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0. FOUNDATIONS OF THE MATHEMATICS

For every set A there is a set A U {A}, which we may call the successor of A and
denote by A’.

0.1. Axiom (Infinity). There are sets that contain @ and contain the successors of all of
their elements.

0.2. Lemma. There is a unique smallest set with the closure properties of the Aziom of
Infinity.

The unique smallest set in the lemma is denoted by
w;

it is the set of natural numbers. By this definition, each natural number is also a set
of natural numbers; namely, if n € w, then

n={0,1,2,...,n—1}.

For any set M, the Cartesian power M" can be understood as the set of functions from n
to M. Such a function can be denoted by (aog,...,a,_1) or just a. An n-ary operation
on M is a function from M"™ to M. Operations that are 2-ary, 1-ary or 0-ary are also
called binary, singulary,* or nullary. The set M? can be identified with the Cartesian
product M x M. The set M! has an obvious bijection with M. The set M° always
consists of the unique element &, even if M is empty. Hence a singulary operation on M
can be understood as a function from M to itself, and a nullary operation on M can be
identified with an element of M. In particular, any set equipped with a nullary operation
must be non-empty.
The set w is equipped with:

(0) the nullary operation (or distinguished element) &;
(1) the singulary operation z — z’.
From these can be defined the usual binary operations of addition and multiplication.
Also, w has a binary relation C, usually written <.
A set equipped with some operations and relations is a structure. Some essential
examples—all definable in terms of w—are:

e (w, <), a well-ordered set;

w, +,0), a monoid;
Z,4+,—,0), an abelian group;
Z,+,—,%,0,1), a ring;
Q,+,—, x,0,1), a field.

The word unary is more common, but less etymologically correct.
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Part 1. Construction of groups
1. DEFINITION OF GROUPS

For any set A, we may refer to a bijection from A to itself as a symmetry or permu-
tation of A. Let Sym(A) be the set of these symmetries. This is equipped with:

(0) the element id4 (the identity on A);
(1) the singulary operation f +— f~! (functional inversion);
(2) the binary operation (f,g) — f o g (functional composition).
Any subset of Sym(A) that is closed under these operations can be called a group of
symmetries of A.
We isolate some algebraic properties of groups of symmetries and use them to define
groups in general:

1.1. Definition. A group is a quadruple (G, x, 7!, 1), where G is a set, and x, ~! and 1
are binary, singulary and nullary operations respectively on G such that, for all a, b and
cin G:

(0) ax (bxc)=(axb)xc(that is x is associative),

(1) axl=aand 1Xxa=aq,

(2)axa'=1landa ! xa=1.

It should be clear that a group of symmetries is in fact a group. Conversely, we shall
show below that every group can be identified with a group of symmetries.

The group (G, x,7%, 1) has the universe G. The group itself is more than its universe;
we may indicate this by letting & designate the group. However, most people do not
distinguish in writing between a group and its universe; and it is not always practical to
make the distinction in writing.

For the group-element denoted by 1 above, some people write e. Usually, the product
a x b is written as a - b or just ab. The operation itself can be called multiplication.
Any group-element a determines two singulary operations, A\, and p,, given by

A =ax and p,r = xa.

By Definition 1.1, both A\; and p; are the same operation, namely the identity; so 1 itself
is called an identity.

In a group &, multiplication might be denoted by x® (or -
be distinguished from the multiplication in a different group.

In fact, suppose $) is another group. A function f from G to H is a homomorphism
from & to $ if it preserves the group-operations:

(0) J(1) =1 (that is, f(1®) = 17);
(1) fla™) = fa)! (that is, f(a~'*) = f(a)");
(2) f(ab) = £(a) f(B) (that is, f(a x©b) = f(a) X £(B))

for all @ and b in G. The homomorphism is called:

& G

,or X or...) if it should

e a monomorphism, if it is injective;

e an epimorphism, if it is surjective;

e an isomorphism, if it is bijective.
A monomorphism is also called an embedding. Every group is isomorphic to its image
under an embedding. There is no difference between isomorphic groups as such. A
monomorphism of a group into itself is an endomorphism; an isomorphism of a group
with itself is an automorphism.



4 DAVID PIERCE

1.2. Lemma. In any group, the equations
a-X=b and Y- -a=0D
have unique solutions, namely a='-b and b-a™".
Proof. We have
a-X=b= al(a-X)=0a"b

= (¢ 'a)X =a'b

— 1-X=a'b

= X =a'b
therefore the equation a - X = b has at most one solution, a~'b; this is a solution, since
a(@)=(a-a)b=1-b=0. O

Note how the proof of this lemma relies on each of the defining properties of groups.

1.3. Theorem (Cayley). Let & be a group. If a € G, then both A, and p, are in Sym(G).
The map x — X\, is a monomorphism from & to (Sym(G), o, idg).

Proof. By Lemma 1.2, the equations A\, X = b and p,X = b always have unique solutions,
that is, A, and p, are invertible—so they are in Sym(G). Also, the equations Axa = b
have unique solutions, so the map = +— ), is injective. Finally, A\, a = (zy)a = z(ya) =
(Az 0 \y)a; we have already observed that A\; = idg; and Lemma 1.2 shows that (\,)™! =
Aa-1- O

The group-operation x — x~! can be called inversion. We now have, in any group:

e uniqueness of the identity and of inversion;
e left and right cancellation: ar = ay = x =y, and xa = ya = z =y.

2. SIMPLIFICATIONS

In Definition 1.1, if we ignore the operation ~!, we have a monoid; if we ignore also
the 1, we have a semi-group.

In particular, if (G, x,”%,1) is a group, then the reduct (G, x,1) is a monoid, and
(G, x) is a semi-group; but not every semi-group is the reduct of a monoid, and not every
monoid is the reduct of a group.

2.1. Example. The set {1,2,3,...} of positive integers is a semi-group when equipped
with addition, but it has no identity.

2.2. Example. (w,+,0) is a monoid, but only 0 has an inverse.

2.3. Lemma. In Definition 1.1, if we ignore the equations 1 x a = a and a™! x a = 1,
we still have a group. In other words, any semi-group with a left-identity and with left-
TNVETSES 1S A GTroUP.

Proof. fx-x =x,then 1 = (z-z)- 2 '=z-(z-27 ) =z-1=2. But (a7'-a)-(a™'-a)
at(ara™t)-a=a"ta,s0a " -a = 1. Finally, 1-a = (a-a™')-a = a-(a™'-a) = a-1

The lemma has an obvious dual.
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2.4. Lemma. If & is a semi-group in which all equations
a-X=b and Y-a=0»

have solutions (not assumed unique), then & can be expanded to a group (that is, can be
given an identity and an inversion,).

Proof. There are 1 and ¢ such that 1-a =aand a-c=5b. Then1-b=1-(a-c) =
(1-a)-c=a-c=0. So1is a left-identity. Since X -b = 1 has a solution, left-inverses
exist. Now use Lemma 2.3. O

By Lemmas 1.2 and 2.4, we can characterize groups as those semi-groups that satisfy
the axiom

Vo Yy 3z Jw (22 =y & wr = y).

In particular, we don’t need to talk explicitly about the identity and inversion in order
to define a group. This is why statements like the following are true:

2.5. Lemma. A map f from G to H is a group-homomorphism from & to $), provided it
preserves multiplication.

3. NOTATION

If a; are group-elements, then by

ag - A1+ Ap—1 or ||CLZ

i<n
we mean (- - ((apay)ag) ..., )a,—1. Recursively:
Haizl and H a; = (Hai)&"‘
1<0 i<n+1 <n

3.1. Lemma (Associativity). No matter how parentheses are inserted into a list ag, ay,
.., Gn_1 Of group-elements, the resulting group-element is the same.

For [],_, a we write a”. In particular, " = 1. Also, (a")~"! is written a™".

3.2. Lemma. For any element a of a group &, the map n — a™ from Z to G is a
group-homomorphism: in particular,

for all integers n and m. Also,

for all integers n and m.

(Note another way to express the latter point in the lemma. Each n in Z determines
the map z +— 2" from G to itself. That is, we have a map ® from Z to F(G), where F(G)
is the set of singulary operations on G, and ®(n)(a) = a™. Then ®(mn) = ®(m) o ®(n),
so ® is a homomorphism from the monoid (Z ~\ {0}, x, 1) to (F(G),o,idg).)

A group (G, 4+, —,0) is abelian if a +b=0b+a for all @ and b in G. Abelian groups
are generally written thus, ‘additively’. For such groups we may write ag+a;+-- -+ a,_1
or y ., a; for (---(ap+a1) + -+ + an_2) + ay_y; for Y. a we write na; for —(na), we
write (—n)a; then n(a + b) = na + nb, so the maps a — na are homomorphisms from an
abelian group to itself.
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4. NEW GROUPS FROM OLD

If & and $ are two groups, then we can define a multiplication on G x H termwise:
(g:0) - (g, 1) = (g x® g’ h x™ ).
The result is the group & x ), the direct product of & and $. (This is the direct sum
& D 9, if & and H are abelian.)

If ~ is an equivalence-relation on the set GG, then we can form the quotient G/~,
which contains, for each a in GG, the set

{r e G:z~a};

this is the equivalence-class or ~-class of a and can be denoted by [a] or @. Any group-
structure & on G induces one on G/~ provided

a~d &b~b = ab~ad'l.

Indeed, if ~ meets this requirement, then it is called a congruence-relation on &, and
a well-defined multiplication on G/~ is given by

[a] - [0] = [a - b].

4.1. Example. Let n € Z, and on Z, let a ~ b <= n | a — b; then Z/~ has an induced
group-structure, which may be written Z/(n) (or Z,, or Z/nZ, or Z/(n)). Note that Z
is isomorphic to Z itself.

4.2. Example. On Q, let a ~ b <= a —0b € Z; then Q/~ has an induced group-
structure, which can be written Q/Z. Note

a — exp(2mia): (Q/Z,+) — (C*, x).
an embedding.

A subgroup of a group is a subset containing the identity that is closed under multi-
plication and inversion. Every group has both itself and {1} as subgroups.

4.3. Lemma. A subset of a group is a subgroup if and only if it is non-empty and closed
under the binary operation (x,y) — zy~'.

If $ is a subgroup of &, we write® H < &.

4.4. Lemma. If ~ is a congruence-relation on &, then the ~-class of 1 is a subgroup of

S.

It is important to note that the converse of the lemma is false in general: not every
subgroup of a group determines a congruence-relation. (see Theorem 7.1.)
If f is a homomorphism from G to H, then its kernel is the set

{z€G: f(x) =1},
denoted by ker f. The image of f is
{y € H: y = f(x) for some z in G},
denoted by im f.
4.5. Lemma. Let f be a homomorphism from G to H.
(0) ker f < G.

2Or simply $) < @, if one is not worried about having a way to distinguish proper subgroups.
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(1) f is a monomorphism <= ker f = {1}.
(2) imf < H.
(3) f is an epimorphism <= im f = H.

4.6. Lemma. An arbitrary intersection of subgroups is a subgroup.

Given a subset A of (the universe of) a group &, we can ‘close’ under the three group-
operations, obtaining a subgroup, (A). For a formal definition, we let

(A =S,
where S is the set of all subgroups of & that include A.
If & = (A), then & is generated by A. If A = {ag,...,a,-1}, we may write

<CLO, e ,(ln,1>

for (A), and say that & has the n generators ag, ..., a,_1.

5. CYCLIC GROUPS

The order of a group is its size (or cardinality). The order of G is therefore denoted
by
Gl
A group is called cyclic if generated by a single element. If a is an element of a group
G, then (a) is a cyclic subgroup of GG, and the order of a, denoted by

lal,
is just the order of (a).
5.1. Lemma. If a is an element of a group G, then
(a) ={z € G: x =a" for somen in Z}.
Proof. Let f be the homomorphism n +— a" from Z to G. We have to show (a) = im f.

Since (a) is a group, we know that a° € (a). If a" € (a), then a"*! € (a) and a™" € (a).
Hence, by induction, im f C (a). Since a € im f, we have (a) C im f by definition of

(a). O
5.2. Lemma. If a is a group-element of finite order, then al® = 1.

Proof. The subset {1,a,a?,...,al%} of (a) has size at most |a|. Hence we have 0 < i <
j < |a] but a® = a’ for some i and j. Therefore 1 = a/~%, and a* = a" as long as k = n
(mod j — 7). This means |a| < 7 — i and hence |a| = j — 1. d

5.3. Lemma. All subgroups of Z are cyclic. All non-trivial subgroups of Z. are isomorphic.

Proof. Say G < Z and G # (0). As a set, G has a greatest common divisor, n. That is,
if we write G as {a;: i € w}, then

n = min{ged(ag, ..., an): m € w}.
Then G < (n). Also, for some m and some by, ..., b,_1 in Z, we have
n = boag + -+ + bp_1m_1;

so (n) < G. The map x +— nx from Z to G is an epimorphism, by Lemma 5.1; but its
kernel is trivial; so it is an isomorphism, by Lemma 4.5. U

5.4. Theorem. Fvery cyclic group is isomorphic to some Z/(n).
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Proof. Say G = (a). By Lemma 5.3, the epimorphism z — a” from Z to G has kernel
(n) for some n; therefore

" =0a° <= d =1 <= r—se(m) < m|r—s.

Hence the map = — a” is well-defined on Z/(n) and has trivial kernel. O

6. COSETS

Suppose H < G. If a € G, let
aH = \,[H],
Ha = p,[H].
Each of the sets aH is a left co-set of H, and the set of these is denoted by
G/H.
Each of the sets Ha is a right co-set of H, and the set of these is denoted by
H\G.

6.1. Lemma. The left cosets of H in G are the classes determined by an equivalence-
relation on G. Likewise for the right cosets. All cosets of H have the same size; also,

G/H and H\G have the same size.

Proof. We have a € aH. All cosets of H have the same size as H, since the maps )\, and
pa are bijections by Cayley’s Theorem (1.3). If aH NbH # &, then ah € bH for some
hin H, so a € bHH~! C bH, whence aH C bH, so aH = bH. Hence the left cosets
compose a partition of (G, and therefore determine an equivalence-relation. Inversion is

a permutation of G taking aH to Ha™', so G/H and H\G have the same size. O
The size of G/H (or H\G) is the index of H in G and can be denoted by
|G : H].
6.2. Theorem (Lagrange). |H| divides |G| if both are finite.
Proof. |G| =[G : H] - |H]. O

In fact, if also K < H, then [G: K] =[G : H] - [H : K].
6.3. Theorem. Groups of prime order are cyclic.

Proof. Say |G| = p. There is a in G \ (1), so |a| > 1; but |a| | p, so |a|] = p, that is,

G = (a). O
6.4. Lemma. If G is finite and a € G, then al® = 1.
Proof. alG! = qlG:@lal — (glal)(G:H] — 1(G:H] — 1, 0

The set Z of integers is a semi-group with respect to multiplication. The non-zero
integers form a multiplicative monoid. This multiplication is well-defined on Z/(n) for
any integer n, and the non-zero elements of this compose a monoid. Let

(Z/(n))"

comprise the invertible elements of this monoid; so (Z/(n))™ is a group.

6.5. Lemma. (Z/(n))" = {[z] € Z/{n): ged(z,n) =1}.
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Proof. ged(m,n) = 1 if and only if am + bn = 1 for some integers a and b; but this just
means [a][m]| = 1 for some a. d

6.6. Theorem (Fermat). If the prime p is not a factor of a, then
a?'=1 (mod p).
Hence a? = a (mod p) for any integer a.

Proof. The order of (Z/(p))”* is p — 1, and [a] € (Z/(p))™. This proves the first claim.
The second claim is trivial if p | a. O

If n # 0, let the order of (Z/(n))* be denoted by
¢(n).
6.7. Theorem (Euler). If gcd(a,n) = 1, then a®™ =1 (mod n).

7. NORMAL SUBGROUPS

A subgroup H of GG is normal if its left and right cosets determine the same equivalence-
relation, that is,
aH = Ha

for all a in GG. There are various alternative formulations, most notably
aHa™ ' C H.
If H is a normal subgroup of GG, then one writes
H <G.
Of abelian groups, all subgroups are normal.

7.1. Theorem. Suppose H < G. Then H < G if and only if the equivalence-relation
determined by the left cosets of H is a congruence-relation, that is, H/G is a well-defined

group.
Proof. Suppose G/H is a group. Then
aoH = a1 H & boH = btH = boagH = bia H.

In particular, say ap = a; = a and by = b € H and by = 1. then baH = aH, so
atbaH = H.

Conversely, suppose H < GG and agH = a1 H and boH = by H. Then byagH = boHag =
blHCLO = blaoH = b]CLlH. Ol

If N <G, then the group G/N is the quotient-group of G by N.

7.2. Theorem. Normality is preserved in subgroups, that is, if N < G and H < G, then
NNHJH.

Proof. The defining property of normal subgroups is universal, that is, N < G means
(G,N)EVzVy (r € N — yxy~' € N). O

7.3. Theorem. If N < G, then (N UH) = NH for all subgroups H of G.

Proof. It N < G, then NH = HN, so if noho,n1hy € NH, then nohohy'ny* € NHHN =
NHN = NNH = NH. 0

Does the converse hold?

Does it?
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7.4. Theorem. The normal subgroups of a group are precisely the kernels of homomor-
phisms on the group.

Proof. If f is a homomorphism from G to H, then f(ana™') = f(a)f(n)f(a)™' =1 for
all n in ker f, so a(ker f)a=t C ker f.
If N < G, then the map x — N from G to G/N is a homomorphism with kernel N. [

In the proof, the map = — xN is the canonical projection of G onto G/N; it may
be denoted by 7.

7.5. Lemma. If f is a homomorphism from G to H, and N is a normal subgroup of G
such that N < ker f, then there is a unique homomorphism f from G/N to H such that

f:fow.

¢l .p
7
G/N

Proof. If f exists, it must satisfy f(zN) = f(z) for all z in G. Such f does exist, since
if tN = yN, then ry '€ N <kerf,so f(zy™') =1 and f(z) = f(y). O

7.6. Theorem (First Isomorphism). G/ker f = im f for any homomorphism f on G.

Proof. In Lemma 7.5, let N = ker f; then f is the desired homomorphism. U
7.7. Theorem (Second Isomorphism). If H < G and N < G, then
H _ HN
HNN N
Proof. The map h +— hN from H to HN/N is surjective with kernel H N N. U

7.8. Example. In Z, since (n) N (m) = (ged(n,m)) and (n) (m) = (lem(n, m)), we have
(n) o (lem(n, m))
(ged(n,m)) —  (m)
). If N and K are normal subgroups of G and N < K,

7.9. Theorem (Third Isomorphism
then K/N < G/N and
G/N

~ G/K.
K /N /
Proof. By Lemma 7.5, the map x N +— zK from G/N to G/K is a well-defined epimor-
phism. The kernel contains N if and only if z € K, that is, zN € K/N. O

8. FINITE GROUPS

By Cayley’s Theorem, we know that any finite group embeds in the group of symmetries
of a finite set, namely the universe of the group itself.

8.1. Theorem. Suppose A is a set, and G is a finite subgroup of Sym(A). Then there is a
finite subset B of A such that ¢ | B € Sym(B) whenever ¢ € G, and the map ¢ — ¢ | B
is an embedding of G in Sym(B).
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Proof. For any finite subset C' of A, each ¢ in G permutes the finite subset

{{(a): £ € G&acC}
of A. Call this set G(C'). Then the map

= ¢ GC)
from G to Sym(G(C')) is a homomorphism. The set C' can be chosen so that for each ¢
in G there is a in C' so that ¢(a) # a; then the homomorphism is an embedding. Il

We may consider any finite group as a subgroup of some Sym(n). (This is also denoted
by Sy, although most writers may consider this as Sym({1,2,...,n}).) An element o of

Sym(n) can be denoted by
( 0 1 - n-1 )
o0) o(l) -+ on—=1))"

In particular, the permutation

01 -+ n—2 n-1
1 2 -+ n—-1 0 '
can be called a cycle. More generally, if m < n, then the permutation
o1 -~ m—=2m-1m -+ n—1
12 -+ m-—1 0 m - n—1

can be called an m-cycle. If for the moment we call this permutation o,,, then any ¢ in
Sym(n) is an m-cycle or a cycle of length m if

0 =TOnT *

for some 7 in Sym(n). The length of a cycle is its order. Also, o can be written

(T(O) (1) -+ 7(m—=2) 7(m—=1) 7(m) --- 7(n— 1))
(1) 7(2) -+ 7(m—1) 7(0) T(m) -+ T(n—1))"
or more neatly as

(T(O) (1) - 7(m— 1)) .

In this notation, the same cycle ¢ can be written in m different ways, as

(7)) 7(i+1) -+ 7(i+m—1)),
for any 7 in n, where the arguments of 7 are understood modulo m. If also ¢’ is a cycle
(7'(0) -+ 7/(m'—1)) in Sym(n), then the two cycles are disjoint if 7(i) # 7/(i') for

any i in m and ¢ in m/. In this case, 00’ = o’0.

8.2. Theorem. FEvery element of Sym(n) is a product of disjoint cycles, uniquely up to
order of factors.

Proof. Let o € Sym(n). Then o determines a partition of n whose elements are the
subsets {o'(x): i € n} of n, where € n. If such a subset has size n(z), then o is the
product of the distinct (and therefore disjoint) cycles

(z o(x) -+ o"@ ().

Any factorization of ¢ into disjoint cycles determines the same partition and hence the
same factors. |
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8.3. Corollary. The order of a finite permutation is the least common multiple of the
orders of its disjoint cyclic factors.

A 2-cycle is also called a transposition.
8.4. Corollary. Fvery finite permutation is a product of transpositions.
Proof. (0 1 .- m—l):(O m—l)--~(0 2)(0 1). O

8.5. Theorem. If a finite permutation is factored into transpositions, the number of these
transpositions is uniquely determined modulo 2.

Proof. Let Q* be the set of multiplicatively invertible elements in Q. Then Q* is a group,
with subgroup (—1). There is a homomorphism z +— sgn(z), the sign or signum, from

Q* to (—1); it is given by
(2) -1, ifxz<0;
sgn(z) =
s 1,  if0<a

Then there is a homomorphism with the same name from Sym(n) to (—1) given by

sgn(0) = [ sen(o(j) —o(d)).

1<j<n
Also, sgn(o) = —1 if ¢ is a transposition. Hence an arbitrary permutation is the product
of an odd number of transpositions if and only if sgn(c) = —1. O

A finite permutation o can be called even if it is a product of an even number of
transpositions, that is, sgn(o) = 1; otherwise sgn(o) = —1, and o is odd.

8.6. Remark. For an alternative proof, let f(Xo, ..., X,_1) be the polynomial
IT &x;—X)).
1<j<n
For any polynomial g(Xy,..., X, 1), if ¢ € Sym(n), then we may define
o(9(Xo, -, Xn-1)) = 9(Xo()s - - - Xo(n-1))-

In particular, o permutes the 2-element set {f, —f}, so Sym(n) maps homomorphically
into Sym(+£f). The transposition (0 1) takes +f to Ff; hence the same is true for
any transposition. Hence of = f if and only if ¢ is a product of an even number of
transpositions.

The alternating group of degree n is the kernel of x — sgn(x) on Sym(n) and is
denoted by
Ap.

A group is simple if it has no proper non-trivial normal subgroups.

8.7. Example. Z/(n) is simple just in case |n| is prime. Hence the only simple Abelian
groups are the Z/(p), where p is prime.

8.8. Lemma. A, is generated by the 3-cycles.
Proof. (00 1 2)=(0 2)(0 1)and (0 1)(2 3)=(1 2 0)(2 3 1). O

8.9. Lemma. A, is generated by the 3-cycles (0 1 k‘), where 1 < k < n.
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1

Proof. (0 2 3)=(0 1 3)(0 1 2)  and

23 4)=(0 1270140 13701 2). O
8.10. Lemma. Any normal subgroup of A, containing a 3-cycle is A,.

Proof. (0 1 3)=(0 1)(2 3)(0 1 2)7 (2 3)(0 1). O

8.11. Lemma. If n > 4, then a normal subgroup of A, contains a 3-cycle, provided
it has a non-trivial element whose factorization into disjoint cycles contains one of the
following:

(1) a cycle of order at least 4;

(2) two cycles of order 3;

(3) only one 3-cycle, and no cycles of order at least 4; or

(4) no cycles of length 3 or more.

Proof. Suppose N < A,, and o7 € N, where o and 7 are disjoint products of disjoint
cycles. For any ( in A,, we have

((om)(THEN,
whence ((o7)("1(o7)™! € N. Assume ( is disjoint from 7. Then
Co¢ o7t = (o) o) €N
So it is enough now to note the following:
(@O 1201 ... r=1)(0 1270 1..r=1)"=
(0 1 3),ifr >4
(2) (01301 23450137345 (0127 =
(014 2 3).

(3) If 7 is disjoint from (0 1 2),then (0 1 2)7)2=(0 1 2)7" 72
(4) We can eliminate all but two transpositions, since

(0120 1)(23)@©0 1 27 (2 3)0 1)=(0 2)1 3).
Also (002 4)(0 2)(1 3)(0 2 47" (1 3)(0 2)=(0 4 2).
This completes the proof. O
8.12. Theorem. A, is simple if n # 4, but Ay is not simple.

Proof. Ay and A, are trivial, and Az = Z/(3), while A, has the normal subgroup

((01)(2 3),(00 2)(1 3),(0 3)(1 2)).

The case when n > 4 is handled by the previous lemmas. U
Here’s a way to prove that As is simple by counting and using the following

8.13. Lemma. If N < G and x € G, and the index of N in G and the order of x are
finite and relatively prime, then x € N.

Now, As has 5!/2 or 60 elements, namely:
1 identity;

15 products (a b) (c d);

20 cycles of order 3;

24 cycles of order 5.
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Suppose N < As, so |N| divides 22 - 3 - 5:

e If |N| is a multiple of 3, then [A5 : N] is prime to 3, so N contains all 3-cycles,
hence all elements of As.

e If |N| is a multiple of 5, then [A5 : N] is prime to 5, so N contains the 24 cycles
of order 5, and again N must be As.

e If |N|is a multiple of 4, then [A5 : N] is prime to 4, so N contains the 15 products
(a b) (c d), and N = As.

e If IN|=2,then N =((a b) (¢ d)), but this is not normal.

The dihedral group D, is the subgroup
(01 . n=1), I[ G n—i));
0<i<n/2

it can be seen as the group of symmetries of a regular n-gon.

8.14. Theorem. If n > 2, then D, is the unique group (up to isomorphism) with two
generators a and b such that |a| = n and |b| = |ab| = 2; the group has order 2n.

Proof. D,, does meet the given discription. Suppose G does. Since abab = 1, we have
ba = a'b and ba~' = ab, whence ba” = a~"b for all integers r. Hence G = {a'V’: (1,7) €
n x 2}. Suppose a’t’ = 1, where (i,5) € n x 2. Then a’ = ¥/, so a* = 1, which means
2i € {0,n}. So if n is odd, then (i,7) = (0,0). If n = 2m, then aa™aa™ = a* # 1, so
i # m, and again (i, j) = (0,0). d

9. THE CATEGORY OF GROUPS

For any two groups G and H there is a set
Hom(G, H)
comprising the homomorphisms from G to H. There is a map

(9, f)—gof
from Hom(H, K) x Hom(G, H) to Hom(G, K), and there is idg in Hom(H, H), such that
idgof=f goidg=g, ko(gof)=(kog)of
whenever these equations make sense. Therefore groups with their homomorphisms com-
pose a category.
A category can be seen as a kind of graph, according to one definition of the term,
namely: a graph & is a quadruple
(G07 Gla t? h)7
where Gy and G are classes, and ¢ and h are functions from G; to Gy. We may refer to

each element of GGy as a node, and to each element of G; as an arrow. If a is an arrow,
then t(a) is its tail, and h(a) is its head, and a is an arrow from t(a) to t(b). If f is

an arrow from A to B, we may write f: A — Bor A L. B. One might like to require
the arrows from A to B to compose a set. We can define

Gy ={(§n) € G*: t(§) = h(n)};
this is the class of paths of length 2. More generally,

G = {€€ Gt A\ 1(&) = hi&i) |-

<n
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Suppose € is a graph, and
Aridy: Co— Cy and  (f,g)+— fog: Cy— Cy,
where t(id4) = h(ids) = A, and t(f o g) = t(g), and h(f o g) = h(f), and
foidg=f, idiog=g, fo(goh)=(fog)oh
whenever these make sense. Then € is a category. The arrows of a category are also
called morphisms. The morphism f o g is the composite of f and g.

A category is concrete if each of its objects has an underlying set, and the morphisms
are maps in the way suggested by the notation.

9.1. Example. The class of sets, with the class of functions, is a concrete category.
Not all categories are concrete:

9.2. Example. If GG is a group, then its elements can be considered as objects of a category

in which Hom(a, b) = {ba~'} and id, =1 and co d = cd.
In a category, a morphism f is an isomorphism if
go f=idyp and fog=idyy
for some morphism ¢; then ¢ is an inverse of f.
9.3. Lemma. In a category, inverses are unique.

Proof. If g and h are inverses of f, then g = goidyy) = go(foh) = (go f)oh =
idy(s) o h = h. 0

If it exists, then the inverse of f is f~!. It is immediate then that (f=1)~' = f.
Let I be an index-set, and let i range over this. For any class D, let D be the class of
functions from I to D. If it exists, a product of an element A of Cy’ is an element of

Cy x C,!, denoted by
(IT4.7)

o HA — Aj;,
and whenever (B, f) € Cy x C;! and f;: B — A;, then g: B — [ 4, and
miog=f;

or ([T;c; Ai, (mi: i € I)), where

for each ¢ in I, for some unique g.

HAL)AZ.

A
3r:

B

The morphisms 7; are the canonical projections.
9.4. Lemma. Products are unique when they exist.

(One can define commutative diagrams formally. A diagram is a homomorphism from
a graph to a category. One then thinks of the diagram as the graph with its nodes and
arrows labelled with their images in the category. The diagram is commutative if every
path in the graph with the same tail and head is sent to the same morphism in the
category.)
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9.5. Theorem. The category of groups has products. In fact,
I
iel iel

Proof. 1t is clear that [[G is a group. Suppose f;: H — G;. Then we can define a
homomorphism h from H to [[ G by

h(x); = fi(x),
that is, m;(h(z)) = fi(x), that is, m; o h = f;. Thus h is the unique homomorphism
satisfying the last equation. O

Every category € has a dual category, €*, in which the arrows are reversed, so that
t(f)=nf), K (f)=t(f), go'f=Ffoyg, idj=ids
A co-product or sum in a category is a product in the dual and may be denoted by
(H A, L) or (Z A, L);
the maps ¢; are the canonical injections.
[TA<— 4
% fi
B
9.6. Theorem. Sums exist in the category of abelian groups. In fact,

Proof. Tt is clear that > G is a group. Suppose f;: G; — H. Then we can define a
homomorphism A from > G to H by
= filg)-

icl
Then h is a well-defined homomorphism, and
h(zi(g)) = fi(g)

when g € G, that is, h ot; = f;. This condition determines h as a homomorphism. [J

Suppose F'is an object in a concrete category and A is a set. Then F' is called free
on A if there is a map ¢ from A to F', and for any map f from A to an object, there is
a unique morphism f from F to the object such that foi = f: that is, the following
diagram commutes (although the nodes and arrows are from the category of sets):

A—F

\3!
\

B
9.7. Theorem. The category of groups has free objects on all sets.
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Proof. Let A be a set, let z — 27! be a bijection between A and a disjoint set, let x + 21
be the identity on A, and let x — —x be the non-trivial permutation of {+1,—1}. Let
F be the set of all finite sequences whose terms are a®!, where a € A, and in which a™*!
and a~! are never adjacent. Then F is a group when the product is defined by

(af(mfl) . ag(O))a)g( bC(n 1)) f(mfl) . aj-(j)bjc-(j) . bi(_nfl),

m— am—

where j is maximal such that ae( =b, ‘0 \when i < j. Then F' is a group (in which the
identity is the empty sequence), and F is the free group on A. O

Elements of the free group on A are reduced words on A. (A word on A is just a
finite sequence whose terms are a*! or 1.)

9.8. Theorem. The category of abelian groups has free objects on all sets.

Proof. The free abelian group on Ais ), , Z, into which A maps by the function f given

by
1, ifi=ux;
@) = {o, iti+a

Indeed, if ¢ is a map from A into an abelian group G, then we have
E ) & gli)
i€A
from ) .., Z to G, and this is the unique function g such that go f = g. U

The free product of a family (G;: i € I) of groups is defined in the way F' is in the
proof of Theorem g.7: it is the set, denoted by

*
11 ¢
el

of sequences of non-identity elements of the G;, no two adjacent entries being from the
same group. (So the groups are considered to be disjoint, except for their identities.)

Multiplication on H G, is defined in the obvious way: it is juxtaposition, followed

by multiplication of adJacent terms from the same group, with identities deleted.

9.9. Theorem. Co-products exist in the category of groups; in fact,

iel iel
and the t; are the obvious injections.
Proof. Suppose f;: G; — H. We can define h from H*,GI G; to H by

h(.gO T gm—l) = fn(O) (90) T fn(mfl) (gm—l)a

where g; € G- Then h is unique such that h o = f;. Ll
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10. PRODUCTS OF GROUPS

Strictly speaking, a product [],., G; is the product, not of the set {G;: ¢ € I}, but
of the ‘indexed set’ or function (G;: i € I); however, not all writers observe this. For
example, if I = 2, then (G;: i € I) might be (G, G), with product G x G; but {G;: i € I}
would be {G}, and G is not G x G.

Instead of [],_, G:, we may write

Go X -+ X Gy,

or Gog@ ---® G, if the groups are abelian.
In the general case, the set

{gGHGZ’: |{i€]:gi7é1}\<oo}
il
is the weak direct product of (G;: i € I) and is denoted by

HW Gi;

il

<n

but in the abelian case this is just the direct sum
S
iel

Note that weak direct products are not sums in the category of groups.

1'0.1. Theorem. H s G; Hiel G, and the natural image of each G; in H s G
s also normal.

10.2. Lemma. If M and N are normal subgroups of G, and MNN = (1), then mn = nm
for allm in M and n in N.

1

Proof. The group-element mnm~1n~! can be analyzed as the element

(mnm ™ Hn~*

1 O

of N and as m(nm~'n~') in M; so it is 1, which means mn = (m~'n~ nm. d

10.3. Theorem. If N; < G for each i in I, and
= ()
iel
while
ij< U NZ>:<1>7

i€I~{j}

then G = Hwiel N;.

Proof. By Lemma 10.2, there is an obvious homomorphism from HW, ; N; into G. 1t is
(S

w
surjective, since the N; generate G. It is injective, since if n € N; and m € H eI N;
ISIAN ]

and nm = 1, then n = m™!, so n is also in <Uiel\{j} Ni> and is therefore 1. O

In the conclusion of the theorem, GG is the internal weak direct product of the N;.
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11. PRESENTATION OF GROUPS
11.1. Theorem. FEvery group is isomorphic to a quotient F'/N, where F' is a free group.

Proof. Let F be the free group on GG and let N be the kernel of the induced homomorphism
from F onto G. O

The normal subgroup generated by a subset of a group is the intersection of the
normal subgroups that include the subset. If A is a set, F' is a free group on A, and
B C F, let N be the normal subgroup of F' generated by B. Then the group F/N is the
group on A with relations B, denoted by

(A] B).

Note that, strictly, this group is generated by the image of A, not by A itself; indeed, the
natural map from A into (A | B) need not be injective.

11.2. Theorem (Dyck3). If F' is a free group on A, and B is included in the kernel of
an epimorphism f from F into a group G (that is, the relations B hold in G), then f
factors through (A | B).

r f
\L 7
(4] B)
In particular, f = g o h, where h is an epimorphism from (A | B) onto G.

G

11.3. Example. If F' is the free group on A, then F' = (A | @).
11.4. Example. Z/(n) = (a | a").
11.5. Example. D,, = (a,b | a", V?, (ab)?).

3Walther von Dyck (1856-1934) gave an early (1882—3) definition of abstract groups [2, ch. 49, p. 1141].
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Part 2. Analysis of groups
12. Two
An involution is an element of order 2 in a group.
12.1. Lemma. A group of even order contains an involution.
Proof. Let A= {x € G: z # z7'}. Then
Gl =|Al+ 1+ {z € G: |z| =2}].
Now, |A| is even. If also |G] is even, then {g € G |g| = 2} must be non-empty. O

12.2. Theorem. A group of order twice an odd number contains a subgroup of index 2
(the subgroup is therefore normal).

Proof. Say |G| = 2m; then G contains an element g of order 2. We the embedding = — A,
of G in Sym(G); we can identify G with the image of this embedding. Now, A, is the
product of m disjoint 2-cycles, an odd permutation. Hence the even permutations in G
compose a subgroup of index 2. (That is, the homomorphism = — sgn(z) from G to
{£1} is surjective.) O

13. FINITELY GENERATED ABELIAN GROUPS

A general problem now is to classify all groups: to find reasonable functions on the
class of groups whose values at a given group determine the group up to isomorphism.

The problem is made easier if we restrict attention to a sub-class of groups: say, first,
finitely generated abelian groups.

13.1. Lemma. Suppose G is an abelian group generated by the subset A U B, where the
elements of A have finite order, and elements of B, infinite order. Then G is the direct
sum (A) @ (B).

Proof. Since G is abelian, all elements of (A) have finite order, but all nontrivial elements
of (B) have infinite order. Hence (A) N (B) = (0), so Theorem 10.3 applies. O

13.2. Remark. The proof fails if G is not abelian: (a,b | a?,b*) has elements of infinite
order, and {c, d | (cd)?) has nontrivial elements of finite order, but is generated by elements
of infinite order.

A basis for a free abelian group is a subset on which the group is free (in the natural
way). That is, suppose F' is free abelian, and A C F'. Then A is a basis of I if and only
if the induced homomorphism from » _, (z) into F' is an isomorphism. We may then
write F' =" _, (). (However, this notation makes sense even if A is not a basis of F.)

The following three lemmas are based on |3, I, § 7].

13.3. Lemma. If G and F' are abelian groups, F' being free, and if ¢ is an epimorphism
from G onto F, then G = H @ ker ¢ for some subgroup H of G that is isomorphic to F
under ¢.

Proof. Let A be a basis of F', and let B be a subset of G mapped bijectively onto A by
¢. Then let H be (B). O

13.4. Lemma. A subgroup of a free abelian group on a finite set is free.
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Proof. The claim is true for free groups on singletons. Suppose it is true for free groups on
sets of size n. Let F be free on {x, ..., x,}, and say G < F. Let ¢ be the restriction to G
of the epimorphism )" ¢;z; + ¢, from F to Z. By the previous lemma, G = H & ker ¢,
where H is infinite-cyclic; by inductive hypothesis, ker ¢ is free. U

13.5. Lemma. An abelian group generated by finitely many elements, all of infinite order,
18 free.

Proof. Let A be a finite set of generators of the abelian group G, all elements of A having
infinite order. Let {x;: i < n} be a maximal subset of A such that

Zc,.xi:o — /\ci:()
i<n i<n
for all ¢; in Z. Hence, for every u in A, there are integers ¢; and d in Z such that
Z cr; +du=0
i<n
and u # 0. Let F' be (z;: ¢ <n); then F is free. Since A is finite, we have dG < F for
some integer d. By the previous lemma, dG must be free; but this is isomorphic to G. [J

13.6. Lemma. Any finitely generated abelian group is the direct sum of a free group and
a finite group.

Proof. Any generating set of an abelian group G can be written AUB, where the elements
of A have finite order, and the elements of B, infinite. Then G = (A) & (B). If A and B
are finite, then (B) is free by the previous lemma, and (A) is finite. O

Now we want to analyze finite abelian groups.

13.7. Lemma. If G is finite abelian, and p is a prime dividing |G|, then G has an element
of order p.

Proof. Suppose the claim holds when |G| < |H|, and p divides |H|. Let = be a non-trivial
element of H. If p divides |z|, then (|z| /p)x has order p. Suppose p does not divide |z|.
Then p divides |G/(x)|. By inductive hypothesis, G/{x) has an element u + () of order
p. Then pu € (z), so p divides |u|, whence (|u| /p)u has order p. O

13.8. Lemma. If G is abelian and |G| = nony, where ged(ng,ny) = 1, then G = Hy @ H,

for some subgroups H; such that |H;| = n;.

Proof. Let H; = {x € G: n;x = 0}; this is a subgroup of G since G is abelian. There are
integers a; such that
agng + a1,y = 1.
Hence we have
r€ HNHy = noxr =0=nz = x = (agno + ayn1)z =0
for all z in GG; also
x = (apno + a1ny)x = agnox + aynix € Hy + H,.
Therefore G = Hy & H,. Finally, suppose if possible that p divides both |H;| and n;_;.

Then H; has an element x of order p, but x is also in H;_;, so x = 0, which is absurd.
Hence |H;| divides n;, so it is n;. O

By induction, we now have
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13.9. Theorem. If G is abelian and |G| = HK”p?(i), where (p;: 1 < n) is a tuple of
distinct primes, then
G-y,

<n
where |H;| = p™¥.
13.10. Theorem. If G is abelian and |G| = p", then G is a direct sum of cyclic groups.
Proof. By induction on |G|, we shall show that if ¢ is an element of G of maximal order,
then
G={(9)®H
for some subgroup H of G. There are two cases:

Suppose first that (g) contains all elements of G of order p. The order of g is p¢ for
some e. Let ¢ be the endomorphism x — px of G. Then ker ¢¢ = GG, by maximality of
lg|. But also, ker ¢ < (g), and therefore ker ¢ is (p®~'g), which has order p, which means
|ker ¢¢| = p°®. Therefore G = (g).

Now suppose on the contrary that G has an element h of order p that is not in (g).
The order of any u in G is at least as great as the order of w + (h) in G/ (h). The order
of g+ (h) is |g|—and is therefore maximal—since if mg € (h), then mg is in (h) N (g),
that is, (0). By inductive hypothesis then,

G/ (h) =g+ () & H/(h)
for some subgroup H of G. Then G = (g) + H, and in fact the sum is direct, since
ze€{g)NH = z+(h) € {g+ (h)) NH/(h) = (h),
soif 2z € (g) N H, then z € (g) N (h) = (0). O

13.11. Theorem. A cyclic group of prime-power order has no proper non-trivial direct
summand.

Proof. All elements of >, Z/(p®®) have order dividing p’, where b is the maximum of
the a(7). O

So now the number of non-isomorphic abelian groups of a given finite order depends
on the prime factorization of that order. In particular, the number of order p™ is the
number of ways to write n as a sum:

13.12. Example. 400 =2*-5%, and4=14+3=2+2=1+1+2=1+1+1+1, while
2 =1+1, so there are 5 - 2 or 10 non-isomorphic abelian groups of order 400.

13.13. Theorem. If ged(m,n) =1, then Z/{(m) & Z/(n) = Z/{mn).
Proof. If g+ (mn) is in the kernel of 4+ (mn) — (z + (m) ,z + (n)), then both m and n

divide g, so mn divides g. So the map is injective; by counting, it is surjective. U
13.14. Theorem. Any finite abelian group can be written
<n

where m; divides myyq.
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14. ACTIONS OF GROUPS

See Appendix A for an alternative development.
An action of a group G on a set A is a homomorphism from G to Sym(A); equivalently,
it is a map

(z,8) — x§
from G x A to A such that la = a and (gh)a = g(ha). (Strictly, we have defined a left
action.)
14.1. Example. Sym(A) acts on A in the obvious way.
14.2. Example. Left-multiplication, z — A, from G to Sym(G), is an action.
If G is a group, then the subgroup of Sym(G) comprising the automorphisms of G' can
be denoted by
Aut(G).
If g € G, then conjugation by g is the automorphism
T — gxg_l.
Then G acts on itself by conjugation.
If G acts on A, and a € A, then:

e the subset {z: za = a} of G is the stabilizer of a, denoted by G,;
e the subset {za: x € G} of A is the orbit of a, denoted by Ga;
e the subset {z: G, = G} of A can be denoted by A.

14.3. Lemma. Suppose G acts on A, and a € A. Then:

(1) G, < G;

(2) [G 2 Ga] = |Gal;

(3) the orbits partition A;

(4) if there are finitely many orbits, then

Al = Ao + Y _IG : Gy
i<n
(the class equation) for some g(i) in G whose orbits are non-trivial.

If G is understood to act on itself by conjugation, and g € GG, then:

e GGy is C(G), the center of G;
e G, is Cg(g), the centralizer of g.

So the elements of the center of the group commute with all elements of the group; in
particular, the center is abelian and is a normal subgroup. The centralizer of g is the
largest subgroup H of GG such that ¢ is in the center of H.

A p-group is a group whose order is a power of p.

14.4. Lemma. If A is acted on by a p-group, then |A| = |Ag| (mod p).

Proof. In the previous lemma, [G : G ] is a multiple of p in each case. U
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15. FINITE GROUPS
15.1. Theorem. FEvery non-trivial p-group has non-trivial center.
Proof. By the last lemma, we have
G =[C(G)]  (mod p),
so p divides |C(G)|. Since C(G) contains one element, it contains at least p of them. [
15.2. Theorem. All groups of order p* are abelian.

Proof. Let G have order p?>. Then either C(G) is all of G, or else |C(G)| = p, by the

previous theorem. In any case, there is a in GG such that
G = ({a} UC(G)).
Then every element of G has the form a™h for some n in Z and h in C(G). But
(@™h)(a"h') = a™a"hh' = a"a™h'h = (a"h')(a™h),
so (G is abelian. U
15.3. Theorem (Cauchy). If p divides |G|, then |g| = p for some g in G.
Proof (J. H. McKay [4]). Let A={zx € GP: xy---xpy =1}. If a € A and k < p, then
(a0 ar—1)"" = ap- - ap_1,

hence we have an action
(57 :1;) — 1:5 “ee 'Tpflm() oo 155—1

of Z/(p) on A, and Ay ={zr € A: 29 =--- = x,_1}. Now, the map

T (0, Ty, (To Tp2)")
from GP~! to A is a bijection, so |A| is a multiple of p; hence |Ay| is a multiple of p, by
Lemma 14.4. Since Ay contains (1,...,1), it contains some (a, . ..,a), where |a| =p. O

15.4. Lemma. A group is a p-group if and only if the order of every element is a power
of p.

Proof. If ¢ is a prime dividing |g|, then ¢ divides |G|. Conversely, if ¢ divides |G|, then G
has an element of order /. O

Hence the definition of p-group can be generalized, so that an infinite group is a p-group
if the order of its every element is a power of p.

A p-subgroup is a subgroup that is a p-group. A Sylow p-subgroup is a maximal
p-subgroup.

If H < G, then the set {r € G: xtHx™' = H} is the normalizer of H in G, denoted
by

Ne(H);

it is the largest subgroup of GG of which H is a normal subgroup.

15.5. Lemma. If H is a p-subgroup of G, then
G H) = [No(H) : H] (mod p).
Proof. Let H act on the set G/H of cosets by left multiplication. Then
(G/H)o = Ng(H)/H,

since the following are equivalent:
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g 'Hg = H,

Now use Lemma 14.4. O

15.6. Theorem (Sylow I). Of a finite group, every p-subgroup is included in a Sylow
group, whose index is not a multiple of p.

Proof. Suppose GG has a p-subgroup H whose index is a multiple of p. By the lemma,
p divides [Ng(H) : H]. By Cauchy’s Theorem, since Ng(H)/H is a group, it has a
subgroup K/H of order p. So K is a p-subgroup of G that includes H. Repetition yields
the claim. U

15.7. Theorem (Sylow II). All Sylow p-subgroups are conjugate.

Proof. Say H and P are p-subgroups of GG, where P is maximal. Now, H acts on the set
G /P by left multiplication. Then the following are equivalent:

(1) 2P € (G/P)o;

(2) haP = zP for all h in H;

(3) ™ 'Hx C P;

(4) H C xPx 1.
Since [G : P] is not a multiple of p, the claim follows by Lemma 14.4. O

15.8. Theorem (Sylow III). The number of Sylow p-subgroups of a finite group is con-
gruent to 1 modulo p and divides the order of the group.

Proof. Let A be the set of Sylow p-subgroups of a finite group G. Then G acts on A by
conjugation. Let H € A. Then the orbit of H is precisely A, and the stabilizer of H is
N¢(H). Hence
(G : Na(H)] = |A],
so |A] divides |G].
Now consider H as acting on A by conjugation. Then
|A| = |Ag| (mod p).

The following are equivalent:

(1) P e Ao,

(2) H < Ng(P);

(3) H is a Sylow subgroup of Ng(P).
But P < Ng(P), so P is the unique Sylow p-subgroup of Ng(P). Therefore

[Al=1 (mod p),
since Ay = {H}. O

15.9. Lemma. Suppose p and q are distinct primes such that ¢ 21 (mod p), and |G| =
pq. Then G has a unique Sylow p-subgroup, which is therefore normal.

Proof. Let A be the set of Sylow p-subgroups of G. Then |A| =1 (mod p), so |A] is not
q or pg; but |A| divides pg; so |A] = 1. O



26 DAVID PIERCE

15.10. Theorem. Suppose p and q are primes such that ¢ Z 1 (mod p) and p < q, and
|G| = pq. Then G is cyclic.

Proof. By the Lemma, GG has normal subgroups of orders ¢ and p; their intersection must
be trivial, so their product is G. U

15.11. Lemma. (Z/(p))* = Z/(p — 1).
Proof. (Z/{p))™ is isomorphic to

> 2/ (mi) @ Z/(k),
<n
where m; divides m;, 1, and m,_; | k. Hence every element of (Z/(p))™ is a solution of
Xh=1.
But this polynomial can have at most k solutions in Z/(p), since this is a field. Hence
p—1<k,sop—1=k,and n=0. U
Suppose N and H are groups, and x +— o, is an action of H on N. For all n and n in
N, and g and ¢’ in H, we have
A0 0G0 Ny 00y =N\, 00,0A 00,100,400y
= A 0 Agy(n/) © 04 0 Oy
= )\n.gg(n/) 0 0g.g4-
Hence there is a group-structure on N x H with multiplication given by
(n,9) - (n',g") = (n-0o4(n), g ).
(This is so, even if x +— o, is not injective.) The group itself is the semi-direct product
of N and H with respect to o, and it can be denoted by

N x, H.

The images of N and H in this group have trivial intersection, and the image of N is a
normal subgroup.

A special case arises when N and H are already subgroups of some group G. If
H < Ng(N), then N < (N UH), so the latter group has the universe NH. If also
NN H = (1), then NH has the structure of an internal semi-direct product, which
can be denoted by

N x H;

it is isomorphic to N x, H, where
o,(n) = gng™".

15.12. Example. Every automorphism of Z/(n) is  — a - x for some a that is prime to
n. Let ¢ be the order of this automorphism. Then there is an action x — o, of Z/(t) on
Z/{n), where oy is  — a - x. We can therefore construct

Lf(n) Xq L] (L),
where the multiplication is given by
(ZE, y)($,7 y,) = (‘T +a? - Ij: Y+ y/)

15.13. Lemma. For every prime p, for every prime divisor q of p — 1, there is a unique
non-abelian semi-direct product Z/(p) x Z/{q).
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Proof. As (Z/{p))™ is cyclic, it has a unique subgroup G of order ¢q. As ¢ is prime, every
non-trivial element of G is a generator. If a € G \ {1}, let x +— o, be the action of Z/(q)
on Z/(p) that takes 1 to x +— a - z. Then we can form

Z/(p) o Z/(q)-

If Z/{p) x, Z/{q) is some other non-abelian semi-direct product, then 71 is  +— b - x
for some b in G \ {1}. But then 0" = a for some n, so there is an isomorphism from
Z/{p) X, Z/{q) to Z/{p) X, Z/{q) that takes (z,y) to (z,ny). O

15.14. Theorem. Suppose p and q are prime, with p =1 (mod q), and |G| = pq. Then
either G is cyclic, or G is the non-abelian semi-direct product Z/{p) x Z/{(q)-

Proof. Since ¢ Z 1 mod p, the group G has a unique Sylow p-subgroup N, which is a
normal subgroup of order p. But G also has a subgroup H of order q. Then G is the
internal semi-direct product N x H. O

16. NILPOTENT GROUPS

The commutator of two elements a and b of GG is the element
aba"tb71,
denoted by [a, b]. Then
C(G)={g € G:Vz [g,z] = 1}.

We can generalize this definition, letting
Co(G) = (1),
Cri1(G)={g € G:Vz [g,z] € C,(G)}.
Then C(G) = C4(G), and
Co(G)={9g€G:Va; ..V, [...[g,x1],... 2] = 1}.
16.1. Lemma. C,(G) < G and C,(G) < C,11(G) and
Cnt1(G)/ Cu(G) = C(G/ Co(G)).
Proof. We have Cy(G) < G. Suppose Ci(G) < G. Then the following are equivalent:
(1) 9 € Cra(G);
(2) Va [g,2] € Ci(G);
(3) Vo grg~'a™! € Ci(G);
(4) Vo Cip(G)gz = Cy(G)ay;
(5) Ci(G)g € C(G/ Ci(G)).
Thus Cx(G) < Cr41(G), and Ci11(G)/ Cr(G) = C(G/ Ck(G)); in particular,
Cr1(G)/ Ce(G) LG/ Ci(G),
so Ck11(G) € G. O
So we have the ascending central series of G:
(1) L C(G) € Co(G) € G5(G) <
A group is called nilpotent if this series reaches the group itself. So an abelian group is
nilpotent, since its center is itself.

16.2. Theorem. Finite p-groups are nilpotent.
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Proof. Suppose G is a p-group. If H is a proper normal subgroup of G, then G/H is a
non-trivial p-group, so it has a non-trivial center. Therefore the ascending central series
of G is strictly increasing, until it reaches G itself. O

16.3. Theorem. A finite direct product of nilpotent groups is nilpotent.
Proof. The definition shows

C, (H Gi> =T c.(c.
iel el
If I is finite, and each C,(G;) reaches G; for some n, then so must C,(G). O
16.4. Lemma. C,(G) < H < C,11(G) = C,11(G) < Ng(H).

Proof. Say a € C,,1(G). If h € H, then [a,h] € C,(G), so aha™* € C,(G)h C H.
Therefore aHa™' C H, so a € Ng(H). O

16.5. Lemma. If G is nilpotent, and H < G, but H # G, then H # Ng(H).

Proof. Let n be maximal such that C,(G) < H. Then C,41(G) \ H is non-empty, but
contains members of Ng(H). d

16.6. Theorem. A finite group is nilpotent if and only if it is the direct product of its
Sylow subgroups.

Proof. Suppose G is a finite nilpotent group, and P is a Sylow p-subgroup. We shall
show that P < G. To do this, it is enough to show Ng(P) = G. To do this, it is enough
to show Ng(Ng(P)) < Ng(P). To do this, note that, as P < Ng(P), so P is the unique
Sylow p-subgroup of Ng(P). Hence, in particular, for any = in G, if xPx~1 < Ng(P),
then zPx~! = P, so z € Ng(P). But every z in Ng(Ng(P)) satisfies the hypothesis.

Let I comprise the prime divisors of |G|. For each p in I, the group G has a unique
Sylow p-subgroup, P,. Then the homomorphism

(xp:pel)— pr
pel

from [[ _; P, to G is a well-defined isomorphism. g

pel

17. SOLUBLE GROUPS

The commutator subgroup of a group G is the subgroup

([z,9]: (z.y) € G*),
which is denoted by G.

17.1. Theorem. G’ is the smallest of the normal subgroups N of G such that G/N is
abelian.

Proof. If f € Aut(G), then f(G') < G'. In particular, xG'z™! < G’ for all z in G} so
G' <4 G. Suppose N < G then the following are equivalent:

(1) G/N is abelian;

(2) N = [#N,yN] = [z,y]N for all (z,y) € G*%

(3) G"<N.
This completes the proof. O
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We now define the derived subgroups G™ of G by

GO =a,
G(n+1) _ (G(n))/'

We have a descending sequence
GBG/BGm);...'
The group G is called soluble if this sequence reaches (1).

17.2. Theorem. Nilpotent groups are soluble.

Proof. Each Cg11(G)/ Ci(G) is a center (of some group, namely G/C(G)), so it is
abelian, and therefore

Crr1(G) < Cr(G).
Suppose G is nilpotent, that is, G < G < C,(G) for some n. If also

for some k in n, then
G = (GW) < Cpr(G) < Co ) (G)
By induction then, G™ < Co(G) = (1). O

The proof can be seen as the construction of the following commutative diagram, in
which the arrows are inclusions:

! el GG <

R
|

CalGY = Cua(G) —— CoalGY <

i | |

CH(G> - Cn—l(G) <~ Cn_Q(G) -~ Cn_g(G) s

17.3. Lemma. Solubility is preserved in subgroups and quotients. If N < G, and N and
G/N are soluble, then G is soluble.

Proof. Suppose f is a homomorphism from G to H. Then f(G™) < H™ with equality
is f is surjective. In particular then:

e If H is soluble, and f is an inclusion, then G is soluble.
e If G is soluble, and f is the quotient-map onto G/N, then this is soluble.

If (G/N)™ = (1), then G < Nj if also N™ = (1), then G"*+™) = (1). O

17.4. Theorem. Groups with non-abelian simple subgroups are not soluble. In particular,
Sym(5) is not soluble if n > 5.
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18. NORMAL SERIES

A normal series for a group G is a decreasing chain
G=G G >G> .

(If one wants to distinguish, one may call this a subnormal series, normal if each G; is
normal in G.) The factors of the normal series are the quotients G;/G;1. If G, = (1)
for some n, then the series is called

e a composition series, if the factors are simple;
e a soluble series, if the factors are abelian.

18.1. Example. If G is nilpotent, then the series
(1) QC(6) < Co(G) <+~ <4 G
is a soluble series. If GG is soluble, then the series
GG eGP (1)
is a soluble series.
18.2. Theorem. FEvery finite group has a composition series.

Proof. A finite group G has a maximal proper normal subgroup N (which need not be
unique); then G/N is simple. O

(Every group has maximal proper normal subgroups, by Zorn’s Lemma.)
18.3. Theorem. Groups with soluble series are soluble.
Proof. If the series

GGGl -G, = (1)

is soluble, then G < G; in each case. OJ

As a normal series, a composition series is maximal in that no distinct term can be
inserted, that is, an inserted term introduces no new non-trivial factors.

In a soluble series for a finite group, terms can be added so that the non-trivial factors
are cyclic of prime order.

Any normal series is equivalent with the series that results when all repeated terms
are deleted (so that all trivial factors are removed). Then two normal series

Gi(0) = Gi(1) = Gi(2) &= --- = Gy(n)
(where i < 2) with no trivial factors are equivalent if there is o in Sym(n) such that
Go(i)/Goli +1) = Gi(0(4))/Gr(o(i + 1))
for each 7 in n.

18.4. Lemma (Zassenhaus or Butterfly). Suppose N; < H; < G for each i in 2. Let
H= H() N Hl. Then:

(1) Nz(Hl N lei) g NZH fOT’ each i,’

(2) the two groups N;H/N;(H; N Ni_;) are isomorphic.
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7
S

N Ny Hyn N
H. Let
K = (HoN Ny)(Hy N Np);
then K < H. It is now enough to exhibit an epimorphism from N;H onto H/K with
kernel N;(H; N Ny_;). lf n,n’ € N; and h,h' € H and nh’ = n'h, then
Fht=n"'n"e NNNnHLKK,
so that Nh = Nh'. Hence there is a well-defined homomorphism f from N;H into H/K

that, when (n,h) € N; x H, takes nh to Kh. That f is surjective is clear. Moreover, the
following are equivalent:

(1) nh € ker f;
(2) h e K;
(3) h = ngny = nyng for some n; in Hy_; N N;

1

H
Proof. We have H; N N;_; &

Also, (3) implies nh € N;(H; N Ny_;). Conversely, suppose this last statement holds.
Then also h € N;(H; N N,_;), so h = n'h/ for some n’ in N; and b’ in H; N N;_;. Then
n' =h(h)™t € Hy_;, son’ € H_; N N;, and therefore h € K. O

18.5. Theorem (Schreier). Any two normal series have equivalent refinements.

Proof. Suppose that
G=G(0)BG1) BB Gi(n) = (1),
where 7 < 2, are normal series for G. In particular,
Gi(j+1) QGi(j) < G
Define
Gi(j, k) = Gi(j + 1)(Gi(j) N G1—(k)),
where (7, k) € n; x ny_;. Then
Gi(j) =Gi(J,0) B Gi(4,1) B - B Gi(j,m- — 1) B Gi(j,m—) = Gi(j + 1),
giving us normal series that are refinements of the original ones; but also
Go(J,k)/Go(j, k + 1) = Gi(k, )/ Gi(k, j + 1),
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completing the proof. O

18.6. Theorem (Jordan—Holder). Any two composition series of a group are equivalent.
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Part 3. Rings
19. RINGS

A ring is a structure (%R, ) such that:

e ‘R is an abelian group;

e (R,-) is a semi-group;

e Vo VyVz(x-(y+2)=ay+zz& (z+vy) z=2xz+yz).
That is, a ring is an abelian group with a multiplication, that is, an associative operation
that distributes over addition. An identity in the ring is a multiplicative identity: an
element 1 such that (R,-,1) is a monoid. A ring is commutative if the multiplication
is commutative.

19.1. Example. Z/(n) is a commutative ring (with identity) for all n in Z.

19.2. Example. The set M,(Z) of n x n matrices with entries from Z is a ring with
identity, non-commutative if n > 1.

19.3. Example. The set of continuous functions on R with compact support is a com-
mutative ring without identity.

A ring-homomorphism has the obvious definition: a group-homomorphism preserv-
ing multiplication. A homomorphism of rings-with-identity preserves the identity.

For an abelian G, let End(G) be the set of endomorphisms of G, that is, homomor-
phisms from G to itself.

19.4. Lemma. If G is an abelian group, then End(G) is an abelian group with addition
given by

(f +9)(@) = f(z) + g(z),
and (End(G), o,id¢) is a ring with identity. The map taking an integer n to the map x —
nx from G to itself is a homomorphism from the ring-with-identity Z to (End(G), o,idg).

The symbols 0 and 1 can stand for integers or ring-elements, but there is no ambiguity.
For ring-elements x we have 1-x = x = 1z by definition. Also:

19.5. Lemma. If x is a ring-element, then 0 -x = 0. If y is also a ring-element, and
n € Z, then nx -y =n(z-y) =z - ny.

If a is a ring-element, then we can let A\, be the map x + a - x from the ring to itself.

19.6. Lemma. Let (R,-) be a ring. Then the map x — A\, is a homomorphism from
(R, -) into (End(fR), 0); it preserves the identity, if the ring has one.

The characteristic of a ring R is the non-negative integer n such that Z/(n) is the
kernel of the homomorphism from Z to End(R). This kernel is the kernel of n — nl, if
R has an identity.

19.7. Example. If 0 < n, then Z/(n) has characteristic n.

19.8. Theorem. Any ring embeds in a ring with identity; the latter ring can have the
characteristic of the former, or characteristic 0.

Proof. Suppose R is a ring of characteristic n. Let A be Z or Z/(n), and give A @ R the
multiplication defined by

(m,z)(n,y) = (mn, my + nx + zy);
then (1,0) is an identity, and z +— (0, x) is an embedding. O
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Henceforth let us understand ‘ring’ to mean ‘ring with identity’.
Let R be a commutative ring (with identity). A unit of R is an element a such that
ax = 1 for some z in R. The set of units of R is denoted by

R*;
this is a group under multiplication. A zero-divisor of R is a element b distinct from 0
such that bx = 0 for some x in R. So zero-divisors are not units. (The unique element of
the trivial ring is a unit, but not a zero-divisor.) The ring R is a field if R ~ {0} C R*.

So fields have no zero-divisors. The ring R is merely an integral domain if it has no
zero-divisors.

19.9. Example. Z is an integral domain, but not a field; Q is a field.

19.10. Example. If m > 1 and n > 1, then m + (mn) and n + (mn) are zero-divisors
in Z/(mn). If p is prime, then Z/(p) is a field, denoted by F,. Also, Z/(1) is the trivial
ring, which by our definition is a field, F; (although some writers would require 0 # 1 in
an integral domain).

One can discuss these notions in non-commutative rings:

19.11. Example. The real vector-space with basis {1,i} becomes the complex field C
when we define i2 + 1 = 0. The field-structure has the non-trivial automorphism z — z,
where a4+ bi = a — bi. The complex vector-space with basis {1,j} becomes a non-
commutative ring, the ring H of quaternions, when j24+1=0and j-2 =7zj if z € C.
We have

(z4+wj)(zZ—wj) =2Z24+ww € R,

so all non-zero elements of H can be called units, and H is a division-ring.

20. IDEALS

If A is a sub-ring of R, then we can form the abelian group R/A. We could try to
define a multiplication on this by

(x+A)(y+A) =zy+ A

However, if z — 2’ € A, and y — ¢y € A, we need not have zy — 2’y € A.
A left ideal of R is a sub-ring [ such that

RI C 1,
that is, rz € I whenever r € R and x € I. Likewise, right and two-sided ideal.

20.1. Theorem. If I is a two-sided ideal of R, then R/I is a well-defined ring. The
kernel of a ring-homomorphism is a two-sided ideal.

20.2. Example. The set of matrices
* 0 ... 0
* 0 ... 0
is a left ideal of M,,(Z), but not a right ideal unless n = 1.

20.3. Example. Rz is a left ideal; Rx R is a two-sided ideal.
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Suppose (A;: i € I) is a tuple of left ideals of a ring R. Let the abelian sub-group of
R generated by (J,.; A; be denoted by
> As

icl
this is the sum of the ideals A;. Suppose in particular I = n. Let the abelian sub-group
of R generated by

{ag - an_1: a; € A}
be denoted by
AO ce Anfﬁ
this is the product of the ideals A;.

20.4. Lemma. Sums and finite products of left ideals are left ideals; sums and products of
two-sided ideals are two-sided ideals. Addition and multiplication of ideals are associative;
addition is commutative; multiplication distributes over addition.

20.5. Lemma. If A and B are left ideals of a ring, then so is AN B, and AB C AN B.

20.6. Lemma. If f: R — S, a homomorphism of rings, and I is a two-sided ideal of
R included in ker f, then there is a unique homomorphism f from R/I to S such that

f=fom.

Hence the isomorphism theorems, as for groups.

21. COMMUTATIVE RINGS

Henceforth, let all rings be commutative, so all ideals are two-sided. Also, let all rings
have identities. An subset A of a ring R determines an ideal

(4),
namely the smallest ideal including A.

21.1. Lemma. (A) is the set of finite R-linear combinations ) _,rqa, where r, € R
(and r, = 0 for all but finitely many a).

If A= {a}, then (A) is the principal ideal (a). A principal ideal domain or PID
is an integral domain whose every ideal is principal.

21.2. Example. Z is a PID.
21.3. Example. In the polynomial ring R[X, Y], the ideal (X,Y") is not principal.

An ideal is proper if and only if it does not contain a unit. A proper ideal I is prime
if
abel = aclIVbel.

So a ring is an integral domain if and only if (0) is a prime ideal.

21.4. Theorem. A proper ideal I of a ring R is prime if and only if R/I is an integral
domain.
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Proof. That I is prime means
abel = aclIVbel.
That R/I is integral means
(a+Db+1)=1 = a+I=1Vb+1=1.
These characterizations are equivalent. O

An ideal is called maximal if it is maximal as a proper ideal. A ring is a field if and
only if (0) is a maximal ideal.

21.5. Theorem. A proper ideal I of a ring R is maximal if and only if R/1 is a field.
Proof. That R/I is a field means that, if « € R \ I, then

abe1+1
for some b. That I is maximal means that, if a« € R~ I, then
I+ (a) =R,
equivalently,
1el+(a),
that is, ba € 1 4 I for some b. U

21.6. Corollary. Mazimal ideals are prime.
The converse?

21.7. Example. The prime ideals of Z are the ideals (0) and (p), where p is prime; the
latter are maximal.

A ring is Boolean if it satisfies
Vex- -z =ux.

21.8. Example. A power-set is a Boolean ring if multiplication is intersection and addi-
tion is symmetric difference.

21.9. Theorem. In Boolean rings, all prime ideals are mazximal.
Proof. In a Boolean ring, we have
r+r= @+ =0 +2r+2°=2+22+2,

so 2z = 0. Hence
z(l+z)=z+2z=0.

Therefore there are no Boolean integral domains besides o, which is a field. U

In Z, the ideal (a,b) is the principal ideal generated by ged(a,b). So a and b are
co-prime if (a,b) = Z.

21.10. Theorem (Chinese remainder). Suppose R has ideals I; (i < n) such that I, +1; =

R in each case. Then
R/(\1Ii=> R/L.

<n i<n
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Proof. We have to show that the map
r— (x+1;:i<n)

from R to ZKH R/I; is surjective. Say z; € I;. If n =2, then ay + a; = 1 for some a; in
I;. But then

apTy + a1Xy + ]Z = CLQ($1 — (L’())a,l_il‘i + I = ZT; + I
since a1_; = 1 — a;. ]

22. FACTORIZATION

(Recall that all rings are now commutative with identity.) In a ring R, an element a is
a divisor of b, or a divides b,
a|b,
if ax = b for some x in R. Two elements that divide each other are associates.

22.1. Lemma. In any ring:

ea|b <= (b) C(a);

e a and b are associates if and only if (a) = (b).
Suppose a = bx.

e [f x is a unit, then a and b are associates.

o Ifb is a zero-divisor or 0, then so is a.
e Ifa is a unit, then so is b.

22.2. Example. In Z/6Z, the elements 1 and 5 are units; the other non-zero elements
are zero-divisors. Of these, 2 and 4 are associates, since 2-2 =4 and 4-2 =2 (mod 6);
but 3 is not an associate of these.

A ring-element is irreducible if it is not a unit, and its only factors are associates and
units. So the element is irreducible just in case the ideal it generates is maximal amongst
the proper principal ideals.

22.3. Example. In R[X, Y], the element X is irreducible, although (X) is not a maximal
ideal.
A (non-zero) ring-element is prime if the ideal it generates is prime. So p is prime just
in case
plab = plaVplb.

22.4. Example. The primes of Z are the integers +p, where p is a prime natural number.
The primes of Z are just the irreducibles of Z.
22.5. Example. In Z/6Z, the element 2 is prime but not irreducible.

22.6. Example. Let Z[\/—5| be the smallest sub-ring of C containing the integers and
v/ —b; so0 it consists of sums
a+ bv -5,

where a and b are integers. We have

2.3=6=(1+vV-5)(1—-+v-5).
The elements 2, 3 and 1 + /=5 are irreducible. For example, suppose 2 = af3, where
o =a+by/=5and 3 = c+dy/—=5. Then 4 = |a|* |3]>. We are now in Z, so (|a|*,|5]%) €
{(1,4),(2,2),(4,1)}, which is impossible if a, b, ¢ and d are integers. Evidently, for
example, 2 does not divide 1 + 1/—5; so 2 is not prime.
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22.7. Theorem. In an integral domain, if a and b are non-zero associates, and a = bx,
then  1s a unit.

Proof. We have also b = ay = bxy, b(1 — zy) = 0, 1 = xy since b # 0 and we are in an
integral domain. U

22.8. Corollary. In an integral domain, prime elements are irreducible.
Proof. 1If p is prime, and p = ab, then p is an associate of a or b, so the other is a unit. [

A unique factorization domain is an integral domain whose every element is ‘unique-
ly” a product of irreducibles. In such a domain, by the uniqueness, irreducibles are prime.
Moreover, two elements have a greatest common divisor; for any two elements can be

written . .
u H W?(l) and v H Wf(z),
i<n i<n

where u and v are units and the m; are irreducibles; the g.c.d. is then

[T pinte@ s,

i<n
which is determined up to a unit factor.

22.9. Lemma. In a UFD, an element d is a g.c.d. of a and b if and only if d divides both
a and b, and every divisor of a and b divides d.

Proof. Elements d meeting the latter condition are associates. U
The condition in the lemma defines a g.c.d., when it exists.
22.10. Lemma. G.c.d.s exist in PIDs; in fact the equation
aX +bY = ged(a,b)
can be solved.
Proof. The ideal generated by the ax + by must be (ged(a,b)). O
22.11. Theorem. In a PID, irreducibles are prime.

Proof. Suppose the irreducible 7 divides ab but not a. Then the g.c.d. of 7 and a is 1;
hence mx + ay = 1 for some x and y. Then b = wab+ aby, and 7 divides each summand,
so | b. O

22.12. Corollary. In a PID, prime factorizations are unique.
A ring is Noetherian if every ascending chain of ideals eventually stops.

22.13. Theorem. PIDs are Noetherian.

Proof. If Iy € I, C ---, then | J,., I; is an ideal (a); if a € I,,, then the chain stops at
1,. O

22.14. Lemma. In a PID, every element is a product of irreducibles.
Proof. A tree of factorizations has no infinite branches. O
22.15. Theorem. PIDs are UFDs.

A Euclidean domain is an integral domain equipped with a map ¢ into {—1} U w
such that ¢~'(—oc0) = {0} and, for all z and y, if y # 0, then:
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* ¢(z) < ¢(zy);
e there exist ¢ and r such that x = qy + r and ¢(r) < ¢(y).
22.16. Example. On Z, let ¢(z) = |z| — 1.
22.17. Example. On a field, let ¢(z) = 0 if = # 0.
22.18. Example. On a polynomial-ring K[X] over a field K, let ¢ = deg.

22.19. Example. The Gaussian integers compose the domain Z[i] comprising the com-
plex numbers a + bi such that a,b € Z. This domain is Euclidean when we define
dla+bi)=a*+0*—1.

22.20. Theorem. Fuclidean domains are PIDSs.

Proof. An ideal of a Euclidean domain is generated by any non-zero element x such that
¢(r) is minimal. O

23. LOCALIZATION
A subset of a ring is multiplicative if it is closed under multiplication.
23.1. Example. The complement of a prime ideal is multiplicative.

23.2. Theorem. If S is a multiplicative subset of a ring R, then on R x S there is an
equivalence-relation ~ given by
(a,b) ~ (¢,d) <= (ad —bc)-e =0 for some e in S.
The equivalence-class of (a,b) being denoted by
a
b’
the quotient R X S/~ is a ring in which the operations are given by

a ¢ a-c a ¢ a-dEtb-c

b d b-d b d  b-d
The ring R x S/~ of the theorem is denoted by
ST'R.

In the most important case, S is the complement of a prime ideal p, in which case S™!R
is denoted by

Ry
and called the localization of R at p. In particular, if R is an integral domain, so that
(0) is prime, then the localization of R at (0) is the quotient-field of R.

23.3. Theorem. If R is a ring with multiplicative subset S, and a € S, then the map
T =
a

from R to SR is a ring-homomorphism. Suppose R is an integral domain and 0 ¢ S.
Then the homomorphism is an embedding. Fvery embedding of R in a field factors through
its embedding in its quotient-field.

A local ring is a ring with a unique maximal ideal.

23.4. Lemma. An ideal m of a ring R is a unique maximal ideal of R if and only if
R*=R~m.
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23.5. Theorem. The localization of a ring at a prime ideal is a local ring.

Proof. The ideal generated by the image of p in R, consists of those a/b such that a € p.
In this case, if ¢/d = a/b, then ¢b = da € p, so ¢ € p since p is prime. Hence the following
are equivalent:

(1) z/y & Rpp;
(2) = & p;

(3) z/y has an inverse, namely y/x.

By the previous lemma, we are done. Il

24. FACTORIZATION OF POLYNOMIALS

Let £ be the signature of rings, that is, {+, —,-,0, 1}, and let x; be a variable if i € w.
Let R be a ring. The terms of £(R) compose the smallest set such that:

e (0, 1 and other elements of R are terms;
e variables are terms;
e if ¢ and u are terms, then so are —¢ and (¢ + ) and (¢ - u).

If the variables used in a term ¢ are in the set {z;: i < n}, and if a € A" for some ring A
that includes R, then there is a term ¢(a) got by replacing each x; with a;. Define terms
t and u to be equivalent, t ~ u, if t(a) = u(a) for all a from all rings extending R. A
polynomial over R is an equivalence-class of terms of L(R). The polynomials containing
only variables from {z;: i <n} compose the ring

R[l’o, PN ,:L‘n_l].

24.1. Theorem. Rzg,...,x,_1] is the unique ring-extension A of R such that, for all
rings S, and all homomorphisms ¢ from R to S, and all a in S", there is a unique
homomorphism ¢ from A to S such that ¢|r = ¢ and ¢(x') = a’ in each case.

An arbitrary element of R[z] can be written
i<n

the degree of this is n, if a,, # 0; then a, is the leading coefficient of the polynomial.
We have claimed that K[x] is a Euclidean domain when equipped with deg. More
generally:

24.2. Lemma. If f and g are polynomials over R, then:

o deg(f + g) < max(deg f,degg);
o deg(f - g) < deg f + deg g, with equality if the product of the leading coefficients
18 not 0.

In particular, if R is an integral domain, then so is R|x].
Proof. The leading coefficient of a product is the product of the leading coefficients. [J

24.3. Lemma (Division Algorithm). If f and g are polynomials in x over R, and the
leading coefficient of g is 1, then

f=a9+r
for some unique q and r in R|x] such that degr < degg.
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Proof. 1f deg g < deg f, and a is the leading coefficient of f, then
f= qrdesf—degg g+ (f — qrdesf—degg g),
the second term having degree less than f. Continue as necessary. U

24.4. Theorem (Remainder). If ¢ € R, then any f in Rlx] can be written uniquely as
q(x) - (x =)+ f(c).
Proof. f =q(x)- (x —c¢) = d for some d in R; letting = be ¢ yields the claim. O

24.5. Corollary. A ring-element ¢ is a zero of a polynomial f if and only if (x —c) | f.
If f is over an integral domain, then the number of its distinct zeros is at most deg f.

24.6. Theorem. If K is a field, then K|[z] is a Euclidean domain whose units are precisely
the elements of K.

A derivation of a ring R is an endomorphism § of the underlying abelian group
satisfying the Leibniz rule
d(a-b)=0da-b+db-a.
The pair (R, ¢) is then a differential ring.
24.7. Lemma. If § is a derivation, then §(z™) = nx" 1oz for all ring-elements x and n
m w.

24.8. Theorem. On a polynomial ring R[x] over an integral domain, there is a unique
derivation f — f" such that ' =1, and ¢ =0 for all ¢ in R.

Proof. 1f 0 is a derivation, then §(z - (y+ 2)) = é(xy + xz). So a derivation on R[z] exists
and is determined by its values on R and at z. U

24.9. Lemma. Say R is an integral domain, f € R[x] and f(c) = 0. Then c is a multiple

zero of f if and only if f'(c) = 0.

Proof. Write f as (x — ¢)™ - g, where g(c) # 0. Then m > 1, so
frem@—om™ gt (@ - g

If m > 1, then f'(¢) = 0. If f'(¢) =0, then m - 0™"!-g(c) =0, so m > 1. O

(
24.10. Theorem. Say K is a field and f € K[x]. If ged(f, f') = 1, then f has no multiple
2€eros.

Proof. 1 = g- f+ h- f' for some polynomials g and h, then f and f’ can have no common
Zero. U

24.11. Corollary. Suppose K is a field and f € K|[x] is irreducible. Then f' =0 if and
only if every root of f is multiple.

Proof. Since f is irreducible, we have ged(f, f') # 1 if and only if f' = 0. O
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APPENDIX A. GROUP-ACTIONS

The following is partially inspired by a recent expository article [5] by Serre.
If (X;:4€1)isa family of sets, and R C [],.; X;, then for any pair (7, 5) from I, we
have

il

i m(RNm N r): X; — P(X;),
which induces a map from P(X;) to P(X;). We are interested in the case when / = 2. In
particular, suppose

(g,7) — g
is an action of the group G on the set X, and let
Q={(g9,2) e Gx X: gx =x}.
As above, this induces
r— G X — P(G),
g— X9 G — P(X).
In fact, G, < G. As a special case, we have the action
(g, h) = h*
of G on itself, where
h? = ghg™ .
Then
he Gy <= (h,gr) €Q <= hgr =gz <=
g hgr =1 < (9 ,2)eQ < I’ €G,,
and consequently
ng = (Gx)ga
that is, we have a commutative diagram

GxX — GxS

| L

X — 85
where S is the set of subgroups of GG. Likewise, since
r e X" —= (W) € Q <= (hg'z) e Q = gz e X"
we have
th — th
whence the commutative diagram

GxG —— GxPX)

| l

G —— PX)
Define
Gz ={gz: g € G},
the orbit of  under the action of G. Then gxr = hx <— ¢G, = hG,, whence
|Gz| =[G : G,).
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The sets Gx partition G. We may define
X/G={Gx: x € X}.
For any function ¢ from G to R and subset A of GG, we define

[ Z|Gr o= [

Assume now that G and X are finite. Let x be the function
g — X7
from G to w.

A.1. Lemma (Burnside). |X/G| = [ x.

dx@) =191=Y |Gl = > D |Gl

geG zeX CeX/G zeC
But if x € C € X/G, then C = [G : G,]. Hence the last quantity is

> Y

cEX/GCCEC
which is | X/G| - |G]|. O
Define

Proof. Compute:

Go={9e€G: X9=0}.
A.2. Theorem (Jordan). If | X/G| =1 and |X| > 2, then
Gy # 2.

Proof. By the Burnside Lemma, the average size of X9 is 1. Since X! = X, and | X| > 2,
we must have |X]? < 1 for some ¢ in G. O

A stronger result is the following:
A.3. Theorem (Cameron-Cohen). If |X/G| =1 and |X| > 2, then
|Gol - [X] > [G.

Proof. The action of G on X induces an action on X x X, and [(X x X)?| = x(g)?. Now,
(X x X)/G contains the diagonal G(1,1) and at least one other element, so

/X2>2

by Burnside’s Lemma. Let n = |X|, so that

1< x(g) <n
for all g in G . Gy. Then

G o [ = [ -ne-m > [o-na-m = o=,

which is at least 1. O

Serre’s article gives applications to topology and number-theory.
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