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260 Lemmas to Porisms

(193) Porisms, (Books) 1, 2, 3.

From Book 1:

1. (Prop. 127 a— e) For the first porism.

Let there be figure AB[TAEZH, and, as is AZ to ZH, so let AA be to
AT, and let K be joined. That ©K is parallel to AT".

Let ZA be drawn through Z parallel to BA.! Then since, as is AZ to
ZH, so is AA to AT",2 by inversion and componendo and alternando as is AA
to AZ, that is, in parallels, as is BA to AA,* sois 'A to AH.3 Hence AH is
parallel to BI'.5 Therefore as is EB to BA, so is <E© to ©H.¢ But also as
is EB to BA, so>, in parallels, is EK to KZ.? Thus as is EK to KZ, so is
EO to OH.® OK is therefore parallel to AT".®

(194) (Prop. 127 a— e) By compound ratios, as follows:

Since, as is AZ to ZH, so is AA to AT",' by inversion, as is HZ to ZA,
so is ’'A to AA.2 Componendo and alternando and convertendo, as is AA to
AZ, so is AT toTTH.3 But the (ratio) of AA to AZ is compounded out of that
of <AB to BE and that of EK to KZ4 (see commentary), while that of AT to
I'H (is compounded) out of that of > AB to BE and that of E@ to ©HS (see
commentary). Therefore the ratio compounded out of that which AB has to
BE and EK has to KZ is the same as the (ratio) compounded out of that
which AB has to BE and E® has to ®H.6 And let the ratio of AB to BE be
removed in common. Then there remains the ratio of EK to KZ equal to
the ratio of E@ to ®@H.7 Thus OK is parallel to AT .8

(195) (Prop. 128) For the second porism.

Figure ABTAEZH. Let AZ be parallel to AB, and as is AE to EZ, so
let TH be to HZ. That the (line) through ©, K, Z is straight.

Let HA be drawn through H parallel to AE,! and let K be joined and
produced to A. Then since, as is AE to EZ, so isT’H to HZ,2 alternando as



NANNOT ZTNAIQrH 7.193

(193) TIOPIZMATON AB T
T0V TPWTOV.

a'- €eLc 10 TpLTOY mopLoua.-

ea‘rw xa'raypacbn 7 ABFAEZH xaL ea'rw WS AZ Tpos TNV ZH,
ov-rwc 1? AA mpo¢ Tqv Al, Kkat eﬂeSevxew n ©K. 67 napa)\)\n)\oc
ea‘rcv 6K 7. AF Hx6w 6La Tov Z L BA napa)\)\n)\oc n ZA.
emeL obv ea‘rw ¢ n AZ 1rpoc rnv ZH, ov'rwc n AA Tpog 'rnv AI‘
avana)\w kal ovveevn kat eva)\kaE earw wc n AA 1rpo<; rnv
AZ, 'rov'rea'er ev wapa)\)\n)\wt,wc n BA 1rpoc ‘rnv AA, ovrwc n TA
1rpoc ™Y AH. wapa)\)\n)\oc apa €oTLY n AH 77 BI‘ €oT Ly apa
wc 17 EB 1rpoc 'mv BA, obirws n <E® mpoc tqv GH eonv 8e Kat
ws n EB 1rpoc v BA, ovrmq> €v napak)cn)\wc n EK 1rpoc -rnv KZ.
katl w¢ dpa n EK 1rpoc -rnv KZ, olrws eoriv n EO mpoc rnv OH.
mapaiiAnhoc dpa eéoriv n OK 7 AT.

(194) Sia Be TOV ovvnuueuov ovrwc emel eonv wc AZ
1rpoc 'rnv ZH, ov‘rwc n AA 1rpoc v AT, avamaliy eonv wc n HZ
mpog v ZA, ov‘rwc n Ta TPOG TNV AA. ovvlevt: xaL eva)\)\aE
xaL avaorpewavn eo'rw we AA 1rpoc TV AZ |ov‘rwc n AT _mpog
rqv TH. a)\)\ 0 pev rnc AA 1rpoc ‘rnv AZ ovvmrraz €K Te TOV rnc
<AB 1rpoc rnv BE Kkat TOV T7C EK 1rpoc ™Y KZ 0 65 rnc AT 1rpoc
'rnv I'H ex Te TOV 'rng> AB 1rpoc 'rnv BE nac ‘rov TG E® mpo¢

nv ©H. o apa ovvquuevoc )\o'yoc ex TE TOV ov €xel N AB 1rpoc

Y BE xaL n EK Tpos TNV KZ o avTog eonv 'rwc avvnuueth ex
TE ‘rov v éxet n AB 1rpoc rnv BE xac. ] E® 1rpo<; v OH. kal
xowoc ercxexpovo@w 0o TN AB <1rpoc> ‘rnv BE )\o'yoc )\ourov
a.pa 0 -rnc EK npoc rnv KZ Noyogs <o av'roc> ea'er TWL tnc EO
mpoc v OH Aoywe. <mapalAnhoc> dpa eoriv 7 OK 79t AT.

(195) etc 70 8eﬁ‘repov mopLoua.

nara7pa¢n n ABT'AEZHO. ea'rw Se napa)\)\n)\oc n AZ AB,
wc Se q AE 1rpo<; rnv EZ, obrws  TH mpoS TNV HZ. 671. eveela
€T LY n Sca v ©,K, Z. nxew Sca Tov H ﬂapa)\)\n)\oc 1'1)!. AE 7
HA, kat emiSevxfetoa n OK exfefAnobw emt 70 A. €emet odv

I 4 a mgAl 5 postwg add n Ge (BS) | 11 AH] AH A! A supra A2
12 5 (E@) del Hu ev_mapal\qiwe n Heiberg, | Ee - ov'rwc add
Helberg, | 13 EK mpos 7nv KZ A, post quae add ka1 7 E@® mpoc
v ©H Co | 17HZ CoNZ A | 19 postag add n Ge (BS)| AZ CoAZ
A R 21 AB — r7¢ (AB) add Heiberg, l 26 kotvoc] signum quasi k ©
A mpoc add Ge (BS) n 27 0 avroc add Co ﬂ 28 )\ofyw:,.
mapalknroc] Noyos Amapadiqlos Co| 32 mapadinhos 7]
mapa Ty A 33 emiSevxfeioa Huemelevxbw A| postro A
spatium litterarum fere septem relictum A
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262 Lemmas to Porisms

is AE to TH, so is EZ to ZH.? But as is AE to 'H, so is E@ to HA,* and
alternando, because there are two by two (parallel lines). Therefore as is
EZ to ZH, so is E© to HA.5 And E® is parallel to HA.¢ Thus (VI, 32) the
(line) through @, A, Z is straight.” Q.E.D.

(196) (Prop. 129 a— h) Let two straight lines @F, ®A be drawn onto
three straight lines AB, I'A, AA. That, as is the rectangle contained by GE,
HZ to the rectangle contained by ®H, ZE, so is the rectangle contained by
OB, AT to the rectangle contained by ©A, BTI".

Let KA be drawn through @ parallel to ZI’'A,' and let AA and AB
intersect it at points K and A; and (let there be drawn) AM throygh A
parallel to AA,2 and let it intersect E©@ at M. Then since, as is EZ to ZA, so
is E® to ®A,3 while as is AZ to ZH, so is ©A to OM,5 because QK is to OH
also (as is ®A to ®M) in parallels,4 therefore ex aequali as is EZ to ZH, so is
EO® to ®M.6 Therefore the rectangle contained by ©OE, HZ equals the
rectangle contained by EZ, ®M.” But (let) the rectangle contained by EZ,
©H (be) another arbitrary quantity. Then as is the rectangle contained by
E®, HZ to the rectangle contained by EZ, HO, so is the rectangle contained
by EZ, ©OM to the rectangle contained by EZ, HO,8 that is @M to ®H,® that
is A® to OK.'° By the same argument also as is KO to ®A, so is the
rectangle contained by ©A, BTI" to the rectangle contained by ®B, CA.' ' By
inversion, therefore, as is A® to @K, so is the rectangle contained by ©B,
TA to the rectangle contained by @A, BI'.'2 But as is A@ to OK, so the
rectangle contained by E@, HZ was shown to be to the rectangle contained
by EZ, HO®. And thus as is the rectangle contained by E®, HZ to the
rectangle contained by EZ, HO, so is the rectangle contained by ©B, I'A to
the rectangle contained by ®A, BI'.1 3

(197) (Prop. 129 a— h) By means of compounded ratios, as follows:

Since the ratio of the rectangle contained by ©E, HZ to the rectangle
contained by ®H, ZE is compounded out of that which OF has to EZ and
that which ZH has to HO,! and as is @FE to EZ, so is ©A to ZA,2 while as
is ZH to HO, so is ZA to OK,3 therefore the (ratio of the) rectangle
contained by OE, HZ to the rectangle contained by ®H, EZ is compounded
out of that which ®A has to ZA and that which ZA has to ©K.4# But the
(ratio) compounded out of that which @A has to ZA and that which ZA has
to OK is the same as that of @A to OK.5 Hence as is the rectangle
contained by @E, HZ to the rectangle contained by ®H, ZE, so is OA to
OK.¢ For the same reasons also as is the rectangle contained by A, BT" to
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ea-rw wc 1 AE 1rpoc fnv EZ, ovrwc 1 I'H 1rpoc -rnv HZ, eva)\)\ag
ea‘rw wg n AE TpoS TNV I'H, ovrwc n EZ mpog TV ZH. ws Se n
AE wpoc v TH, ov‘rwc n EG 1rpoc T HA, xac eva)\)\aE 8ca T0
elvac 800 Tapa Svo Kat ¢ apa n EZ mpog 'rnv ZH, ov'rwc n EO
1rpoc ‘rnv HA. mu éoruv mapalinhoc n E® ¢ HA. evfeta dpa
oty n dea Tov O,A,Z. G(mep): —

(196) eic TPELS eveecac rac AB, TA, AA 6Lnx9woav svo
eveelac at 9E 04A. ot eonv wc ro vmo OF,HZ 7mpos 10 v1ro OH
ZE, ov‘rwc 70 vmo OB, AT 1rpoc 70 v1ro BA BI'. #x6w 6.a uev TOV
2] T'I)L ZrA wapa)\)\n)\oc n KA, KG.L aL AA, AB ovmrurrerwoav
avTne xa'ra Ta K, A anueca 64.0, 6e rov A -rm AA wapa)\)\n)\oc n
AM, nac ovumme‘rw rnc EO eml ro M. e1reL odv eonv wc uev 7
EZ 1rpo<; rnv ZA, ov‘rwc q E® mpog 'rnv OA, ws Se n AZ 1rpoc fnv
ZH, ovtws n OA 1rpoc T GM (xac 7ap n 6K mpog TV GH ev
wapak)\n)\wz) 5’ wov apa eorty ws 1 EZ 1rpoc ZH, ovrwc 0 E®
TPOS 'rnv eM. 7o dpa v1ro l'rwv OE HZ Toow eonv ‘rau v1ro 'rwv
EZ M. d\\o be T 'rvxov 70 v1ro twv EZ, eﬂ eonv apa WS TO
v1ro rwv E9 HZ mpoc 7o v1ro 'rwv EZ, HO, oTwe 710 v1ro EZ oM
1rpo<; -ro vro EZ, He, ‘rov'reonv GM TPOS 6H, -rourea'rcv ] A®
Tpos v BK. xara ra avra kat wgs n KO 1rpo<; -rnv OA, ov-rwc 70
v1ro e4, BT 1rpo<; T0 v1ro GB ra. avana)\w apa yLvetat wq ] AB
mpoOS ‘rnv eK, ov'rwc 70 vmo OB, TA 1rpoc T0 UTO 04, BI. wc 8e n
A© 1rpoc rnv oK, ov'rwc edeixbn fo v1ro E®, HZ mpoc 7o V7o EZ,
H@ Kal w¢ apa ro v1ro E®, HZ mposc 7o <dmo> EZ, HO, olitws 70
vmo OB, TA mpoc 70 vwo OA, BI.

(197) 8ia 8¢ Tob ovvnuuevov oUTws. emel <o> Tob v1rb eE,
HZ 1rpoc T0 VWO BH, ZE ovvmr‘rac ko'yoc €x Te TOV ov exez N OE
1rpoc T EZ xaL TOV ov exec n ZH 1rpoc rqv HO, kat éorey wc
uev n 6E 1rpoc rnv EZ, ov‘rwc n OA 1rpoc 'rnv ZA, we be 1'7 ZH 1rpoc
v HO, ov-rwc 0 ZA TPOS rnv GK, 70 apa vmo ©E, HZ TpOS 1’0 v1ro
GH EZ avvmrfaL €Kk TE TOV ov exeL 0 eA 1rpoc v ZA xac TOV
ov exec n ZA 1rpoc 'rnv oK. 0 de ovvnuuevoc ex Te rov TN¢ oA
1rpoc ™Y ZA xaL TOV ‘rnc ZA 1rpoc T‘IZV OK 0 avrog eo‘rcv 'rwc
¢ OA mpoc v OK. éariv dpa dc 7o Vmo OE, HZ mpos 70 V7o

| 8 kat eévaliat inras. A, post ta 70 elvat Svo mapa Svo
transp. Hu, quae omnia del Heiberg, | 6 post® add K Ge (S) | post Z
add royréoTiy  8ta_tov ©,K,Z Hu| 11 A@) inras. A| proq
AM kat coni. dtaxbetoa 7 AM Hu app | 17 pro TvXOp coni.
€xouer Hu app | 21 avamaXiy Coapaloyor A| 24 vmo EZ)
add Ge (S) | 26 0 add Heiberg, | 28 wpoc Tnv EZ — ZH bis A corr
Co
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264 Lemmas to Porisms

the rectangle contained by ©B, I'A, so is ©K to 8A.7 And by inversion, as
is the rectangle contained by ©B, I'A to the rectangle contained by @A, BT,
so is A® to ©K.8 But as is the rectangle contained by OE, ZH to the
rectangle contained by @H, ZE, <so was ©OA to OK. Thus, as is the
rectangle contained by OFE, ZH to the rectangle contained by ©H, ZE,> so
is the rectangle contained by ©B, 'A to the rectangle contained by @A,
BI'.e

(198) (Prop. 130 a — h) Figure ABTAEZHOKA. As is the rectangle
contained by AZ, BI' to the rectangle contained by AB, I'Z, so let the
rectangle contained by AZ, AE be to the rectangle contained by AA, EZ.
That the (line) through points @, H, Z is straight.

Since, as is the rectangle contained by AZ, BI' to the rectangle
contained by AB, I'Z, so is the rectangle contained by AZ, AE to the
rectangle contained by AA, EZ,! alternando as is the rectangle contained by
AZ, BT to the rectangle contained by AZ, AE, that is as is BI" to AE,3 so is
the rectangle contained by AB, I'Z to the rectangle contained by AA, EZ.2
But the ratio of BI" to AE is compounded, if KM is drawn through K parallel
to AZ,* out of that which BI" has to KN and that which KN has to KM, and
as well that which KM has to AE.5 But the (ratio) of the rectangle
contained by AB, I'Z to the rectangle contained by AA, EZ is compounded
out of that of BA to AA and that of 'Z to ZE.® Let the (ratio) of BA to AA
be removed in common, this being the same as that of NK to KM.? Then the
remaining (ratio) of I'Z to ZE is compounded out of that of BI' to KN, that
is that of OI' to K©,® and that of KM to AE, that is that of KH to HE.1© 8
Thus the (line) through @, H, Z is straight.

For if I draw EZ through E parallel to OI',' ' and ©H is joined and
produced to =, the ratio of KH to HE is the same as that of K@ to E=,! 2
while the (ratio) compounded out of that of '© to 8K and that of @K to EZ
is converted into the ratio of OI" to EZ,1 3 and the ratio of 'Z to ZE is the
same as that of I'© to EZ.1 4 Because I'® is (therefore) parallel to E=,! 5
the (line) through @, =, Z is straight;? ¢ for that is obvious. Therefore the
(line) through ©, H, Z is also straight.?7

(199) (Prop. 131) If there is figure ABITAEZH®, then as AA is to AT,
so is AB to BI'. So let AB be to BI" as is AA to AI'. That the (line) through
A, H, © is straight.
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6H, ZE, ov'rwc n OA mpog T'I]V eK. 6La ravra xaL wc T0 VWO 64,
BI 1rpoc TO Vo (-)B l‘A, ovmc earw n 6K 1rpoc Y eA xac
avawa)\w eanv wc 70 v1ro OB I‘A 1rpoc ro vmo 04, Bl‘ ovfwc n
A® mpoc -rnv GK A 56 nac s 1O v1ro -rwv ©E, ZH 1rpoc T0 VWO
(-)H ZE, <ov-rwc n OA 1rpoc 'rnv GK Kat g apa 70 v1ro va ©E, ZH
mpog 10 vmo OH, ZE,> obirwc 70 vmo OB, TA mpoc 70 vmo OA, BI.

(198) |xa'ra'ypa¢n 7 ABIAEZHOKA. éoTw be wg 70 61ro AZ, BT
1rpoc 70 v1ro AB, FZ, ov-rwc 70 Vmo AZ, AE 1rpoc -ro v1ro AA EZ
on evfela eo'rw n Bca TWY O, H Z anuetwv emet eo‘rw wc ro
vmo AZ, BT 1rpoc ro vmo AB Iz, ov'rwc T0 V7O AZ, AE 1rpo<; T0 VWO
AA, EZ evak)\a’;’ ea-rw we ro vmo AZ BI' 1rpoc T0 UTO AZ AE
rov-reo-rw wc 7 BI‘ 1rpo<; ™Y AE ov‘rwc T0 v1ro AB, TZ 1rpo<; 1’0
vmo AA, EZ. aM\ 0 uey -rnc BI" 1rpo<; fnv AE avvmr'rat >\07oc, eav
6La Tov K -rm AZ wapa)\)\n)\oc ax6nt n KM €K Te Tov T7M¢ BT
1rpoc KN Kat <'rov> ™G KN 1rpoc KM kat €Tt 'rov rng KM 1rpoc
AE. 0 8¢ tov vmo AB,T'Z mpoc 70 vmo AA,EZ ovvpmrar ék te TOU
s BA 1rpbc AA kal ToOD s TI'Z 1rpbc tav_ ZE. kouvog
ennexpovoew 0 'rnc BA 1rpoc AA 0 av'roc Wy 'rwc Tn¢ NK 1rpoc KM.
)\ouroc dpa 0 TR rz Tpog Tnv ZE auvmr'raL €K Te 'rov fnc Br
TPOS 'rnv KN, rovreonv Tov Tn¢ OI TPOS v K6, kKal Tov 'rnc
KM 1rpoc 'rnv AE 'rov'reo'rw <TOU> 'rnc KH mpog rnv HE. edfeta
apa 0 6La TWY e, H,Z. eav 7ap 6La Tov E 'rnL 91‘ napa)\)\n)\ov
a'ya'yw -rnv E=, nac ewcSevae Laa n 6H exﬁ)\nenc e1r¢ 70 =, 0 uev
™S KH TpoOS -rnv HE }\o'yoc 0 av'roc eorw TWL 7n¢ KO 1rpoc 'rnv
EZ, 0 66 OUVNUUEVOS €Kk Te TOV ‘rqc re 1rpoc Y K Kat 700 TNS
K _ 1rpoc rqv EE ueraBa)\)\e‘raL €Lg ‘rov rnc er 1rpoc E= )\o7ov,
kat 0 -r-nc rz 1rpoc ZE )\o'yoc 0 avroc TWL ‘rnc l"(-) 1rpoc 'r'rlv E...
wapa)\)\n)\ov ovanc ™S re 7t EZ, eveel.a apa eo‘rw n Sia TV
@,_, Z- TovTO Yap davepov. Gore kat N Sta Twv O,H, Z edbeta
€EOT LY.

(199) Ieav nt :ca‘ra'zpatpn N ABFAEZHG 7LV€TU.L g n AA Tpoc
-rnv AT, 0¥ Tws n AB mpog TV Br. éorw ovv we n AA 1rpoc Tqv AT,
ov-rwc n AB wpog 'rnv BIr. 67t evGeLa eo-rw 'q 5La 'rwv A, H 9
Hx6w 8ta 700 H 70t AA mapalinlos 7 KA. eémet odv éoriv ds 0

x nv Ge(S)tnv A 5 ovrws % OA mpoc Tnv OK add Ge| kat
w¢ dpa — (rov) 6H, ZE add Co (rap) del Ge ﬂ 7 ABI'AEZHEKA Co
ABTAEZHOIKA A | 15 KN kat) CoKH A| (ér.) rov Coro A
17 ZE CoAE A| kotvocl k® A 19 Xotmoc Gelowtmor A | 21
700 add Hu | 22Z CoK A| OF CoBI A | 23 EZ CoEZ A |
emifevxfetoa 7 Hu eémilevxbetons  tne A | 26
uerapalleratr HuperaBarlouevos A| rov Ge (S)ro A | 27
EE Co®Z A
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266 Lemmas to Porisms

Let KA be drawn through H parallel to AA.' Then since as is AA to
AT, so is AB to BI',2 while as is AA to AT', so is KA to AH,3 and as is AB
to BI', so is KH to HM,4 therefore as is KA to AH, so is KH to HM.5 And
remainder HA is to remainder AM as is KA to AH,6 that is as AA is to AI'.7
Alternando as is AA to HA, so is A to AM,® that is A® to ©®A.8 And HA is
parallel to AB.' © Hence the (line) through points A, H, © is straight;* 1 for
this is obvious.

(200) (Prop. 132) Again if there is a figure (AB'AEZH), and AZ is
parallel to BI", then AB equals BI'. So let it be equal. That (AZ) is parallel
(to BI").

But it is. For if, with EB drawn through, I make BO equal to HB,
and I join A®@ and @I, then there results a parallelogram AOI'H,2 and
because of this, as is AA to AE, so is I'Z to ZE.4 For each of the foregoing
(ratios) is the same as the ratio of ©H to HE.3 Thus (VI, 2) AZ is parallel
to AT".5

(201) (Prop. 133) Let there be a figure (AB[AEZH®), and let BA be a
mean proportional between AB and BI'. That ZH is parallel to AT".

Let EB be produced, and let AK be drawn through A parallel to
straight line AZ,' and let 'K be joined. Then since as is I'B to BA, so is
AB to BA,2 while as is AB to BA, so is KB to BO,3 therefore as is I'B" to
BA, so is KB to BO.4# Hence A® is parallel to KI'.5 Therefore again, as is
AZ to ZE, so is TH to HE;? for either of the foregoing ratios is the same as
that of KO to E@.6 Thus ZH is parallel to AA.8

(202) (Prop. 134) Let there be an “altar” AB'AEZH, and let AE be
parallel to BI', and EH to BZ. That AZ too is parallel to ’'H.

Let BE, AI', and ZH be joined. Then triangle ABE equals triangle
ATE.! Let triangle AAE be added in common. Then all triangle ABE
equals all triangle ’'AA.2 Again, since BZ is parallel to EH,3 triangle BZE
equals triangle BZH.4 Let triangle ABZ be subtracted in common. Then
the remaining triangle ABE equals the remaining triangle AHZ.5 But
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Ad TpOS ‘rnv Al" ov'rwc 0 AB TpoS 'rnv BI‘ a\\’ wc uev n AA 1rpo<;
'rnv AT, ovrwc n KA 1rpoc -rnv AH, wc Se n AB 1rpoc rnu BI', oVrwg
N KH wpoc ™Y HM kat wc Gpa n KA 1rpoc ‘rnv AH, ovfwc 1'? KH
PO v HM. Kat kourn 7 HA 1rpoc )\ournv Ty AM EOTLY WS 7
KA 1rpoc ‘rnv AH, ‘rov'rearw we n AA 1rpoc v Al. eva)\)\a‘g’
ea-rw wc n AA 1rpog rnv HA, ov'rwc n FA mPOS ‘rnu AM, 'rov'rearw
n 40 1rpoc OA. kal éotte wapa)\)\n)\oc ) HA Tt AB. evfeta dpa
eoriv n 8ta Tov A,H,0 onuetwr- TovTO Yap pavepov.

(200) 1ra>\w eav nL xa‘ra'ypadbn, kal napakknkoc n AZ 773 BT,
7LV€TGL w-rl ) AB T Brl. ea'rw ody Lan ot napa)\)\n)\oc
eoer Se. eav yap Gcaxeeconc ¢ EB 6w ‘rnc HB tonv 'rnv BO,
KO.L e1r¢$ev£w Tac A®, Or, yiverat wapak)\nko'ypauuov T0 A6rH,
kal 8La TOVTO eanv wc n AA 1rpoc Y AE ov'rwc n rz 1rpoc TNV
ZE. enarepoc yap -raw ecpnuevwv 0 avroc ea-rzv Twt Tn¢ GH
mpos tnv HE Noywe. bote mapalinhos eoriy n AZ tq¢ AT.

(201) éoTw xara-ypa.dm xaL TV AB, BT ueon ava)\o'yov éoTw 1')
BA. 67 ﬂapakknkoc eaT LY n ZH rnc AT. exﬁeﬁknoew n EB, Kkat
Sita 71OV A ™ AZ eveecac wapa)\knkoc nxew n AK xac
eneSevxew n TK. e1rec oBv €qgTLY wc n TB 1rpog rqv BA, ov‘rwc n
AB 1rpoc 'rnv BA, wg Se 7 AB 1rpoc Y BA ovrwc n KB 1rpoc TV
B, kat wg apa n I'B 1rpo<; 'rnv BA, ovrwc ] KB 1rpoc 'rnv BO.
napak)\n)\oc dpa eoriv n A® rnL KT. €Ty ovu TaNLy wc ) AZ
mpos tnv ZE, ov'rwc n FH PO -rnv HE. exa‘repoc 7ap TQY
ecpnueuwv )\o'yoc 0 avroc eoriyv Tt TNc KO mpoc v EO. Gorte
mapalinhos eorev n ZH 7 AA.

HGP
AE e BI', n 8¢ EH 77 BZ 67 KO.L n AZ ‘rnL r'H wapak)\n)\oc
eanv eﬂeSevxewaav al BE AT, ZH. Toov dpa eonv 0 ABE
rpt'ywvov TWL AI‘E rp:.-ywvw:. KOLYOV wpoonecoew 70 AAE
TPLYWYOY, 6oy apa. 70 ABE rpuyc.wov 6wt Twz T'AA rpuywvwa.
LOOV eanv ﬂa)\w eTel napa)\kn)\oc eonv n BZ 'rm EH, Toov
eo'rw T0 BZE -rpuywvov TWL BZH 'rpf.'ywuwc KOLVOV adma.pnaew
70 ABZ 7piywvov. Aotmov dpa 7o ABE rpiywvor Notmioe Tt AHZ

| 2KA CoKA A| AH CoAM A| AB CoAE A| 3 KA-.. AH Ge HA...
AM A | 4 kal Nouvrn — v AH delCo | 5 KA... AH GeKM.. AM

| AT Co Al A| evadrat Coavadoyor A | "6 HA CoHA A ] 7
AB] A8 A AA Co | 11 8iax6eions tnc EB 6@l 6ca Tnv EB 60
A emt tnc EB 6@ Hu 79 EB 1rp009w Heiberg,, del Co | 14
eckarepos Heiberg, éxarepa A exarépwy Hu | 15 Noywe
Heiberg, Noyor A Noyog Ge (BS) | 16 kat Cokara A| AB, BT
ueon Hu AB, B ueon AAB, B ‘rpcrn CoT'B, AB 7pt7n Breton
| 17BA HuBA A| exBepAnobw Co ekfrnbeioa A| EB Co AB
AJ 21 BA CoBA A| 22 A8 CoA® A | 23 ZE Co ZT A |
exatepog Heiberg, exa‘repa A exa.'repaw HuI 24 EQ] Be A GE
Co| 25 AA] AT Breton | 26 619 Ge | 31 9... 77¢] 79t ... f coni Hu
app | 32 a¢nipnodw Ge (BS) a¢a:.pn09w A

267

876

10

15

20

878

25

|160v

30



268 Lemmas to Porisms

triangle ABE equals triangle AI'A. Therefore triangle ATA too equals
triangle AZH.¢ Let triangle ATH be added in common. Then all triangle
'AH equals all triangle 'ZH.?” And they are on the same base, ’'H. Hence
(I, 39) TH is parallel to AZ .8

(203) (Prop. 135) Let there be triangle ABT", and let AA and AE be
drawn through it, and let ZH be drawn parallel to BI", and let ZOH be
inflected. Let A® be to OF as is BO to O'. That KA is parallel to BTI".

For since A® is to OF as is BO® to OI',' therefore remainder BA is to
remainder T'E as is A® to OE.2 But as is BA to EI', so is ZM to NH.3
<Hence as is ZM to NH,> so is A@ to OE.4 Alternando as is ZM to A@, so
is NH to ®E.5 But as is ZM to A®, so is ZK to KO in parallels;6 while as
HN is to O@FE, so is HA to A®.7 Therefore as is ZK to K@, so is HA to A@.8
Thus KA is parallel to HZ,? and therefore also to'B.1©

(204) (Prop. 136) Let two straight lines A®, OE be drawn onto two
straight lines BAE, AAH from point ©@. Let the rectangle contained by 6H,
ZE be to the rectangle contained by ®E, ZH as is the rectangle contained by
A®, BTI" to the rectangle contained by AT, BO®. That the (line) through T, A,
Z is straight.

Let KA be drawn through © parallel to ’A,' and let it intersect AB
and AA at points K and A. And let AM be drawn through A parallel to
AA,2 and let E@ be produced to M. And let KN be drawn through K parallel
to AB,3 and let A® be produced to N.

Then since because of the parallels AT" is to 'B as is A®@ to ©N,4
therefore the rectangle contained by A®, I'B equals the rectangle contained
by ATI', ON.5 (Let) the rectangle contained by AI', BO (be) some other
arbitrary quantity. Then as is the rectangle contained by A®, BI" to the
rectangle contained by AI', BO®, so is the rectangle contained by I'A, ©N to
the rectangle contained by AI', BO,8 that is N to ©B.? But as is the
rectangle contained by ®A, BI’ to the rectangle contained by AI', BO, so
was the rectangle contained by OH, ZE assumed to be to the rectangle
contained by OF, ZH,® while as is ON to @B, so is KO to OA,° that is in
parallels HO to ©M,'° that is the rectangle contained by ®H, ZE to the
rectangle contained by @M, ZE.' ' Hence as is the rectangle contained by
©H, ZE to the rectangle contained by OE, ZH, so is the rectangle contained
by ©H, ZE to the rectangle contained by ®M, ZE.' 2 Therefore <the
rectangle contained by OE, ZH> equals <the rectangle contained by ©M,
ZE.'3 In ratio, therefore,> as is MO to OE, so is HZ to ZE.'4
Componendo! 5 and alternando as is ME to EH, so is ©E to EZ.' ¢ But AE
is to EA as is ME to EH.'7 Therefore as is AE to EA, so is OF to EZ.' 8
Hence AZ is parallel to KA.'® ButT'A is also (parallel) to (KA).2° Thus
[AZ is straight.2 ' Q.E.D.



NAMINOT ZTNAIQrH 7.202

TpLy@vwL ooy eoTiv. al\a_ 70 ABE Tpiywvor Tt ATA
TOLYOYWL éo-rlv Toov. kat To ATA apa TPLYWY OV 'rwl. AZH
-rpuyéwwt T{oov €oTiv. KkoLvOV Tpookeiobw TO ATH 1pt7wvov
GAov ¢ apa 70 I'AH 'rpc'ywvov Awe TOL I'ZH TPLYWYWL (o0Y €0TLY.
Kat ea‘rw emt tns avrns Pfacews tns TH. mapaiinloc dpa
eorty n TH 79 AZ.

(203) €otw 'rpc'ywvov 70 ABT, kat ev av-ro)t. Stnxewaav at AA,
AE Kat 1'17L BI‘ wapa)\)\n)\og nxew n ZH Kat xex)\aaew 0 ZBH
€oTw b€ wc n BO Tpos TNy er, ovrwc n AG) PO 'rnv ©E. ou
wapa)\)\nkoc ea‘rw n KA 79 BI. emeL 7ap eo-rw g n BO 1rpoc
v O, ov'rwc n A(-") TpoOS ‘rnv 6E, )\onrn apa n BA 1rpoc )\onrnv
rnv TE eoriv wc n a0 1rpo<; v GE. wc 6e n BA TpOS 'rnv El,
ovrwc e017.v M 1rpoc 'rnv NH. <kal wc apa 0 ZM 1rpoq NH,>
ov-rwc eanv 1'7 A© 1rpoc v OE. eva)\)\ai ea-rw we n M TPOG
rnv AG, ov'rwc n NH mpog Y GE a)\)\ g uev n ZM 1rpoc TV a8,
ou-rwc eo-rv.v ev wapa)\)\n)\wt 11 ZK 1rpoc Y KO wc Se n HN 1rpoc
rnv ©E, ov‘rwc eonv 7') HA nmpog 'rnv A®. kal ¢ dpa n ZK 1rpo<;
™Y Ke, ovrwc eoTLY 17 HA mpos 7nv A®. mapalinloc dpa €oTiy

n KA rqo HZ. &ore kat 77 TB.

(204) letc dvo eveecac ras BAE, AAH amo 70D © onuetov dvo
{nnxewaav eveeLaL ac A0, ©E. ea‘rw 8¢ w¢ -ro v1ro Wy A©, BT
TPOS TO vmo AT, BG, ov‘rwg 7o vmo OH, ZE 1rpo<; 70 u1ro BE ZH.
67¢ evbeta eo'rw ] 5La tov T, A, Z. nxew Sta Tov © rnt TA
wapa)\)\n)\oc n KA, xac ovu1rur're‘rw 'racc AB, AA na'ra ra K, A
onueta, kal Sia rov A Tne AA wapa)\)\nkoc Hxbw 7 AM, Kat
enﬁeﬁ}\naew n E® emt r0 M. 6La. 65 -rov K ‘r'qt AB napa)\)\n)\oc
Ax0w n KN, kat enﬁeB)\naew A0 e1rc ro N. €1l’€L ovu Sia -rac
wapa)\)\n)\ovc 7LV€TO.L we 7 Ae 1rpoc -rnu eN, ov-rwc n AT #poc
Y I'B, 70 dpa v1ro 'rwv 40, TB coov eoer -rwc v1ro -rwv AT, ON.
a)\)\o 6e TL 'rvxov 70 v1ro AT, B@ éoTuv Gpa wc -ro v1ro A8, BT
1rpoc 70 v1ro AT, Be, o¥rwe 70 v1ro rA, eN 1rpoc 70 VO Ar, BO,
-rov'reo'rv.v n ON TPOS ©B. a)\)\ we uev T0 v1ro oA, B 1rpoc T0
v1ro Ar', Be vnoxet‘rac T0 v1ro 6H, ZE 1rpoc 70 v1ro OE, ZH. g 6e
n ON wpoc OB, otirwc N KO mposc OA, TovreoT v €v mapalAniwe 7

2 eoriv —AZH tpiybvwe om At addmg A2 | 6 f... The] T
7 _coni. Hu app | 8 zeH CoZH A | 11 Novmn Ge (BS) )\ourov A |
13 ryy NH) om Hu| kat — NH add Co | 17 kat d¢ dpa — A®
tris A corr Co | 21 Sunxbwoav Ge (BS) dinxbw A | 27
exfefAnodw Hu exfAnbne A | 28 wapaliprove Ge (S)
mapalinia A | 296N Co®H A
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270 Lemmas to Porisms

The characteristics of the cases of this (proposition are) as the
foregoing ones, of which it is the converse.

(205) (Prop. 137) Triangle ABT", and AA parallel to BI", and let AE be
drawn through and intersect BI' at point E. That I'B is to BE as is the
rectangle contained by AE, ZH to the rectangle contained by EZ, HA.

Let I'© be drawn through I' parallel to AE,! and let AB be produced
to ©. Then since I'© is to ZH as is 'A to AH,2 while EA is to AH as isTA
to AH,3 therefore OI' is to ZH as is EA to AH.# Hence the rectangle
contained by '@, AH equals the rectangle contained by EA, ZH.5 (Let) the
rectangle contained by EZ, HA (be) some other arbitrary quantity. Then as
is the rectangle contained by AE, ZH to the rectangle contained by AH, EZ,
so is the rectangle contained by I'Q, AH to the rectangle contained by AH,
EZ,s that is '@ to EZ,” that is I'B to BE.® Thus as is the rectangle
contained by AE, ZH to the rectangle contained by EZ, HA, so isI'B to BE.
The same if parallel AA is drawn on the other side, and the straight line
(AE) is drawn through from A outside (the triangle) in the direction of I".

(206) (Prop. 138) Now that these things have been proved, let it be
required to prove that, if AB and 'A are parallel, and some straight lines
AA, AZ, BT, BZ intersect them, and EA and EI' are joined, it results that
the (line) through H, M, and K is straight.

For since AAZ is a triangle, and AE is parallel to AZ,' and ET" has
been drawn through intersecting AZ atI", by the foregoing (lemma) it turns
out that as AZ is to ZI', so is the rectangle contained by I'E, H® to the
rectangle contained by 'H, ®E.2 Again, since 'BZ is a triangle, and BE



NAMIOT ZTNAIQrH 7.204

He 1rpoc TV eM ‘rov'rea‘rcv ro v1ro GH ZE mpoc 1’0 v1ro oM, ZE
xac w¢ dpa -ro v1ro OH ZE mpoc -ro v1ro GE ZH ov-rwc eo-rw 70
v1ro eﬂ ZE mpoc 70 Um0 OM, ZE Toov dpa ea‘rw <ro v1ro OE ZH
-rwc v1ro oM, ZE. ava)\o'yov apa ea-rc.v> d¢ 7 MO 1rpoc -rnu 6E,
ov'rwc n HZ 1rpoc Y ZE ovveev-rc. Kat eua)\)\as eanv wc 1 ME
TpOS 'rnv EH ov-rwg 0 ©E 1rpoc tqv EZ. a)\)\ we 1] ME 1rpoc 'rnv
EH, ov'rwc eo-rw n AE 1rpog v EA. kal wc apa n AE 7rpo<; ‘rnv
EA, o¥rws n OE wpog ™my_ EZ wapa)\)\n)\oc dpa eoriv 0 AZ T
KA. a\\a kat n TA. evfeta dpa eoriv n TAZ. Gmep): —

7@ 8¢ MTWTLKA ADTOD OMOLWS TOLS TPOYEYPANUEVOLS, DV €0TLY
avaorpopLov.

(205) rpcywvov 70 ABT, kal rnc BI' ﬂapa)\)\n)\oc n AA, xa‘c
Staxeecaa n AE tn¢ Bl avmrur-re'rw kara 10 E onuelov o'rc
eonv ws 70 vmo AE, ZH 1rpoc ‘ro vro EZ, HA, obrws n I'B 1rpoc
'rnv BE. nxew BLa 'rov r TT)L AE ﬂapa)\)\nkoc N re, xaL
exﬁeB)\noew n AB e1r:. ‘ro 0. ET(GL odv éoariy koc n TA 1rpoc T
AH ov-rwc n re 1rpoc Ty ZH, wc 66 n T'A mpog rnv AH, ov'rwc
eauv n EA 1rpoc ‘rnv AH, xaL e apa n EA 1rpoc Y AH, ou'rwc
ea‘rw n Or wpoc v ZH. 710 apa v1ro rwv re, AH Loov eonv 'rwc
v1ro 'rwv EA, ZH. aM\o 6e T TUXOV -ro vmo EZ, HA. éoT Ly apa wc
-ro vmo AE, ZH 1rpoc 70 v1ro AH, EZ oV Twe -ro vmo I‘@ AH 1rpoc 70
v1ro AH, EZ 'rovreo-rw 7 e 1rpoc EZ, rovrea-rc.v n I‘B mpo¢ BE.
ea-rw odv wc 70 v1ro AE ZH 1rpoc 'ro Vo EZ HA, oVrwe 1') I'B
1rpoc BE. ra 6 avfa, Kav €1I'L Ta e'repa uepn axfne n AA
wapa)\)\n)\oc, kat amo tov A exkros w¢ emt 70 I' Staxbne 7
evfeta.

(206) awoBe&eL'yuevwv oy fov'rwv, earw Settar on eav
ﬁapak)\nkoc dowv at AB, TA, xat GLC adrag emrurrwow evGecac
TLVES at Ad, AZ BI', BZ, Kkat eﬂcSeuwaow ac EA, ET, 61
'ywe-raf. ebbeta n dta 'rwv H, M, K. emeL yap 'rpc'ywuov 0 AAZ,
xa.c e AZ 1rapa>\7\n)\oc n AE, kat écmc-rac N El ovu1rf.1r1'ovoa
'rnL AZ kara 'ro r, 6La -ro TPOYEYPAUUEV OV 'ycve-rac wg 1'3 AZ

mpos tnv ZT, obrws 70 vwo TE, H® mposc 7o vmo I'H, OE. maA(»

| 370 om0 8B, ZH — Gpa éoriv bg) 70 V7o OE, ZH 1L bTO
OM, 8E. kal w¢ dpa add Co ] 9TA CoTA A| TAZ omep) Ge (V)
FAZO o: A | 25 extos — evbeia Heiberg, €KTOS we emt 'ro r
Sta TV ev@etav Aex‘roc rov T we emt 'ro E axOnL 7 AE
Co, quorum we €1I’L 70 E del Hu || 27 vov] odp coni. Hu app |
€orwl éorat A| 67 del Ge | 29 67 secl Hu
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272 Lemmas to Porisms

has been drawn parallel to I'A,® and AE has been drawn through
intersecting I'ZA at A, it turns out that as I'Z is to ZA, so is the rectangle
contained by AE, AK to the rectangle contained by AK, AE.4 By inversion,
therefore, as AZ is to ZTI", so is the rectangle contained by AK, AE to the
rectangle contained by AE, AK.5 But also as AZ is to ZI', so was the
rectangle contained by T'E, HO® to the rectangle contained by I'H, ©E.
Therefore as the rectangle contained by I'E, HO to the rectangle contained
by TH, OF, so is the rectangle contained by AK, AE to the rectangle
contained by AE, KA.6 This has been reduced to the (lemma) before last.
Then since two straight lines EI', EA have been drawn onto two straight
lines ’'MA, AMO, and as the rectangle contained by I'E, HO is to the
rectangle contained by I'H, OE, so is the rectangle contained by AK, EA to
the rectangle contained by AE, AK, therefore the (line) through H, M, K is
straight;? for this was proved before (lemma 7.204).

(207) (Prop. 139) But now let AB and I'A not be parallel, but let
them intersect at N. That again the (line) through H, M, and K is straight.

Since two (straight lines) 'E and 'A have been drawn through from
the same poinit I" onto three straight lines AN, AZ, AA, it turns out that as
is the rectangle contained by I'E, HO® to the rectangle contained by I'H, ©E,
so is the rectangle contained by 'N, ZA to the rectangle contained by NA,
I'Z (lemma 7.196).' Again, since two (straight lines) AE, AN have been
drawn through from the same point A onto three straight lines BN, BI', I'Z,
as is the rectangle contained by NI', ZA to the rectangle contained by NA,
ZTI', so is the rectangle contained by AK, EA to the rectangle contained by
AE, KA.2 But as is the rectangle contained by NI', ZA to the rectangle
contained by NA, I'Z, so the rectangle contained by I'E, H® was proved to
be to the rectangle contained by I'H, OE. Therefore as is the rectangle
contained by T'E, OH to the rectangle contained by I'H, ©E, so is the
rectangle contained by AK, EA to the rectangle contained by AE, KA.3 It
has been reduced to the (lemma) which (it was reduced to) also in the case
of the parallels. Because of the foregoing (lemma 7.204) the (line) through
H, M, K is straight.4

(208) (Prop. 140) Let AB be parallel to T'A, and let AE and I'B be
drawn through, and (let) Z (be) a point on BH, so that as is AE to ET, so
will the rectangle contained by I'B, HZ be to the rectangle contained by ZB,
I'H. That the (line) through A, Z, A is straight.

Let A® be drawn through A parallel to BI',' and let AE be produced
to ©; and let @K be drawn through © parallel to 'A,2 and let BI' be
produced to K. Then since as is AE to ETI", so is the rectangle contained by
I'B, ZH to the rectangle contained by BZ, 'H (lemma 7.205),4 while as is
AE to EI', so are A® to 'H and (consequently) the rectangle contained by
A®, BZ to the rectangle contained by I'H, BZ,3 therefore the rectangle
contained by BI", ZH equals the rectangle contained by A®, BZ.5 Hence in



NAIMOT ZTNAI'QTH 7.206

emel 'rpc'ywvov eo‘rw 70 I'BZ, kat 'rm ra napa)\)\nkoc ;uc‘rac ]
BE Kat 6Lnx7aL n AE avummovaa . I'ZA kara 70 A yLrvera
ws n T'Z 1rpoc v ZA, ov'rwc 70 v7ro AE, AK 1rpoc T0 v1ro AK AE.
avaﬂa)\w apa 7LV€T¢1L wc n AZ 1rpoc 'rnv ir, ovrwc 70 v1ro AK,
AE 1rpoc 70 VWO AE, AK. nu Se kat wg n AZ 1rpoc rnv ZI‘ oV Twg
T0 v1ro FE HG TpPOS ro v1ro I‘H GE kat we dpa 70 v1ro FE He
1rpoc -ro vmo FH ©E, ovrwc ea'rw 70 v1ro AK, AE 1rpoc 70 VWO AE,
KA. awnxrac eu; T0 TPO evoc e1reL ovv eLc Svo eveeLac rag
l"MA AMO svo evGeLaL 5L7?7IJGV¢ZL eLaLv ali ET, E4, Kat eonu
wc ‘ro vmo TE, HO 1rpoc TO UTO TH, eE ov‘rwc ro vmo OK, EA 1rpoc
7o Umo AE, AK, evfeta dpa eotiv 0 8ta Tov H, M, K. tovr0 7ap
mpodedetkTa.

(207) aXka &7 un earwoav at AB, TA wapakkn)\oc, a)\ka
ovuncﬂrerwaav nara 10 N. 67¢ ﬂa)\cv evbeta eanv 7 6La 'rwv
H, M, K. e1re:. €elc TPpeLC evOeLac ‘rac AN AZ, AA a1ro TOoV av'rov
Ianuecov TO0V T, 8vo 5¢n7ueva¢ eLaLv aL TE, T'a, yiverat wc 'ro
v1ro T'E, H® TPOS TO VWO l"H GE ovrwc ‘ro v1ro TV I'N, Za 1rpoc 'ro
bmo twv NA, TZ. wa)\cv eEMeL amo TOV avrov 01‘“16!.00 TOV Acetig
-rpeLc eveecac rac BN, BI', I'Z Gvo eLoLy Stnyuevac aL AE, AN,
eouv wg 70 vmo NI, ZA 1rpoc 'ro v1ro NA, ZT, ov‘rwc ‘ro v1ro AK, EA
1rpoc 70 vmo AE, KA. a)\)\ ws 10 v1ro NI, ZA TPOS TO v1ro NA rz,
ov'rwc edetxbn 'ro v1ro I‘E HO 7pog 'ro vmo FH ©E. xat ws dpa
70 VWO FE ©H TpoOS ro v1ro I'H, GE ov'rwc eo'er ro vmo AK, EA
1rpog ro v1ro AE, KA. awnnraL eLc o Kat €mt 'rwv TapaAAnAwp .
Sta 81 10 Mpoyeypauuevoy evbeta eoriy 1 dia Twv H, M, K.

(208) ea‘rw wapa)\)\n)\oc AB 'rnL Ta, kat 6Lnx6woav at AE,
I'B, kat onuecov em _T¢ BH 70 z, wo're e'ivac g TNV AE 1rpoc
'rnv El, ovrwc ‘ro vmo I'B, HZ 1rpoc 70 VWO ZB, TH. 0T evoeca
eoTLy N 6La TV A, Z, A. nxew 8La uev Tov A ‘rnc BI"
wapa)\)\n)\oc n A8, xaL exBeﬂ)vnaGw 7 AE em T0 9 6La S -rov e
™ I‘A napa)\)\n)\oc n 6K, kat exBeBknoGw 7 BP emt 1o K. e1re¢
ovy €oTLY wc ] AE TPOC rnu El, ourwc 70 v1ro l"B ZH 7mpos -ro
v1ro BZ, FH wc 6e n AE 7mpog 'rnv EF ov-rwc eoTiy 1 TE A© 1rpoc
rnv TH kal 70 vmo A®, BZ mpos ro vmo rwv TH, BZ, (oov dpa

1Tralrz com Hu app | 8 ampkrac Hu p. 1263 avnkratr A
arnkrat — evog secl Hu] 9 TMA CoTMA A ] 106H CoTE A
EA A2 exAA | 14N CoH A| 16T CoK A| T'A CoNA A 17 TN
CoTH A | 24 a1r1;x'rac] avikrar Ge | amjkrar -
mapalAqlwp secl Hu| 6 kail 70 Sexarop coni. Huapp | 27 émi
Ge (BS)emet A| BH CoZH A || 30 exBeﬁ)\nUOw Ge ekanOnL A
| 33 BZ, 'H Heiberg, BI', ZH AZB,TH Co| eorip del coni. Hu app
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274 Lemmas to Porisms

ratio as I'B is to BZ, so is A@®, that is I'K,” to HZ.6¢ Hence the sum KB is
to the sum BH as KTI" is to ZH,® that is as A® is to ZH.® But as is KB to
BH, so in parallels are @A to AH, and A® to ZH.'° And A® and ZH are
parallel.? ' Thus the (line) through points A, Z, A is straight.! 2

(209) (Prop. 141) Now that this has been proved, let AB be parallel
toI'A, and let straight lines AZ, ZB, T'E, EA intersect them, and let BI' and
HK be joined. That the (line) through A, M, A is straight.

Let AM be joined and produced to ®. Then since, having a triangle
BI'Z, BE has been drawn parallel to I'A from the apex point B (and falling)
outside (the triangle), and AE has been drawn through, it turns out (lemma
7.205) that as I'Z is to ZA, so is the rectangle contained by AE, KA to the
rectangle contained by EA, KA.' Thus as the rectangle contained by AE,
KA is to the rectangle contained by AK, AE, so is the rectangle contained by
TH, OE to the rectangle contained by 'E, HO (lemma 7.196);2 for two
(straight lines) EI', EA have been drawn through from the same point E
onto three straight lines I'A, A®, HK. And so as is AZ to ZT", so is the
rectangle contained by I'E, HO to the rectangle contained by 'H, @E.3 And
the (line) through H, M, K is straight.4# Hence by the foregoing (lemma
7.208) the (line) through A, M, A is also straight.5

(210) (Prop. 142 a —b) Let two (straight lines) AB, AE be drawn
across two straight lines AB, AT" from the same point A, and let points H, ©
be chosen on them. And as is the rectangle contained by EH, ZA to the
rectangle contained by AE, HZ, so let the rectangle contained by B@, I'A be
to the rectangle contained by BA, I'©. That the (line) through A, H, © is
straight.

Let KA be drawn through H parallel to BA.' Then since as the
rectangle contained by EH, ZA is to the rectangle contained by AE, ZH, so
is the rectangle contained by BO, I'A to the rectangle contained by BA,
I'®,2 while the ratio of the rectangle contained by EH, ZA to the rectangle
contained by AE, HZ is compounded out of that which HE has to EA, that is
KH to BA,4 and that which AZ has to ZH, that is A" to HA;S 3 and the
ratio of the rectangle contained by BO, I'A to the rectangle contained by
BA, I'9 is compounded out of that which @B has to BA and that which AT’
has to I'©,6 therefore the (ratio compounded) out of that of KH to BA and
that of AT’ to HA is the same as that compounded out of that of BO to BA
and that of AT" to '©.7 But the (ratio) of KH to BA is compounded out of
that of KH to BO and that of B to BA.®2 Therefore the (ratio) compounded
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ea-riv ro vmo rwv BT, ZH n vro A8, BZ. avé)\o ov dpa_eoTiy
w1 I'B 1rpoc rnv BZ, ovrwc 7 A8, 7ou1'ea'rw wc Ul I‘K 1rpoc ™y
HZ. xaL 6\ apa n KB 1rpoc 6Anv Tnv BH ea‘rw we N KT mpog ZH,
TOVTETT LY wc n Ae 1rpoc ZH. a)\)\’ g n KB 1rpoc BH, eV
napa)\)\n)\wc 0¥ Twe earw n OA 1rpoc AH nac n A@ 1rpoc ZH Kkat
eLoLy wapa)\knkoc at A®, ZH. evfeta dpa eoriv 0 Sea Ty A, Z,
A onuetwy.

(209) rov‘rov wporeeewpnuevov ea'rw mapalinlos n AB ‘rnc
ra, xac €ig av‘rac eu1rc7rre7woav euGeLaL AZ ZB, TE, EA, Kat
e1re$evx9woav aL BI', HK. 67 evGeLa ea‘rw n 8¢a TWY A, M, A.
emSevaeLaa 1 AM exﬁeﬁ)\naew emL TO o. emeL obv rpl.'ywvov
Tov BIZ exroc a1ro TN¢ xopv¢nc TOU B Ionuecov mL ra
ﬂapak)\n)\oc nx'rac n BE, Kkat 5L17KTO.L n AE, yiverat wc n rz
mpOS ZA, ovrwg -ro v1ro AE, KA mPOS 70 v1ro EA KA ¢ dpa -ro
v1ro AE KA mpoc¢ 'ro vmo AK, AE, 0V TWS ea-rw 'ro vmo T'H, OE 1rpoc
ro v1ro T'E, H6. eu; -rpeu; <7ap> eveecac fac I‘A A0, HK cSvo
ecow 5Ln7uevac amo TOV avrov anuecov ‘rov E at El, EA, xaL
w¢ dpa 1 AZ .TPoS ir, ovrwc eanv T0 v1ro TE, H® wpos 70 v1ro
I'H, OE. xaL eo‘rw eveeca n Sia ‘rwv H, M, K. Sta 71O
Tpoyeypauuevor dpa kat n Sta Twv A, M, A éoriy ebfeta.

(210) etg &vo eveecac Tac AB, AT a1ro 'rov avTov anuecov
‘rov A 6vo 5Lnx9waav az AB, AE, kat e1r avrwv eL)\n¢9w anueta
'ra H 0. earw Se wc 'ro vmo EH, ZA 1rpoc 70 v1ro AE, HZ ovrwc 70
vro BO, TA 1rpoc 'ro v1ro BA,TO®. G671 eveeca earw n 6La 'rwv A,
H 0. nxew Sta Tov H 'rnc BA ﬂapa)\)\n)\oc 0 KA. e1ret. ody eanv
wc ‘ro v1ro EH, ZA 1rpo<; 70 VWO AE ZH 0V TWS 1’0 v1ro Be I‘A TPOS
70 v1ro BA, IO, ak)\ <0 -rov> v1ro EH ZA 1rpo¢ 70 v1ro AE, HZ
avumr'rac )\o'yoc €k Te 'rov ov exec n HE mpos EA, rovreanv n
KH_ 1rpo<; BA, Kat eE 05 ov €xet 7 Az 1rpoc ZH, 'rov'rea'rw n AT
1rpoc -rnv HA, o 6e 'rov v1ro BO, Ir'a 1rpoc TO vmo BA, T ovvmr‘rat
)\o'yoc éx TE 'rov ov éxet n ©B 1rpo<; BA Kkat e£ od ov exec N Ar
mpos 'O, xac 0 <ex TE ToV> ‘rnc KH apa 1rpoc BA kat ‘I’OU ™S
Al 1rpoc HA o avroc eorw -er avvnuuevwc €k Te TOV fnc BOG
mpos BA kat rov Th¢ ATl wpoc I'®. o &e rnc KH mpog BA

|, 2 post A& add mpoc rqv HZ Hu | 3 §\n Ge (BS) 6Ane A | 6
evfeta Ge (S) edvferar A | 10 eﬂeSevawaav Ge (BS)
emeSevxbw AI A, M, A CoHMK A | 11 emi§evxfetoa N AM]
emelevxbw n AM A post quae add kat Co| © CoK A | 12 emog
secl Hu (Simson, ) | 13 AE Co AB Al 14 ZA CoZr A| dpalde A
15 AE Co AB Aﬂ 16 yap add Hu | 19 kat — H, M, K _del Heiberg, |
H, M, Kl] A, M,® Co®, M, A Hu | 20 kal del Heiberg, ﬂ 22
§tnxbwoav Ge (BS) 8cnx6n A | 23 8¢ Hu 7 A 27 aA)X] a)\a
Ao Tov addGe (BS) | 32T® CoTE A| ¥k e 7Tob add Hu | 34
BA Co®A A| AT CoAT A
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out of that of KH to BO and that of B to BA and furthermore of that of AT
to HA is the same as the (ratio) compounded out of that of B® to BA and
that of AI' to I'9.9 Let the ratio of ©B to BA be removed in common.
Then the remaining (ratio) compounded out of that of KH to B® and that of
AT to HA is the same as that of AT to I'©,'° that is the (ratio)
compounded out of that of AT" to HA and that of HA to ®I'.' ' And again,
let the ratio of AT" to HA be removed in common. Then the remaining ratio
of KH to B@® is the same as that of HA to ®'.' 2 And alternando, as is KH
to HA, so is BO® to OI'.13 And KA and BT" are parallel.' 4 Therefore the
(line) through points A, H, © is straight.! 5

(211) 18. (Prop. 143) But now let AB not be parallel to A, but let it
intersect it at N.

Then since two straight lines AE, AN have been drawn from the
same point A across three straight lines BN, BI', BZ, as the rectangle
contained by NA, I'Z is to the rectangle contained by NI', AZ, so is the
rectangle contained by AE, KA to the rectangle contained by EA, KA
(lemma 7.196).' But as is the rectangle contained by EA, KA to the
rectangle contained by EA, KA, so is the rectangle contained by E@, I'H to
the rectangle contained by EI', ®@H;2 for again two (straight lines) EI', EA
have been drawn from the same point E across three (straight lines) T'A,
A®, HK. Therefore as is the rectangle contained by E®, I'H to the rectangle
contained by EI', ©H, so is the rectangle contained by NA, I'Z to the
rectangle contained by NI', ZA.® By the foregoing (lemma) the (line)
through A, ©, A is straight.4 Thus the (line) through A, M, A too is
straight.s

(212) (Prop. 144) (Let there be) triangle ABI', and let AA be drawn
parallel to BI", and let AE, ZH be drawn across. And as the square of EB
is to the rectangle contained by ET", I'B, so let BH be to HI'. That, if BA is
joined, the (line) through ©, K, I' is straight.

Since, as is the square of EB to the rectangle contained by EI", I'B, so
is BH to HI",' let the ratio of 'E to EB be applied in common, this being
the same as that of the rectangle contained by EI', I'B to the rectangle
contained by EB, BI'.2 Then ex aequali the ratio of the square of EB to the
rectangle contained by EB, BI', that is the (ratio) of EB to BT, is the same
as the (ratio) compounded out of that of BH to HI" and that of the rectangle
contained by ET', I'B to the rectangle contained by EB, BI',3 which is the
same as that of EI" to EB.4 Therefore the (ratio) of the square of EB to the
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avvmrraa en TE rov N6 KH 1rpoc BO xac TOV -rnc B6 1rpoc BA. o
dpa ovvnuuevoc ex T€ TOV 'r'nc KH 1rpoc BS Kat -rov ¢ BO 1rpoc
BA kat e'r:. TOV ™S AI‘ TpoOS HA 0 av'roc €0TLY wa ovvnuuevwc
ék Te TOoV TNc BO 1rpoc BA xaL TOV rnc AT mpoc Te. KoLpog
emcexpovaew 0 Tns_ 6B mpos BA ko'yoc 7\0L1roc apa 0
ovvnuuevoc €k Te rov -rnc KH 1rpoc BO kat TOV 7RG ATl mpo¢ HA
0 av*roc eonv TOL 'rnc AT 1rpoc ™V re, rovreorw 'rc.u
ovvnuuevwc €k Te TOV 'rnc AT mpocg fnv HA xac TO0V fnc HA_ TPOS
Tqv Or. Kkat 1ra7\w xowos‘ emcexpovaew 0 ‘rnc AF mpog ‘rnv HA
}\o'yoc )\ouroc apa o ¢ KH 1rpoc -rqv BG )\o'yoc o av'roc ea-r:.v
TWL 'rnc HA Tpoc v Or. lkat evaM\aE ea‘rw wsc o KH 1rpoc Y
HA, ov-rwc ] Be Tpos ‘rnv er. KatL etoLy aL KA, BT mapalAglot.
evbetla dpa eoriv n Sta Twv A, H,0 onNUELWY.

(211) LT) . aM\a LY un eorw wapa)\)\n)\oc 0 AB 'rnc ra, a)\)\a
ovu1r¢1r‘re-rw xara 7o N. emet ol» amo Tov abToV onuetov Tob A
eLc ‘rpe:.c evee:.ac ‘rac BN, BF BZ &vo evee:.al. 8Ln7ueuat
eLaLv aL AE AN, éo1v wc -ro v1ro NA, T'Z 1rpoc ro v1ro NI', AZ,
ovrwc ro v1ro AE, KA 1rpoc ro v1ro EA KA. g be ro v1ro EA, KA
TPOS TO VMO _EA, KA ov'rwc eonv 70 VWO EB T'H 1rpoc ro Vo EI‘,
OH. makuy 7ap etc 'rpeu; -rac I'A, 46, HK a1ro 'rov av'rov onuec.ov
rov E 5vo nyHevar ewcv at EI‘ EA. Kkat o¢ apa -ro v1ro EO, T'H
1rpoc 'ro bmo ET, 6H, ovrwc 70 v1ro NA, I‘Z 1rpoc 70 vmo NI, ZA
Sia 'ro npoyeypauuevov evGeLa eoTiy N Sia Twv A,0,A. kal 7
Sta Twov A, M, A dpa ebbeta €oTLy.

(212) ‘rpL'ywvov 70 ABT, :cac ™t Br wapak)xn)\oc r(xew N A4,
Kkat 6Lnx9waav at AE, ZH. €0Tw Se w¢ 70 amo EB mPOS 7O vmo
EI‘B ovrwc n BH 1rpoc ‘rnv HT. 674. eav emgevxenc :b BA,
7LveraL evGeLa n Sta TWY, 6, K, F emet ea'rw O¢ 70 a.1ro T;)C
EB 1rpoc 70 v1ro ElB, ov‘rw; n BH 1rpoc HI‘, xowoc apa
1rpoaxel.09w o 'rnc T'E 7rpoc EB )\o'yoc, 0 av-roc Y 'rwc fov v1ro
ETB npoc T0 vﬂo EBI'. 8¢’ ioov apa 0 TOD ano EB wpoc 70 VWO
EBI’ )\o—yoc rovreonv o 'rnc EB 1rpog v BT, 0 av'roc eo'rw TWL
avvnuueva €K TE TOU Tnc BH ﬂpog HI xaL TOV TOV vﬂo EFB
mpos 70 Vmo EBT, 6¢ €ortv 0 avros rwt 77¢ EI mpoc EB. &Gore 0

| 4kotvocl ko A 9kotvocl ko A|| 14 o’ mgAI 17 AN Co
AH A| NA CoNA A | 21 EA CoEA A} 22 70 bmo NA, T'Z bis A
corr Co | 23 post §ca_add 87 GeI 26 70 (amo EB) Ge (S)ra A | 29
kowvos Ge(S)kowvor A| dpa secl Hu || 33 700 Hurd: A del Ge

277

10

892
163

15

20

25

30

894



278 Lemmas to Porisms

rectangle contained by EB, BTI" is compounded out of that which BH has to
HI' and that which EI" has to EB,5 which is the same as that of the
rectangle contained by ET", BH to the rectangle contained by EB, 'H.¢ But
as is EB to BT, so, by the foregoing lemma (7.205), is *the rectangle
contained by AE, Z© to the rectangle contained by AZ, ®E.” And therefore
as is the rectangle contained by I'E, BH to the rectangle contained by I'H,
EB, so is the rectangle contained by AE, Z© to the rectangle contained by
AZ, ®E.8 * Therefore the (line) through @, K, I' is straight;® for that is in
the case-variants of the converses.

(213) (Prop. 145) Let two (straight lines) EZ, EB be drawn from
some point E across three straight lines AB, AT", AA, and, as EZ is to ZH,
so let OF be to ®©H. That also as BE is to BI', so is EA to AT.

Let AK be drawn through H parallel to BE.!" Then since as is EZ to
ZH, so is E® to ®H,2 but as is EZ to ZH, so is EB to HK,3 while as is E@ to
OH, so is AE to HA,* therefore as is BE to HK, so is AE to HA.5
Alternando, as is EB to EA, so is KH to HA.¢ But as is KH to HA, so is BI'
to ’'A.7 Therefore as is BE to EA, so is BI" to ’'A.8 Alternando, as is EB
to BT, so is EA to AT".® The case-variants likewise.

(214) (Prop. 146) Let there be two triangles ABT', AEZ that have
angles A, A equal. That, as is the rectangle contained by BA, AT to the
rectangle contained by EA, AZ, so is triangle ABT" to triangle EAZ.

Let perpendiculars BH, E@ be drawn.' Then since angle A equals A,
and H (equals) ©,2 therefore as is AB to BH, so is AE to EQ.3 But as AB is
to BH, so is the rectangle contained by BA, AT" to the rectangle contained
by BH, AI',4 while as is AE to E®, so is the rectangle contained by EA, AZ
to the rectangle contained by E®, AZ.5 Therefore as is the rectangle
contained by BA, A’ to the rectangle contained by BH, AI', so is the
rectangle contained by EA, AZ to the rectangle contained by E®, AZ;¢ and
alternando.” But as is the rectangle contained by BH, AT" to the rectangle
contained by E®, AZ, so is triangle ABI" to triangle AEZ;® for each of BH
and E@ is a perpendicular of each of the triangles named. Therefore as is
the rectangle contained by BA, AT to the rectangle contained by EA, AZ, so
is triangle ABTI" to triangle AEZ.9
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rov ano EB ﬂpoc ro vﬂo EBF avvnﬂrat en Te TOV ov exeL 0 BH
1rpoc HI" kat Tov ov exeL n ETl 7pog EB d¢ eonv 0 avroc TOL
rov v1ro ET, BH 1rpoc ro vmo EB, MH. w¢ §e¢ n EB 1rpoc Y Bl,
ov‘rwc oty Sia TO ﬂpoyeypauueuov A\uua TO v1ro AE ZG TpOS
-ro vmo AZ OE. xaL wc dpa o0 v1ro FE BH mpoc o vwo I'H, EB,
ovrwc ea'rw -ro vwo AE, Z@ 1rpoc ro v1ro AZ OeE. eveeta apa
eorw N 6La. r@v O, K, T- 700UT0 Yap €» TOLS WTWTLKOLS TWY
avaorpo¢cwv

(213) lets 'rpeLc evOeLag rag AB AT, AA a1ro TLVOS anuetov
rov E 6vo 6Lnx9waav atl EZ EB. éotw 86 wc n EZ 1rpoc rnv ZH,
ov‘rwc 17 GE 1rpoc 'rnv OH. 67 7Luerac KaL wc n BE 1rpoc ™Y Bl"
ovrwc n EA 1rpoc TV AF Nx0w 8La rov H rm BE 1ra.pa>\>\n)\oc n
AK. e1reL ovv eanv w¢ n EZ 1rpoc T'I)V ZH, ov-rwc q E® mpog fnv
6H, aM\ wc uev n EZ 1rpoc rnu ZH, ov'rwc n EB mpos Tqp HK wg
8e n EO 1rpoc -rnv GH, ovrwc eo'rw n AE 1rpoc mv HA, kat w¢ a.pa
n BE 1rpo; TV HK, ovrwc ea'rw 7 AE 1rpoc TT)V HA. eva)\)\az
ea'rw ws n EB 1rpoc 'rnv EA, ov'rwc n KH 1rpoc Y HA. wc Se n
KH 1rpoc v HA, ov'rwc earw n BI' 1rpoc rnv ra. xaL we apa 7
BE 1rpoc oy EA, ov‘rwc 0 Bl‘ TpOS ‘rnv ra. eua)\kaE €oTLY WS 1'7
EB 1rpoc rqv BT, oltwsc % EA wpoc 7nv Al'. rta 8¢ mrwrika
0UO LWS -

(214) earw 6vo 'rpl.-ywva Ta ABI', AEZ H7¢1§ exovra 'rac A, A
'ywvcac ot ea‘rw wg T0 v1ro BAT 1rpoc 70 vmo EAZ, ov'rwc T0
ABI' 'rpcywvov 1rpoc -ro EAZ rpL'ywvov nxGwoav na.Ge‘roc. aL BH,
EG EMEL ovv LOT) eo'rw 17 uev A ywvia TN A, 0 ¢Se H rnt o,
eanv apa ¢ n AB 1rpo<; -rnv BH, ov-rwc 1; AE 1rpoc rnv EO. a)\k’
WS pev n AB 1rpoq Y BH ov'rwc ea'rl.v TO v1ro BAF npog 70 v1ro
BH, Al" ws Se 7 AE 1rpoc 11)» E6, ov'rwc eanv 70 v1ro EAZ TPOS
ro vmo EO AZ eo'rw apa wc T0 VWO BAF 1rpoc 70 VO BH AP
ov‘rwc T0 UTO EAZ 1rpoc ro vmo E@, AZ. KaL eva)\)\aE a)\k ws 10
v1ro BH AT 1rpoc 70 Um0 Ee AZ ov'rwc €oTiv TO0 ABT ‘rpt'ywvov
1rpoc T0 AEZ TpLywroY- ena'repa yap -rwu BH, EG xaee'roc eorw
ena'repov rwv ELPNUEVWY TPLYWVWY. kat a')c dpa 'ro v1ro BAT
1rpoc 70 vmo EAZ, obrwc €ortv 70 ABT 7piywvovr wpoc t0 AEZ
TPLYWVOD .

| 1700 aro Huamo 700 A| ovvnmrac Ge (BS) ouvnkrat A |
BH CoBN A | 4 AE, Z©... AZ, ®8E] AZ, ©E... AE, Z® Simson, | 5EB
Co©B Aﬂ 6 AE, Z©... AZ, @E] AZ, €E ... AE, Z© Simson, | 12 Ax 0w
Ge (S)7ix0n A] 15 eorip sec Huﬂ 25 E0© CoHO A | 26 BH CoBE
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