning 
from a dyad is even-times even only. 

For let as many numbers as we please, B, C, D, have been 
continually doubled beginning 
from the dyad A ; A 

I say that B, C, D are even- B 

times even only. _ _ 
Now that each of the 

numbers B, C, D is even-times even is manifest; for it is 
doubled from a dyad. 

I say that it is also even-times even only. 
For let an unit be set out. 
Since then as many numbers as we please beginning from 

an unit are in continued proportion, 
and the number A after the unit is prime, 
therefore £>, the greatest of the numbers A, B, C, D, will not 
be measured by any other number except A, B, C. [ix. 13] 

And each of the numbers A, B, C is even ; 
therefore D is even-times even only. [vn. Def. 8] 

Similarly we can prove that each of the numbers B, C is 
even-times even only. 

Q . E , D . 



See the notes on vu . Deff. 8 to 11 for a discussion of the difficulties 
shown by Iamblichus to be involved by the Euclidean definitions of " even-
times even," " even-times odd " and " odd-times even." 

PROPOSITION 33. 

If a number have its half odd, it is even-times odd only. 
For let the number A have its half odd ; 

I say that A is even-times odd only. 
Now that it is even-times odd is * 

manifest; for the half of it, being odd, 
measures it an even number of times. [vn. Def. 9] 

I say next that it is also even-times odd only. 
For, if A is even-times even also, 

it will be measured by an even number according to an even 
number ; [vn. Def. 8] 
so that the half of it will also be measured by an even number 
though it is odd : 
which is absurd. 

Therefore A is even-times odd only. Q. E. D. 

PROPOSITION 34. 

If a number neither be one of those which are continually 
doubled from a dyad, nor have its half odd, it is both even-
times even and even-times odd. 

For let the number A neither be one of those doubled 
from a dyad, nor have its half odd'; 
I say that A is both even-times even A 
and even-times odd. 

Now that A is even-times even is manifest; 
for it has not its half odd. [vn. Def. 8] 

I say next that it is also even-times odd. 
For, if we bisect A, then bisect its half, and do this con­

tinually, we shall come upon some odd number which will 
measure A according to an even number. 

For, if not, we shall come upon a dyad, 
and A will be among those which are doubled from a dyad: 
which is contrary to the hypothesis. 
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Thus A is even-times odd. 
But it was also proved even-times even. 
Therefore A is both even-times even and even-times odd. 

Q . E . D . 

PROPOSITION 35. 

If as many numbers as we please be in continued proportion, 
and there be subtracted from the second and the last numbers 
equal to the first, then, as the excess of the second is to the 
first, so will the excess of the last be to all those before it. 

Let there be as many numbers as we please in continued 
proportion, A, BC, D, EF, 
beginning from A as least, A -
and let there be subtracted B~<r~0 
from BC and EF the numbers 0 
BG, FH, each equal to A ; e -j* JHJ-F 
I say that, as GC is to A, so 
is EH to A, BC, D. 

For let FK be made equal to BC, and FL equal to D. 
Then, since FK is equal to BC, 

and of these the part FH is equal to the part BG, 
therefore the remainder HK is equal to the remainder GC. 

And since, as EF is to D, so is D to BC, and BC to A, 
while D is equal to FL, BC to FK, and A to FH, 
therefore, as EF is to FL, so is LF to FK, and FK to FH. 

Separando, as EL is to LF, so is LK to FK, and KH 
to FH. [vn. 1 1 , 1 3 ] 

Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 

[vn. 12} 
therefore, as KH is to FH, so are EL, LK. KH to LF, 
FK, HF. 

But KH is equal to CG, FH to A, and LF, FK, HF to 
D, BC, A ; 
therefore, as CG is to A, so is EH to D, BC, A. 

Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it. 

Q . E . D . 
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This proposition is perhaps the most interesting in the arithmetical Books, 
since it gives a method, and a very elegant one. of summing any series of 
terms in geometrical progression. 

Let a , , a „ a3,...an, a B + 1 be a series of terms in geometrical progression. 
Then Euclid's proposition proves that 

0 « + i - « i ) : (<h + "1 + ••• + « » ) = ( « « - < * i ) : « i -
For clearness' sake we will on this occasion use the fractional notation of 

algebra to represent proportions. 
Euclid's method then comes to this. 

Since ISHMJB.: S , 
a „ a „ _ , a i 

we have, separando, 
»n+i - « n _ a . - _ a , - a , _ g a - « i 

« » « n - i a a « i ' 

whence, since, as one of the antecedents is to one of the consequents, so is 
the sum of all the antecedents to the sum of all the consequents, [vn. 12] 

- "1 ' <**-<*\ 

which gives o, + « „ + . . . .+ an, or S„ . 
If, to compare the result with that arrived at in algebraical text-books, we 

write the series in the form 
a, ar, ar1,...arn'' (n terms), 

ar" -a ar-a we have 

or 

5 , a 

PROPOSITION 36. 

If as many numbers as we please beginning from an unit 
be set out continuously in double proportion, until the sum of all 
becomes prime, and if the sum multiplied into the last make 
some number, the product will be perfect. 

For let as many numbers as we please, A, B, C, D, 
beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 
let E be equal to the sum, and let E by multiplying D 
make EG; 
I say that EG is perfect. 

For, however many A, B, C, D are in multitude, let so 
many E, HK, L, M be taken in double proportion beginning 
from E; 
therefore, ex aequali, as A is to D, so is E to M. [vn. 14] 



Therefore the product of E, D is equal to the product of 
A, M. [vn. 19] 

And the product of E, D is EG; 
therefore the product of A, Mis also EG. 

Therefore A by multiplying M has made EG ; 
therefore M measures EG according to the units in A. 

And A is a dyad ; 
therefore EG is double of M. 

—A B 

0 
L 

M 

--G 

Q — 

But M, L, HK, E are continuously double of each other; 
therefore E, HK, L, M, EG are continuously proportional in 
double proportion. 

Now let there be subtracted from the second HK and the 
last EG the numbers HN, FO, each equal to the first E; 
therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. [ix. 35] 

Therefore, as NK is to E, so is OG to M, L, KH, E. 
And NK is equal to E; 

therefore OG is also equal to M, L, HK, E. 
But FO is also equal to E, 

and E is equal to A, B, C, D and the unit. 
Therefore the whole EG is equal to E, HK, L, M and 

A, B, C, D and the unit; 
and it is measured by them. 

I say also that EG will not be measured by any other 
number except A, B, C, D, E, HK, L, M and the unit. 

For, if possible, let some number P measure EG, 
and let P not be the same with any of the numbers A, B, C, 
D, E, HK, L, M. 

And, as many times as P measures EG, so many units let 
there be in Q; 
therefore Q by multiplying P has made EG. 
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But, further, E has also by multiplying D made EG; 
therefore, as E is to Q, so is P to D. [vn. 19] 

And, since A, B, C, D are continuously proportional 
beginning from an unit, 
therefore D will not be measured by any other number except 
A, B, C. [ix. 13] 

And, by hypothesis, P is not the same with any of the 
numbers A, B, C; 
therefore P will not measure D. 

But, as P is to D, so is E to Q; 
therefore neither does E measure Q. [vn. Def. 20] 

And E is prime; 
and any prime number is prime to any number which it does 
not measure. [vn. 29] 

Therefore E, Q are prime to one another. 
But primes are also least, [vn. 21] 

and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent; [vn. 20] 
and, as E is to Q, so is P to D; 
therefore E measures P the same number of times that Q 
measures D. 

But D is not measured by any other number except 
A, B, Ci 
therefore Q is the same with one of the numbers A, B, C. 

Let it be the same with B. 
And, however many B, C, D are in multitude, let so many 

E, HK, L be taken beginning from E. 
Now E, HK, L are in the same ratio with B, C, D\ 

therefore, ex aequali, as B is to D, so is E to L. [vu. 14] 
Therefore the product of B, L is equal to the product of 

D, E. [vu. 19] 
But the product of D, E is equal to the product of Q, P; 

therefore the product of Q, P is also equal to the product of 
B, L. 

Therefore, as Q is to B, so is L to P. [vn. 19] 
And Q is the same with B ; 

therefore L is also the same with P: 



which is impossible, for by hypothesis P is not the same with 
any of the numbers set out. 

Therefore no number will measure FG except A, B, C, 
D, E, HK, L, J / a n d the unit. 

And FG was proved equal to A, B, C, D, E, HK, L, M 
and the unit; 
and a perfect number is that which is equal to its own parts; 

[vn. Def. 22] 
therefore FG is perfect. 

Q . E . D . 

If the sum of any number of terms of the series 
1, 2, 2', ... 2-" 1 

be prime, and the said sum be multiplied by the last term, the product will be 
a "perfect" number, i.e. equal to the sum of all its factors. 

Let i + 2 + 2 J + .. . + 2 " _ I (= Sn) be prime; 
then shall Sn . 2"" 1 be " perfect." 

Take (n - 1) terms of the series 

These are then terns proportional to the terms 
2, 22, 2', ... 2"- 1 . 

Therefore, ex aequali, 
2 : 2»-' = i ' n : 2 - - ' ^ , , [vn. 14] 

or 2 . 2 n - a 5 n = 2 - 1 . S „ . [vn. 19] 
(This is of course obvious algebraically, but Euclid's notation requires him to 
prove it.) 

Now, by ix. 35, we can sum the series Sn + 2Sn + ... + 2 " _ a 5 n , 
and (2Sn-S„) : Sn = (2— Sn - S„) : (Sn + 2$. + . . . + 2»-»5B). 

Therefore Sn + 2 ^ n + 2 a S„ + ... + 2 n - a 5 n = 2« - ' 5 n - Sn, 
or 2"- 1 S„ = Sn + 2Sn+ 2>Sn + . . . + 2 " - ' ^ , + S„ 

= S „ + 25„ + ... + 2*-*SK + (1 + 2 + 2' + ... + 2-- 1), 
and 2"-1 Sa is measured by every term of the right hand expression. 

It is now necessary to prove that 2 " " ' 5 B cannot have any factor except 
those terms. 

Suppose, if possible, that it has a factor x different from all of them, 
and let 2 B _ 1 ^ » '. *»• 

Therefore Sn:m = x: 2""'. [vn. 19] 
Now 2"" 1 can only be measured by the preceding terms of the series 

1, 2, 21,... 2"-\ [ix. 13] 
and x is different from all of these; 
therefore does not measure 2 n _ 1 , 
so that 5 , does not measure m. [vu. Def. 20] 

And Sn is prime; therefore it is prime to m. [vn. 29] 
It follows [vn. 20, 21] that 

m measures a" - 1 . 



Suppose that m = 2'. 
Now, ex aequali, 2r : 2* _ 1 = S„ : 2n~r~1 Sn. 
Therefore 2r . 2n-r~15. = 2 " - 1 5 , [vn. 19] 

= x.m, from above. 
And m = 2r; 

therefore x = 2n~r~1S„, one of the terms of the series S„, 2SX, 2 ! 5 „ , . . . 2n~'SH: 
which contradicts the hypothesis. 

There 2n-lS„ has no factors except 
£„, 2Sn, 2'S„, ... 2 " -«5„ 1, 2, 2', ... 2"-\ 

Theon of Smyrna and Nicomachus both define a " perfect" number and 
give the law of its formation. Nicomachus gives four perfect numbers and no 
more, namely 6, 28, 496, 8128. He says they are formed in "o rde r ed" 
fashion, there being one among the units (i.e. less than 10), one among the 
tens (less than 100), one among the hundreds (less than 1000) and one among 
the thousands (less than roooo) ; he adds that they terminate in 6 or 8 
alternately. They do all terminate in 6 or 8, as can easily be proved by 
means of the formula (2*— 1 ) 2 " " ' (cf. Loria, Le scienze esatte nelV antica 
Grecia, pp. 840—1), but not alternately, for the fifth and sixth perfect numbers 
both end in 6, and the seventh and eighth both end in 8. Iamblichus adds 
a tentative suggestion that perhaps there may be, in like manner, one perfect 
number among the "first myriads" (less than ioooo 8 ) , one among the "second 
myriads" (less than ioooo 3 ) , and so on. This is, as we shall see, incorrect. 

It is natural that the subject of perfect numbers should, ever since Euclid's 
time, have had a fascination for mathematicians. Fermat (1601 — 1655), in a 
letter to Mersenne (CEuvres de Fermat, ed. Tannery and Henry, Vol . 11., 
1894, pp. 197—9), enunciated three propositions which much facilitate the 
investigation whether a given number of the form 2 " - 1 is prime or not. If 
we write in one line the exponents 1, 2, 3, 4, etc. of the successive powers of 
2 and underneath them respectively the numbers representing the correspond­
ing powers of 2 diminished by 1, thus, 

1 2 3 4 5 6 7 8 9 10 11 ...n 
' 3 7 15 3 ' 6 3 I 2 7 25S S 1 1 1 Q 2 3 2 0 4 7 . . . 2 " - 1 , 

the following relations are found to subsist between the numbers in the first 
line and those directly below them in the second line. 

1. If the exponent is not a prime number, the corresponding number is 
not a prime number either (since a'*' — 1 is always divisible by a" — 1 as well 
as by a ' - 1). 

2. If the exponent is a prime number, the corresponding number dimi­
nished by 1 is divisible by twice the exponent. [(2* — aViW = (2"" 1 — 1 ) / « ; so 
that this is a special case of " Fermat's theorem " that, i f / is a prime number 
and a is prime to / , then ap~' is divisible by / . ] 

3. If the exponent n is a prime number, the corresponding number is 
only divisible by numbers of the form (2« i«+ i ) . If therefore the corre­
sponding number in the second line has no factors of this form, it has no 
integral factor. 

The first and third of these propositions are those which are specially 
useful for the purpose in question. As usual, Fermat does not give his proofs 
but merely adds: " Voila trois fort belles propositions que j 'ay trouvees et 
prouvees non sans peine. Je les puis appeller les fondements de l'invention 
des nombres parfaits." 



I append a few details of discoveries of further perfect numbers after the 
first four. The next are as follows : 

fifth, 2 " ( 2 1 3 - i ) = 33 550 336 
sixth, 2" (2 1 7 - 1) = 8 589 869 056 
seventh, 2 1 8 ( 2 " - 1) = 137 438 691 328 
eighth, 2 ' 0 (2 S , — 1 ) = 2 305 843 008 139 952 128 
ninth, 2M (2" - 1) = 2 658 455 991 569 831 744654692 615 953 842 176 
tenth, 2 " ( 2 w - i ) . 

It has further been proved that 2 i w - i is prime, and so is 2 1 ! , - i . Hence 
2 I M ( 2 1 0 7 - i ) and 2m(2iv-i) are two more perfect numbers. 

The fifth perfect number may have been known to Icmblichus, though he 
does not give i t ; it was however known, with all its factors, in the fifteenth 
century, as appears from a tract written in German which was discovered by 
Curtze (Cod. lat. Monac. 14908). T h e first eight perfect numbers were 
calculated by Jean Prestet (d. 1670). Fermat had stated, and Euler proved, 
that 2 ' 1 - 1 is prime. The ninth perfect number was found by P. Seelhoff 
(Zeitschrift far Math. u. Physik, x x x i . , 1886, pp. 174—8) and verified by 
E. Lucas (Mathisis, vn., 1887, pp. 45—6). The tenth was discovered by 
R. E. Powers (see Bulletin of the American Mathematical Society, xvn i . , 1912, 
p. 162). 21 0 7—1 was proved to be prime by E . Fauquembergue and R. E. 
Powers (1914) , while Fauquembergue proved that 2 l a 7 - i is prime. 

There have been attempts, so far unsuccessful, to solve the question 
whether there exist other " perfect numbers " than those of Euclid, and, in 
particular, perfect numbers which are odd. (Cf. several notes by Sylvester in 
Comptes rendus, cvi . , 1888 ; Catalan, " Melanges mathematiques " in Mim. de 
la Soc. de Liige, 2' Serie, xv. , 1888, pp. 205—7 ; C. Servais in Mathisis, vn. , 
pp. 228—30 and v m . , pp. 92—93, 1 3 5 ; E. Cesaro in Mathisis, vn. , 
pp. 245—6 ; E . Lucas in Mathisis, x . , pp. 74—6). 

For the detailed history of the whole subject see L. E. Dickson, History 
of the Theory of Numbers, Vol . 1., 1919, pp. iii—iv, 3—33. 


